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ABSTRACT 

In this paper, we will introduce a class of 5-dimensional functions   and prove that a family of self-mappings 

 in 2-metric space have an unique common fixed point if 1)  , ,i j i j
T

  ,i j i
T


 satisfies j -contractive condition, 

where j  , for each ; 2) j , , , ,=m n n mT T T T      for all m n, , ,    with   . Our main result general-

izes and unifies many known unique common fixed point theorems in 2-metric spaces. 
 
Keywords: 2-Metric Space; 5-Dimensional Functions  ;  -Contractive Condition; Cauchy Sequence; Common 

Fixed Point 

1. Introduction and Preliminaries 

There have appeared many unique common fixed point 
theorems for self-maps  i i

f


 with some contractive 
condition on 2-metric spaces. But most of them held 
under subsidiary conditions [1-4], for examples: commu- 
tativity of 

i
 or uniform boudedness of  if  if i

 at 
some point, and so on. In [5], the author obtained similar 
results under removing the above subsidiary conditions. 
The result generalized and improved many same type 
unique common fixed point theorems. Recently, the 
author discussed unique common fixed point theorems 
for a family of contractive or quasi-contractive type map- 
pings on 2-metric spaces, see [6-8], these results improve 
the above known common fixed point theorems. 

In this paper, in order to generalize and unify further 
these results, we will prove that a family of self-maps 

,i j i j
 satisfying  ,T j -contractive condition on 2-me- 

tric spaces have an unique common fixed point if  

 , ,i j i j
T


 satisfy the condition 2. 

The following definitions are well known results. 
Definition 1.1. [4] 2-metric space  , X d  consists of 

a nonempty set X  and a function  
 such that : [d X X X  0, )

1) for distant elements ,x y
0

X , there exists an 
 such that ; u X  , ,d x y u

2)  if and only if at least two elements 
in 

( , , ) = 0d x y z
{ , , }x y z  are equal; 

3)    , ,u v w
{ , , }

, , =d x y z d , where  is any per- 
mutation of 

{ , , }u v w
x y z ; 

4)      , , ,d x u y z
, , ,

,u z d , , , ,d x y z d x y u   for 
all x y z u X . 

Definition 1.2. [4] A sequence  n n 
 in 2-metric 

space 
x


 ,X d  is said to be cauchy sequence, if for each 

> 0  there exists a positive integer  such that N 
 , , <n mx ad x   for all a X  and . , >n m

 x
N

Definition 1.3. [4,5] A sequence 


 is said to 
be convergent to 

n n
x X , if for each ,  a X

  = 0a, ,limn nd x x . And write nx x  and call x  
the limit of  nx

n
Definition 1.4. [4,5] 2-metric space 

. 
 , X d  is said to 

be complete, if every cauchy sequence in X  is con- 
vergent. 

Let   denotes a family of mappings such that each 
  ,  5

:  

> 0

  is continuous and increasing in 
each coordinate variable, and  
for all . 

   = , , , 2 , <t t t t t t t 
t

There are many functions   which belongs to  : 
Example 1.5. Let  5

:     be defined by  

   1 2 3 4 5 1 2 3 4 5

1
, , , , = .

7
t t t t t t t t t t      

Then obviously,    
Example 1.6. Let  5

:  
*This paper is Supported by the Foundation of Education Ministry, 
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 

 

1 2 3 4 5

1 2 3 4 5

, , , ,

1
= arctan arctan arctan arctan arctan .

7

t t t t t

t t t t



    t
 

Then obviously,   is continuous and increasing in 
each coordinate variable, and  

   

 

   

= , , , 2 ,

1
= arctan arctan arctan arctan2 arctan

7
1 1

= 4arctan arctan2 < 4 2 < .
7 7

t t t t t t

t t t t

t t t t t

 

   

 

t  

Hence .   
The following two lemmas are known. 
Lemma 1.7. [1-4] Let  ,

that    2 1 1, , , ,n n n nd x x a hd x x a    for all a X  and  

n , then  , , = 0n m ld x x x  for all , ,n m l , and  

 nx
n

Lemma 1.8. [1-4] If 
 is a cauchy sequence 

 ,X d  is a 2-metric space and 
sequence  n n

x x


 


X , then  
   , ,x b c, , =nx b c dlimn d  for each . ,b c X

2. Main Result 

The following theorem is the main result in this present 
paper. 

