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ABSTRACT

In this paper, we will introduce a class of 5-dimensional functions ® and prove that a family of self-mappings

{Tivj}ij . in 2-metric space have an unique common fixed point if 1) {Ti'j}i .

where ¢, e®, foreach jeN;2) T T =T T

m,u

satisfies ¢, -contractive condition,

forall m,n,u,veN with g =v.Our main result general-

izes and unifies many known unique common fixed point theorems in 2-metric spaces.

Keywords: 2-Metric Space; 5-Dimensional Functions @ ; ¢ -Contractive Condition; Cauchy Sequence; Common
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1. Introduction and Preliminaries

There have appeared many unique common fixed point
theorems for self-maps {fi}ieN with some contractive
condition on 2-metric spaces. But most of them held
under subsidiary conditions [1-4], for examples: commu-
tativity of {f;} . oruniform boudedness of {f}  at
some point, and so on. In [5], the author obtained similar
results under removing the above subsidiary conditions.
The result generalized and improved many same type
uniqgue common fixed point theorems. Recently, the
author discussed unique common fixed point theorems
for a family of contractive or quasi-contractive type map-
pings on 2-metric spaces, see [6-8], these results improve
the above known common fixed point theorems.

In this paper, in order to generalize and unify further
these results, we will prove that a family of self-maps
{Ti'j}i s satisfying g, -contractive condition on 2-me-
tric spaces have an unique common fixed point if
(T} .y, satisfy the condition 2.

The following definitions are well known results.

Definition 1.1. [4] 2-metric space (X,d) consists of
anonempty set X and a function
d:XxXxX —[0,+) such that

1) for distant elements x,ye X , there exists an
ue X suchthat d(x,y,u)=0;
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2) d(x,y,z)=0 if and only if at least two elements
in {x,y,z} areequal;

3) d(x,y,z)=d(u,v,w), where {u,v,w} isany per-
mutation of {x,y,z};

4) d(xy,z)<d(xyu)+d(xu,z)+d(uy,z) for
all x,y,z,ue X.

Definition 1.2. [4] A sequence {x,} . in 2-metric
space (X,d) is said to be cauchy sequence, if for each
£ >0 there exists a positive integer N € N such that
d(x,, %, a)<e forall aeX and nm>N.

Definition 1.3. [4,5] A sequence {x,} . is said to
be convergentto xe X ,if foreach ae X,
limnsd(X,,x,2)=0. And write x, — x and call x
the limit of {x }

Definition 1.4. [4,5] 2-metric space (X,d) is said to
be complete, if every cauchy sequence in X is con-
vergent.

Let ® denotes a family of mappings such that each
pe®, ¢:(R") >R is continuous and increasing in
each coordinate variable, and A(t)=g(t,t,t,2t,t)<t
forall t>0.

There are many functions gﬁ which belongsto @ :

Example 1.5. Let ¢:(R") —R" be defined by

1
Bt 1ttt :7(t1 +t, +t +t, L),

Then obviously, ged
Example 1.6. Let ¢:(R") > R" be defined by
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¢(t1,t2,t3,t4,t5)

1
= 7(arctant1 +arctant, +arctant, +arctant, +arctant; ).

Then obviously, ¢ is continuous and increasing in
each coordinate variable, and

A(t) = g(tt,t,2t,1)

1
= 7(arctant +arctant +arctant +arctan 2t + arctant )

= %(4arctant+arctan2t) < %(4t+2t) <t

Hence ¢ <€ @.

The following two lemmas are known.

Lemma 1.7. [1-4] Let (X,d) be a 2-metric space
and {x,} . asequence. If there exists he[0,1) such

AT y.a) <ag (T xa).d (v va) o (1T y.a) o (1 x0y.a).d (x v.2) .

that d (X, X,.;,a)<hd(X,,,%,,a) forall ae X and

neN, then d(x,,x,, )—0 for all nmleN, and

{x.}, isacauchy sequence
Lemma 1.8. [1-4] If (X,d) is a 2-metric space and
sequence {x,} . —XxeX,then

limod (X,,b, c)=d(xb, c) foreach b,ce X.

2. Main Result

The following theorem is the main result in this present
paper.

