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ABSTRACT 

The radiation characteristics of waveguide antennas located on the surface of a circular cylinder are investigated 
theoretically and numerically. A reactive impedance structure is used to provide reduced coupling between two anten-
nas on the surface of a cylinder. Using the moment method, a solution to the problem of the radiation of a single and 
two parallel-plate waveguides located on the surface of a reactive impedance cylinder is derived. The influence of the 
reactive impedance structure on the coefficient of standing waves, the radiation patterns, and the decoupling between 
antennas is studied. 
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1. Introduction 

In radio engineering, a group of near-omnidirectional 
antenna radiators having a common flange, such as an 
open end of the waveguide (or aperture), are widely used. 
In practice it is often required to limit the coupling be-
tween the receiving and transmitting antennas located on 
the same surface at a small distance from each other.  

The known methods of decreasing interaction between 
antennas utilize the alteration of amplitude and phase 
distribution on some surfaces. Among accepted measures 
to decrease coupling between antennas are mutual shiel- 
ding of antennas and deposition of additional screens (or 
shields) across the line of connection. In the case with 
near-omnidirectional antennas, two groups of additional 
measures are applied: radio-absorbing materials and sur-
face decoupling devices. 

As the review of a number of articles [1-8] shows, the 
most widespread and successful way of solving the 
problem of coupling antenna devices is the use of reac-
tive impedance structures, specifically corrugated struc-
tures. The most widespread type of decoupling structure 
is a metallic structure with a rectangular cut of corruga-
tions. It has been shown that the value of decoupling 
generally depends on electrical and geometrical parame-
ters of the reactive impedance structures [9-12]. However, 

solving the problem of optimum placement of the de-
coupling device using this approach is impossible [9]. In 
[9,11], the authors used corrugated structures with dif-
ferent depths of corrugations. The waveguide antennas 
discussed in [9] are on the surface of a cylinder, and in 
[11] they are located on a plane. For each case, it has 
been shown that the coupling coefficient was reduced in 
the presence of a corrugated structure. The planar struc-
ture, however, more seriously influences the radiation 
pattern of the antenna which is near to the structure. [10] 
reviews different structures for reducing the coupling 
between antennas. Through the method of integral equa-
tions it is shown that the decoupling properties of the 
structure are determined only by the structure’s length 
and in fact do not depend on the periodicity of the struc-
ture. In addition, it is shown that the weakening of cou-
pling between antennas in a wide range of frequencies 
can be obtained to a larger extent on convex surfaces 
than on flat ones [10]. The change of the coupling value 
is sufficiently influenced by areas located near the an-
tennas and by the degree of the decoupling, which is de-
fined by the maximum rate of change of surface reactive 
impedance 11. The authors of [12] consider engineer-
ing techniques of evaluating reduced coupling between 
near-omnidirectional slot antennas located on the surface 
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of a model object, which consists of a circular cylinder 
and a rectangular plate. The calculations showed an ef-
fective means of obtaining the required reduction in spa-
tial coupling is the correct choice of mutual placement 
and orientation of the antennas, which should be taken 
into account when designing the system. 

This paper explores in detail the problem of mutual 
coupling between two antennas located on the surface of 
a circular cylinder separated by a corrugated structure 
with constant depth of corrugation. We will present a 
strict solution to the problem of the analysis of the radia-
tion characteristics of a single antenna in the shape of the 
open end of a parallel-plate waveguide. Unique to our 
work is that we solve the problem in the presence of a 
second waveguide antenna. First, we study the radiation 
pattern and the dependence of the coefficients of stand-
ing waves on the value of the constant reactive imped-
ance of a single waveguide located on the surface of a 
circular cylinder. We also present the decoupling coeffi-
cient in the presence and in the absence of the reactive 
surface impedance. These are novel contributions of this 
study. Second, we consider reduced coupling between 
two waveguide antennas where the presence of two an-
tennas leads to distortion of their radiation patterns. In 
this system, we show that the presence of capacitive im-
pedance almost completely eliminates distortions in their 
radiation patterns made by the receiving antenna. Hence, 
the radiation pattern of both antennas coincides with that 
of a single antenna with a reactive impedance flange. The 
presentation of radiation patterns for single and double 
antennas with and without impedance flanges for the 
cylindrical configuration with a corrugated decoupling 
structure is original to our work. We show that the pres-
ence of capacitive impedance nearly eliminates distor-
tions caused by the proximity of the receiving antenna. 
While independent verification of the validity of our spe-
cific numerical results is not available, as this is original 
work, references cited earlier show similar results for 
similar waveguide systems which support our conclu-
sions. 