Theorem 2.1. Let  ,X d  be a complete 2-metric 
space,  ,i jT

,i j
 a family of maps from X  into itself, 

 ,m
,i ji j 

 a family of positive integers, and  
and j

0 < < 1jq
   for each j . If the following j - 

contractive conditions hold  
X d  be a 2-metric space 

and  a sequence. If there exists  such   n n
x


[0,1)h

            , , , , , ,
, , , , , ,, , , , , , , , , , , , , , , ,

; , , ; , ;

m m m m m mj j j j j j
j j j j j j j jd T x T y a q d x T x a d y T y a d x T y a d T x y a d x y a

j x y a X

     
     

   



     

,
    (1) 

 
and ,, , ,=T T T T         for all Proof Fix j  and let  for each ,

, ,=
mn j

n j n jS T
n , then (1) becomes the following  

 , , ,      with   . 
Then  have an unique common fixed point in X.  , ,i j i j

T


                   , , , , , ,, , , , , , , , , , , , , , , ,

; , , ; , ;

j j j j j j j jd S x S y a q d x S x a d y S y a d x S y a d S x y a d x y a

j x y a X

     

   



     

,
  (2) 

Take an 0, jx X  and define a sequence as follows  

 , , 1,= , = 1,2,n j n j n jx S x n 3, ,

 .

0

 

Then  

      
             

        

1, , 1 , 1,

, 1 , 1, 1, , 1, 1 , 1, , 1,

, 1, 1, , 1, 1, , 1,

, , = , ,

, , , ( , , ), , , , , , , , ,

= , , , , , ,0, , , , , ,

n j n j n n j n n j

j j n j n n j n j n n j n j n n j n n j n j n j n j

j j n j n j n j n j n j n j n j n j

j

d x x a d S x S x a

q d x S x a d x S x a d x S x a d S x x a d x x a

q d x x a d x x a d x x a d x x a

q







  

      

    



            , 1, 1, , 1, , 1, , 1, , 1, , 1,, , , , , ,0, , , , , , , , , ,j n j n j n j n j n j n j n j n j n j n j n j n j n jd x x a d x x a d x x a d x x a d x x x d x x a      
   

 

(3) 

If , then   1, , 1,, , >n j n j n jd x x x 

      
        

    
 

1, , 1, 1, , , 1, 1,

, 1, , 1, 1, , 1, 1, , , 1, 1,

1, , 1, 1, , 1, 1,

, 1, 1,

, , = , ,

, , , , , , , , ,

   , , , , ,

= , ,

n j n j n j n j n j n j n j n j

j j n j n j n j n j n j n j n j n j n j n j n j n j

n j n j n j n j n j n j n j

j j n j n j n j

d x x x d S x S x x

q d x S x x d x S x x d x S x x

d S x x x d x x x

q d x x x





    

      

    

 



 
          

 
, 1, 1, , 1, 1, , 1, 1, , 1, 1, , 1, 1,

, 1, 1,

, 0,0,0,0

, , , , , , , , , 2 , , , , ,

< , ,

j j n j n j n j n j n j n j n j n j n j n j n j n j n j n j n j

j n j n j n j

q d x x x d x x x d x x x d x x x d x x x

q d x x x

          

 



 (4) 
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which is a contradiction since , hence 0 < < 1jq  1, , 1,, , =n j n j n jd x x x  0

.

. And therefore, (3) becomes  

 
          

1, ,

, 1, 1, , 1, , 1, , , 1,

, ,

, , , , , ,0,[ , , , , ], , ,

n j n j

j j n j n j n j n j n j n j n j n j n j n j

d x x a

q d x x a d x x a d x x a d x x a d x x a



     
       (5) 

If there exists an  such that a X    1, , 1, ,, , < , ,n j n j n j n jd x x a d x x a  , then (5) becomes  

            
 

1, , , 1, , 1, , 1, 1, , , 1,

1, ,

, , , , , , , , , , , 2 , , , , ,

                         < , , ,

n j n j j j n j n j n j n j n j n j n j n j n j n j

j n j n j

d x x a q d x x a d x x a d x x a d x x a d x x a

q d x x a

     