Theorem 2.1. Let (X,d) be a complete 2-metric
space, {T; J} a family of maps from X into itself,
{m, J} @ "family of positive integers, and 0 < g, <1
and ¢ e® for each jeN. If the following ¢; -
contractive conditions hold

1)
VijieN;x,y,aeX;a,feN,a=pf
andT, T, =T, - Mfor alle, B, p,v e Nwith p#v. Proof Fix jeN and let S , :Tnfj”*j for each
Then {Ti' }.J N have an unique common fixed point in X. n e N, then (1) becomes the following
d(Sa'j(x),Sm(y),a)qu¢j(d(X,Sm(x),a),d(y,S/j’j(y),a),d<X,Sﬂvj(y),a),d(Sm(x),y,a),d(x,y,a)), @)

VijieN;x,y,aeX;a,feN,a=pf

Takean x,; € X and define a sequence as follows

Xoj = Sn,j<Xn—1,j)! n=1,2,3,- -,

Then

( n+l, g nJ’a) d( n+1( )

<q ¢J( (an'sm-l( n,

(%05).2)

) d(X a5 ( n 11) a), d( njr n(xn,lyj),a),d(Sml(xm),xn,l,j,a),d(xn,j,xnflvj,a))

:qj¢1( (an' n+l,j? )' (Xn -1,j¢ nj’ )Od( n+l,j! nlj'a)’d(xn,jlxn—l,j'a))
qu¢](d(xnj' n+l,j? )' (Xn—l,j’xn,j’a)'o'[d(xn -1,j° nJ' )+d( n+l1,j? nj’ )+d( n-1,j’ nj’Xn+lJ):| d(xn,j’xn—l,j’a))'

If d (X, %, j Xourj ) > O, then

d (Xn—l,j’xn,j’xml,j ) = d (Sn+1,j (Xn,j )’Sn,j (Xn—l,j )’Xn—l,j)

o Sneni (%) Xooay )’d (anlyi'sn-i (Xaa) X0 )’d (Xn:i'sn-i (X0a )’XHJ')‘

<4, (d (%,
d(snm(Xn,j)'Xn—l,JvXn—l,J)’d(Xn,J'Xn—l,JvXn—l,J))

=0, (A (X0 Xeeaj %00 ),0,0,0,0)

Sq.¢j(d(

<0y (X, 2 Xon o Xos ;)

Copyright © 2012 SciRes.

X, .,xmlyl.,xnflyj),d(xn‘j,X,Hl,j,xn,l,j),d(xn,j,xn+1J . 11) 2d(

@)

(4)

n+l j? Xn—l,j )' d (Xn,j ' Xn+1,j ' Xn—l,j ))
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which is a contradiction since 0<q; <1, hence d(x XX .):O.And therefore, (3) becomes

n-1,j**n,j* 'n+l,j
d(Xsj % ;:8) -
qu¢j(d(xn,j’xn+l,j'a)d(anJ n,j?’ )O[d( n-1,j? nJ )+d< n+l,j? nJ )]d( n,j?’ nlJ a))
If there existsan a e X suchthat d(X, ;. ;) <d(X,.1;.%,;.a), then (5) becomes
A (Xper s %o 1) <A (A (g Xern 02) 0 (X g Ko1)o 8 (X Xpir 02), 20 (X% 2), 0 (X X 2)
<qd( n+l,j ! nja)’
which is a contradiction since 0<q; <1 and d(Xprj X p2) <d (%4, ;,@) forall aeX . Inthis
d Xy %, ;@) > 0, hence he have that case, (5) becomes
d<xn+lj n,j? ) q¢ ( ( n-1,j? Xn,j’a)'d(Xn—l,j’xn,j’a)'d(xn -1,j° nJ ) 2d( n-1,j° nJ a) d(xn,jixn—l,j’a)) (6)
<q; d( n-,j %n o a)

(6) implies that {x } o is a cauchy sequence by Now, we prove that X; is the unique common fixed
Lemma 1, hence by the completeness of X , {%ui} point of {S, ]} e fact, for any fixed neN and any
converges to some element x; € X . lu Xpepj With m+1>n and any ae X,

d(xJ SnJ ) d( metSn) xJ a)+d(xJ Xon, )+d( Sai (%), xmﬂj)

:d( m+11( ) SM(XJ) ) (XJ X, )+d( i ”J(X ) X"‘*l’j)
<q;4; ((d(xmj m+lJ<XmJ) ) (XJ Snj X,) ) ( m,j! nJ<XJ)’a)’d(Sm+1:J(vai)'Xi’a)’d(xm’j'xj’a))
d

(

+d (X nJ(XJ)Xmm)
). ).a).