The paper is organized as follows: In Section 2, a so-
lution to the problem of the radiation of a parallel-plate 
waveguide located on the surface of a reactive imped-
ance cylinder is derived. Next, Section 3 considers a so-
lution to the problem of the reduction in coupling be-
tween two waveguide antennas located on the surface of 
a reactive impedance cylinder and presents the formula 
of some key parameters of antennas. In Section 4, the 
numerical results for the decoupling coefficients and ra-
diation patterns for both single and double waveguide 
antennas on the surface of a circular cylinder are pre-
sented. Finally, Section 5 is devoted to conclusions.  

2. Radiation of a Cylindrical Waveguide  

2.1 Statement of the Problem  

First of all, we try to find a solution to the two- dimen-
sional problem of electromagnetic field (EMF) radiation 
from the open end of a parallel-plate waveguide located 
on the surface of a reactive impedance cylinder (r=R) 
shown in Figure 1. The waveguide has width, a, and 
spans between angles 1  and 2  on the curved sur-

face of the conductor. We will calculate the EMF as a 
function of radius, r, and azimuthal angle,  . To solve 

for the EMF in the waveguide, its aperture, and in the 
free space outside of the cylindrical surface, we assume a 
certain excitation wave within the waveguide, and im-
pedance boundary conditions on the surface of the cylin-
der between the openings of the transmitting and receiv-
ing waveguides. Then we make use of the Lorentz 
lemma and assume subsidiary field sources in each space. 
We then obtain integral correlations for the fields in each 
space. A system of integral equations results, which can 
be transformed into a system of linear algebraic equa-
tions that are solved for the field components by ad-
vanced numerical techniques, as explained in detail be-
low. 

Let the parallel-plate waveguide be excited by a wave 

characterized by iE


 and iH


: 

ikri
z eHH  0 and      (1)  ikri eWHE  0 )( Rr 

where  120W

oH

 is the characteristic resistance of 

free space,  is the amplitude of the incident wave, 

 

 

Figure 1. The open end of a single waveguide antenna lo-
cated on the surface of a circular cylinder  

Copyright © 2010 SciRes.                                                                               JEMAA 



Radiation Characteristics of Antennas on the Reactive Impedance Surface of a Circular Cylinder Providing Reduced Coupling 197

and  is the radius of the cylinder. On the surface R

1S  ]2,[&],0[ 21    the following reactive impe- 

dance boundary conditions are fulfilled: 

)( HnnEn


 Z and     (2) zZHE 

where rin


  is the unit normal to the surface of the 

cylinder ( Rr  ), Z  is the surface reactive impedance, 

and E


 and H


 are the electric and magnetic fields, re-
spectively. 

Next, we determine the EMF in the regions both out-
side of the cylinder (space ) and inside the radiating 

waveguide (space ). Then, we calculate the coeffi-

cient of standing waves (CSW) of the transmitting an-
tenna and the radiation pattern of such an antenna (see 
Section 3). 

1V

2V

2.2 Solution of the Problem  

In order to solve for the EMF’s, it is necessary to use the 
Lorentz lemma in integral form [13], where constant 
pre-factors are omitted:  

 

   









V V

sexmsexesesm

S

s

dVdV

dS

,

)()(

........

s

HJEJEJHJ

nHEHE

 



(3) 

where and are vectors of the intensity of the elec-

tric and magnetic fields of subsidiary sources in volumes; 

sE sH

..seJ


and ..smJ


are complex amplitudes of current densi-
ties of the subsidiary electric and magnetic sources in 

volumes; ..exmJ


and ..exeJ


are amplitudes of linear current 
densities of adjacent source threads. In accordance with 
the stated polarization of the radiated field, Equation (2), 
as subsidiary sources in spaces V1 and V2, we choose a 
current thread in phase with the magnetic current parallel 
to the z-axis: 

0e.ex. j


 and ),(m
0

m.ex. qpI zij


     (4) 

where  qp,   is a two-dimensional delta-function, p is 

the point of observation, q is the point of integration, and 

 is the current amplitude. To simplify the solution of 

the problem in the integral correlation, we impose bound- 
ary conditions on the subsidiary fields which arise from 
the subsidiary sources: 

mI0

0),( Rr
m qpE             (5) 

This standard boundary condition states that the tan-
gential component of the subsidiary electric field on the 
curved cylindrical surface is zero. 