 

 
which is a contradiction since  and  

, hence he have that  
0 < < 1jq

 1, ,, , >n j n jd x x a  0
   1, , 1, ,, , , ,n j n j n j n jd x x a d x x a   for all . In this 

case, (5) becomes  
a X

            
 

1, , 1, , 1, , 1, , 1, , , 1,

1, ,

, , , , , , , , , , , 2 , , , , ,

                        , , .

n j n j j j n j n j n j n j n j n j n j n j n j n j

j n j n j

d x x a q d x x a d x x a d x x a d x x a d x x a

q d x x a

     






   (6) 

 
(6) implies that  

n
 is a cauchy sequence by 

Lemma 1, hence by the completeness of 
,n jx

X ,  ,n jx
n

 
converges to some element jx X .             (7) 

Now, we prove that jx  is the unique common fixed 
point of  ,n j n

S


1 >m
. In fact, for any fixed  and any 

 with 
n

1,m jx  n  and any ,  a X

          
         

              

, 1, , 1, , 1,

1, , , 1, , 1,

, 1, , , , , 1, , ,

, , , , , , , ,

= , , , , , ,

( , , , , , , , , , , , , , ,

   ,

j n j j m j n j j j m j j n j j m j

m j m j n j j j m j j n j j m j

j j m j m j m j j n j j m j n j j m j m j j m j j

j

d x S x a d x S x a d x x a d x S x x

d S x S x a d x x a d x S x x

q d x S x a d x S x a d x S x a d S x x a d x x a

d x



  

  

 

  

 



     
           

    

1, , 1,

, 1, , , , 1, ,

1, , 1,

, , ,

= , , , , , , , , , , , , , ,

   , , , ,

m j j n j j m j

j j m j m j j n j j m j n j j m j j m j j

j m j j n j j m j

x a d x S x x

q d x x a d x S x a d x S x a d x x a d x x a

d x x a d x S x x



 

 

 



 

 

 
Let , then by Lemma 2, the continuity of m   j  

and (7), the above becomes  

  
      

  

,

, ,

,

, ,

0, , , , , , ,0,0

, ,

j n j j

j j j n j j j n j j

j j n j j

d x S x a

q d x S x a d x S x a

q d x S x a





. 

But , hence  for all  0 < < 1jq   ,, ,j n j jd x S x a = 0

a X , and therefore,  for all  , =n j j jS x x n .  

This completes that jx  is a common fixed point of  
 ,n j n
S


. 

Let jy  be a common fixed point of  ,n j n
S


, If there  

exists an a X  such that , then   , , > 0j jd x y a

      
              

        

1, ,

1, , , 1,

, , = , ,

, , , , , , , , , , , , , ,

= 0,0, , , , , , , , , , < , , ,

j j n j j n j j

j j j n j j j n j j j n j j n j j j j j

j j j j j j j j j j j

d x y a d S x S y a

q d x S x a d y S y a d x S y a d S x y a d x y a

q d x y a d x y a d x y a q d x y a







   

 
which is a contradiction since , hence  

 for all , and therefore 
0 < < 1jq

X , , = 0j jd x y a a =j jx y . 
This completes that    has an unique common ,n j n

S


fixed point jx  for 

 w that 

all j . 

Next, we ill prove jx  is the unique common 
fixed point of  ,n j n

T


 for each fixed j . Indeed, 
for fixed j   , Since  , ,= =

m ,n j
j n j j jn jx S x x  for T

each n , hence  
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      
  

, ,
, , , , ,

, ,

= =

            =

mj n j
n j j n j n j j

n j n j j

x T T x

S T x
 

 mn
j n j n jT x T T for each n

S
, which means that  is a fixed 

point of ,n j  for each 
 ,n j jT x

n . Now, fix  and let n
i  with i n , if there exists an  such that  a X

     , , a, ,j i jx S , j jx > 0n jd T nT , then 

            
          

                
       