)

] m+1 j? +

S
-q¢( <m, @ (x] S.;(x).a d( mio S ( ),d(xmﬂ,j,xj,a),d(xm,j,xj,a))

i
j m+lj (Xj Snj Xj m+lj

+d
Let m — +oo, then by Lemma 2, the continuity of ¢, But 0<g; <1, hence d(xJ Snj( J) ):0 for all
and (7), the above becomes aeX, and therefore, S, ;(x;)=x; for all neN.
d(X, Sn,< ) a) 'I{'his (}:ompletes that x; isa common fixed point of
S -
=44 (O d(XJ S (%), a) d(XJ S (%), ) 0 0) Lét )z be a common fixed point of {Sn’j}neN , If there
Sqid(xi’sn’i(xi)'a) existsan ae X suchthat d(x;,y;,a)>0, then

d(x.,yj,a):d(snﬂ,j(xj),Snvj(yj),a)

<q¢( ( i n+1J(X) ),d(yj,sn_j(yj),a),d(xj,sn,j(yj),a),d(snm(xj),yj,a),d(xj,yj,a))

=q,4, (0,0,,d(xj,yj,a),d(xj,yj,a),d(xj,yj,a))<qjd(xj,yj,a),
which is a contradiction since 0<q; <1, hence Next, we will prove that X; is the unique common
d(x;,y;,a)=0 for all aeX, and therefore x; =y;.  fixed point of {TM.}n , for each fixed jeN. Indeed,

This completes that {S, ;| has an unique common  for fixed jeN, Since x; =S, ;(x;)=T, 7 () for
fixed point x; forall JeN each neN, hence

Copyright © 2012 SciRes. AM
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for each neN, which means that T, ;(x;) is a fixed
point of S , foreach neN. Now, fix neN and let
ieN with i=n,ifthereexistsan ae X such that

d(Tn’j(xj),Si,j(T i (% )) a)>0 then

/—\
X
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—_
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QD
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o
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w
>
—_—~
-
i 2 >
~—
~—
-
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x
~—
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—_—
x
~—
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which is a contradiction since 0<q; <1, hence
d(Tnvj(xj),Si,j(Tn'j(xj)),a):O for all aeX , and
therefore Tn'j(xj):Siyj(T i (x )) This means that

T.; (%) is a common fixed point of {S, ;} . But x,

is the unique common fixed point of {Si*j}i ,» hence

T,;(x)=x; forall neN, which means that x; isa
common fixed pointof {T,;}  forall jeN.

If y; is a common fixed point of (T, J} , then
=T™i(y.)= for "all neN
Soi(¥)) =T (v;)=Tos(y;)=y; for all neN,
which means that y; is a common fixed point of
{SU}i - But x; is the unique common fixed point of

{Suifia
has the unique common fixed point x; foreach jeN.

Finally, we will prove that x, =x, forall uveN.
In fact, for any fixed m,n,x,v e N with g=v, since
Tou(X,)=x, and T, (x,)=x,, hence

T, (x#) =T., (Tm u (xﬂ)) =T, . (T (XH )) by condition
2). Which means that T, ,(x, ) is a common fixed point

of {T for all yeN But the unique com- mon
fixed point of {Tou} . s x,, hence

T, (x,)=x, forall xeN, this means that x, is a

hence x; =y;. This completes that {Tn'j}nEN

common fixed point of {T,,}  and therefore

X, =X, since X, is the uniqgue common fixed point of
{T..}. - Let xX'=x, then x" is the unique common

fixed point of {T, |

i,jeN
The following is a particular form of Theorem 2.1:
Theorem 2.2. Let (X,d) be a complete 2-metric
space, {f},_. afamily of mapsfrom X into itself and
0<q<1l and ¢ge® . If the following ¢ -contractive
condition holds

Copyright © 2012 SciRes.

d(fx, f.y,a)Sq¢(d(x, fix,a),d(y, f;y.a),

d(x fy.a).d(fxy.a),d(x, y,a)),
VX, y,ae X,i#j,

then {f,},_. hasan unique common fixed pointin X.

Next theorem is the main result in [5].

Theorem 2.3. Let (X,d) be a complete 2-metric space,
{T.},, a family of maps from X into itself. If there
exist a family non-negative integers {mi}:il and non-
negative real numbers «,f,y with a+ f+y <1 such
that for all x,y,ae X and all natural numbers i, j

with i# j, the following holds
d(Ti 'xT, Jy,a)
<ad (x,'l'imi x,a)+ﬂd (y,ijj y,a)+7d (x,y,a).
Then {T,}”, have an unique common fixed point in
X.
Remark. Obviously, Theorem 2.3 is a very particular
form of Theorem 2.1. In fact, Let
#(u;,u,,Uz,U,,Ug) = au, + Su, + yUg , and take

0<qg<1 satisfying a+py
q

<1, then ¢ and q sa-
tisfy all conditions of Theorem 2.1. Hence we sure that
our main result generalized and improve many corres-
ponding common fixed point theorems in 2-metric
spaces.
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