2.3 Integral Correlations for Space V1  

We now consider integral correlations for each of the 

spaces shown in Figure 1. By placing a subsidiary 
source at the point ),( Rrp   and taking into account 

boundary conditions in the Lorentz lemma of Equation 
(3), we obtain 
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  is the 

subsidiary magnetic field on the surface of an ideal con-
ducting cylinder. Here, i  is the imaginary operator, 

 2
nH  is the -order Hankel function of the second kind, 

and  is its derivative. In Equation (6), there are two 

unknown values: Eφ1 and Hz1 are the fields of the threads 
of the electric and magnetic currents in free space, re-
spectively. In order to eventually solve for them, two 
more equations are required. These come from the Lor-
entz lemma in the space V2 and the subsequent coupling 
between the waveguides (Section 3). 

thn

)2( 
nH

2.4 Lorentz Lemma for Space V2  

The subsidiary magnetic field in the space V2 that is pro-
duced on an aperture of a cylindrical waveguide is ob-
tained from the Lorentz lemma of Equation (3). By im-
posing boundary conditions on the tangential component 
of the subsidiary electric field vector at the walls of the 

parallel-plate waveguide and on its aperture  02  mEn


, 

we obtain an integral correlation for the EMF inside the 
waveguide V2: 
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The field in the aperture of the waveguide is then 
written as the following correlation: 

   
2
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where the field of the subsidiary source can be written as  









n

in

n

nm
z e

kRH

kRH

RW

i
H )(

)2(

)2(

2
)(

)(

2
),( 


  (9) 

3. Reduced Coupling of Two Cylindrical 
Waveguides  

Let us now consider the problem of reducing the cou-
pling between two parallel-plate waveguide antennas 
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located on the surface of the reactive impedance cylinder. 
In Figure 2, we show two aperture antennas with open-
ing sizes of a and b which are located on the surface of a 
reactive impedance cylinder (r = R). These two antennas 
(transmitting and receiving ones), which have the shape 
of the open end of parallel-plate waveguides, are sepa-
rated by distance L from each other  )( 23   RL . 

The boundary conditions, stated in Equation (2), exist on 
the surface  (1S  32,    and  4 1, ) which sepa-

rates two antennas. Because another waveguide with an 
opening of size b is added, one more equation (relative to 
the field in the opening of the receiving waveguide) is 
included in the system of integral equations. In addition, 
we need to determine the field in the receiving wave- 
guide (space V3), the radiation patterns, and the decoup-
ling coefficient. 

3.1 Integral Correlations for Space V3 

To solve this problem, we use the same integral form of 
the Lorentz lemma. In this space, V3, the lemma is dif-
ferent from Equation (8) only in the absence of additional 
sources and by the size of the opening of V3: 

  





bLa

La

m
zz RdHEH   ),()( 333      (10) 

where  is the subsidiary magnetic field in the 

space V3. 

),(3  m
zH

3.2 System of Integral Equations  

By taking into account the boundary conditions of Equation 
 

 

Figure 2. Geometry of the structure with two parallel-plate 
waveguide antennas located on the surface of the reactive 
impedance cylinder  

 

Figure 3. The open end of a waveguide located on the sur-
face of a circular cylinder for space

 
V3 

 
(2) on the surface of the reactive impedance flange and 
the equality of the tangential components of the EMF in 
the openings of the waveguides ( ,21 zz HH  21  EE   

when  21 ,p and , when3z 1E 1z HH  3E

 43,p ), we obtain a system of integral equations 

relative to the unknown tangential component of the 
electric field )(E  on the surface of the cylinder 

 Rr   (see Figure 3): 
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where the subsidiary magnetic fields , 

 and 

)',(1 m
zH

)',(2 m
zH   ,3

m
zH  are solutions to the 

non-uniform Helmholtz equations for the complex am-
plitudes of the field vectors for regions V1, V2, and V3, 
respectively. 