, , , , , , ,

, , , , , ,

, , , , , , , ,

, , , , , ,

, , = , ,

( , , , , ( , ),

    , , , , , , , ,

= 0, , , , ,

n j j i j n j j n j n j j i j n j j

j j n j j n j n j j n j j i j n j j

n j j i j n j j n j n j j n j j n j j n j j

j j n j j i j n j j n j j i j n

d T x S T x a d S T x S T x a

q d T x S T x a d T x S T x a

d T x S T x a d S T x T x a d T x T x a

q d T x S T x a d T x S T







    
    , , ,

, , 0,0

< , ( , ),

j j

j n j j i j n j j

x a

q d T x S T x a

 

 
which is a contradiction since , hence  

0  for all , and  

therefore 

0 < < 1jq

   , , ,, , =n j j i j n j jx S T x a a X  d T

   , , ,=n j j i j n j jT x S T x  . This means that 

 ,n j jT x  of  ,i j i
S


. But is a common fixed point jx   

is the uniq fue common fixed point o   ,i j i
S


, hence  

  =T x x,n j j j  for all , which means that n jx  is a  

common fixed point of  ,n jT
n

 for all j . 

If jy  is a common fixed poin ent of  T , th   ,n j

   ,
, ,= = =

mn j
n j j n j j jS y T y T y  for n

n
all  ,n j jy  , 

which means that jy  is a common fi  of  

i

xed point

 ,i jS . But jx  is the unique com point omon fixed f 

  , hence ,i j i
S


=j jx y . This completes that  ,n j n

T


  

has the unique common fixed point jx  for each j . 
Finall l provey, we wil  that =x x   for all ,   . 

In fact, for any fixed , , ,m n    ith  w   , since 
 , =x xmT     and  , =nT x x  ce  

    , , ,= =n n mT x T T x x      ndition  
 , hen

 T T , ,m n   by co

2). Which means that  ,nT x   is a common fixed point 
of  for all  ,m m

T  
  . B


 is 

ut the unique com- mon 
fixed point of  ,m m

T  
x , hence  

,nT   =x x    for all   , this means that x  is a  

comm ed  T on fix point of 
n,n 

fore , and there  

=x x   since x  is t  common fixed point of he unique
 ,n n
T  

. Let * = jx x , then *x  is the unique common  

The fo g is a pa  fo
.2. Let 

fixed point of  
,j i j

T


. 

llowin rticular rm of Theorem 2.1: 

,i

Theorem 2  ,X d  be a complete 2-metric 
space,  i i

f
  a family of maps from X  into itself and 

0 < < 1q  and   .  following If the  -contractive 
ds  

     
 

, , , , , , ,

,

,

i j i j

j

d f x f y a q d x f x a d y f y a

x f y

x X i



  

    

,

then 

, , , , , , , ,

, , ,

id a d f x y a d x y a

y a j

 

 i i
f

  has an unique common fixed point in X . 
Next theorem is the main result in [5]. 
Theorem 2.3. Let  ,X d  be a complete 2-metric pace,  s

  =1i i
T


 a family of om maps fr  X  

tege
into itself. If there 

ily non-n e in rs  and non- 
e real

exist a fam
iv

egativ   =1i i
m



negat  numbers , ,    with < 1     chsu  
that for all , ,x y a X  and all natural numbers ,i j  
with i j , the follow olds  ing h

 
     

, ,

, , , , , , .

mm ji
i j

mm ji
j

d T x T y a

d x T x a d y T y a d x y a    
 

The 

i

 =1i i
T


 have an unique cn ommon fixed point in 

X . 
Remark. Obviously, Theorem 2.3 is a very parti ar 

form of Theorem 2.1. In fact, Let  
cul

 1 2 3 4 5 1 2 5, , , , =u u u u u u u u     , and take  

 satis

condition hol

0 < < 1q fying < 1
   

, then 
q

  and q  sa-  

tis
prove many corres- 

ponding common fixed point th etric 
spaces. 

 Spaces,” Yanbian University (Natural Science), Vol. 
28, No. 1, 2002, pp. 1-5. 

[2] H. S. Yang a mmon Fixed Point 
Theorem on p  of Yunnan Normal 

fy all conditions of Theorem 2.1. Hence we sure that 
our main result generalized and im

eorems in 2-m
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