In calculating the subsidiary fields in the spaces V2 
and V3, it is assumed that they have a rectangular shape, 
short-circuited in the openings of the ideally flat con-
ducting wall. The apertures of the antennas coincide with 
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these walls. In this case, the subsidiary fields in Equation 
(11) are defined by the following correlations: 
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where R
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The required solution has a specific feature at the 
edges of the structure ,,,( 321    and )4 . It is 

taken into account by inserting a new unknown weight-
ing parameter, )(Y , which has the same specific fea-

ture as the function required in the system of integral 
equations in Equation (11): 
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By solving the integral equations using the Krylov- 
Bogolyubov method [14] and calculating the coefficients 
of the matrix in a system of linear algebraic equations, 
the subsidiary field given in Equation (9) can be rewrit-
ten as (see Appendix A) 
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where we take into account the decomposition of the 
Hankel function into the Bessel series (addition theorem 
of cylindrical functions). Here, Jn is the Bessel function 

of order n and  2
0H  is the second kind of the zero-order 

Hankel function. Therefore, the fields in the opening of 
antennas and on the reactive impedance part of the flange 
are found. In the following section, formulas for key pa-
rameters of the antennas are given in terms integral cor-
relations involving the field components which have all 
been obtained.  

3.3 Key Parameters of Antennas 

The expressions for the coefficient of standing waves in 
the transmitting antenna, the EMF power directed into 
the receiving antenna, and the coefficient of coupling 

 between antennas are defined by the same correla-

tions as in [15] with only a substitution of the compo-
nents of the Cartesian coordinate system for those of the 
cylindrical coordinate system. 

сK

 The amplitude of the reflected wave of main type 

 in the active waveguide  is defined by the fol-

lowing correlation: 
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 The expression for the coefficient of standing waves 
is 
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2

3rec

4

3

2

1
 



  RdE

Wb
P       (18) 

 The coefficient of coupling between antennas is de-
fined by  
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The decoupling coefficient K, which is the inverse 
value of , is defined as . cK  cKK log10

 The radiation pattern of antenna  can be found 

from the integral correlation of Equation (6), where 
 is already obtained from the solution of SLAE in 

Equation (A-1). In this process, it is required to move 
the point of observation P to infinity and to use the  

1A

1E

asymptote of the Hankel function with a significant 
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argument [ ]. As a result, we ob-

tain 

)()( )2(
0

)2( krHikrH n
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where  is the radiation pattern of an-

tenna ,and  
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efficients of the decomposition of the radiation pattern 
into a complex Fourier series. We notice here that the 
radiation patterns of both antennas can be calculated at 
once in the mode of reception by solving the problem of 
cylinder excitation by a flat wave. 

4. Numerical Results and Discussion  

4.1 Radiation of a Single Parallel-Plate Wave-
guide  

The surface impedance  has an inductive 

character when  and a capacitive character when 
. For the systems of interest, the reactive imped-

ance is purely reactive  . Figure 4 shows the de-

pendences of the CSW on the value of the constant reac-
tive impedance  of the waveguide located on the 
surface of a circular cylinder with radius 

 iXRZ 

iXZ   


0X

iXZ 

0X

387.2R  
. The sizes of the openings of waveguides are 

(a) 

 15kR 
2.1a  and (b) 2.0

 4.1  ) Z

a

Im(

, respectively. When the 
size of opening decreases, the magnitude of CSW in-
creases by a factor of 4.5 (from Figure 4(b) to Figure 
4(a)). The least value of CSW for all sizes of antennas on 
cylinders is found with purely reactive impedance of 
inductive character . We notice that use of 

the reactive impedance distribution on the surface of a 
cylinder (on a curved flange) leads to a significant in-
crease of CSW. Furthermore, in the case of a cylinder 
with all circumstances equal, the influence of reactive 
impedance turns out to be less than in the plane case.  

We present the radiation pattern of a single waveguide 
antenna on a circular cylinder of radius 387.2R  

with ideal conducting flange (Z=0: dotted line) and ca-
pacitive flange ( : solid line) in Figure 5. The 
size of the aperture is 

iZ 10
4.0a  (  201  and 

 302 ). The dash-dotted line shows the impact of the 

reactive impedance part of the flange on the radiation 
pattern. As we can see, the capacitive impedance really 
distorts (or wrings out) the wave, increasing the directiv-
ity of the antenna. The dashed line represents the geome- 

 

Figure 4. (Color online) The CSW as a function of the con-
stant reactive impedance of the waveguide located 
on the surface of a circular cylinder with radius 

)Im(Z

387.2R  15kR  for (a) 2.1a and (b) 2.0a . 
An increase in the size of opening leads to a decrease of 
CSW.  

 

 

Figure 5. (Color online) Radiation pattern of a single wa-
veguide antenna on a circular cylinder 387.2R  with an 

ideal conducting flange ( 0Z : dotted line) and capacitive 
flange ( iZ 10 : solid line), where the size of the aperture 
is equal to 4.0a  ( 201  and  302 ). The 

dash-dotted line shows the impact of the reactive impedance 
part of the flange on the radiation pattern. The dashed line 
represents the geometry of the problem 
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Figure 6. (Color online) Decoupling coefficient K  as a 
function of reactivity,  (solid line) with parameters iXZ 

  Lba  ,4.0 ,8.0 , and . The dashed line 

corresponds to the decoupling of the antennas on the sur-
face of an ideal conducting cylinder 

15kR

 
try of the problem (location and relative sizes of the 
opening of the radiating antenna). 

4.2 Radiation of Two Waveguide Antennas 

Now, we study the decoupling coefficients and radiation 
patterns in the two waveguide antennas on the surface of 
a circular cylinder. Figure 6 shows the dependence of 
the decoupling coefficient K on the value of the reactivity 
of the normalized reactive impedance of the cylindrical 
flange  (solid line) with parameters iXZ  8.0a  

 ,4.0  ,  Lb

dB52

and . The dashed line corre-

sponds to the decoupling of antennas on the surface of an 
ideal conducting cylinder. Numerical studies show that 
the behavior of the decoupling coefficient for the cylin-
drical construction is almost the same as the plane case 
(see Figure 8 in [15]). The only exception is that for the 
cylindrical medium the decoupling of the antennas is 
higher by 10 dB because of additional screening by the 
convex surface. In addition, the maximum value 
( ) of the decoupling level is reached with a large 

value of capacitive impedance ( ). 

15kR

5X
In order to examine the variation of the decoupling 

level, we consider a corrugated structure in vacuum with 
a constant depth of corrugation d on the cylindrical sur-
face shown in the inset of Figure 7. The decoupling co-
efficient K as a function of the normalized depth /d  
in this structure is plotted in Figure 7 as a solid line. The 
maximum level of decoupling ( when dBK 52

25.0/ d ) is increased by 10 dB more in comparison 
with the plane case [15]. The reason is that with the cy- 

 

Figure 7. (Color online) Decoupling coefficient K  versus 
the normalized depth /d  for a corrugated structure in 
vacuum (solid line). The dotted line corresponds to the de-
coupling of antennas on the surface of an ideal conducting 
cylinder 

 
lindrical surface, increasing the distance between the 
antennas also increases the screening by means of a sur-
face shadowing. The constant decoupling level K for an 
ideal conducting cylindrical surface is shown as a dotted 
line.  

Next, we investigate a modulation of the separation 
between two antennas on the surface of a circular cylin-
der in order to see how the decoupling level of antennas 
changes. In Figure 8, we show the dependence of the 
decoupling coefficient K on the surface reactive imped-
ance  for the same antennas as in Figures 6 and 

7 (

)Im(Z

 ,8.0 ,4.0   ba  and ), but located at the 

two different distances of (a) 

15kR

L  and (b) RL  . 
When the distance between two antennas is  , which 
corresponds to an angular distance of  between the 
centers of their openings, constant reactance causes an 
additional increase of the decoupling up to 84 dB (solid 
line) in Figure 8(a). The decoupling of antennas on the 
surface of an ideal conducting cylinder (dotted line) is 
also large (K= 46 dB) in comparison with the plane case.  
It is evident from Figure 8(b) that the maximum decoup-
ling corresponds with a diametrical arrangement of an-
tennas at 

75

RL   (i.e., the angle between the centers of 
their openings is approximately equal to 180o). It is 
noteworthy to mention that independent of the location 
of antennas, negative reactance leads to an increase of 
decoupling. In addition, the greater the distance between 
antennas, the higher the decoupling level. As for the cyl-
inder, due to the finite nature of this distance (diametri-
cally placed antennas are located at the maximum dis-
tance), the decoupling level is always limited. 
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Figure 8. (Color online) (a) Decoupling coefficient K  as a 
function of the surface reactive impedance  for the 
same antennas as in Figures 6 and 7, but located at the two 
different distances of (a) 

)Im(Z

L  (an angular distance of 
 between the centers of their openings) and (b) 75 RL   

(the angle between the centers of their openings is ap-
proximately equal to ). The decoupling of antennas on 
the surface of an ideal conducting cylinder is shown as a 
dotted line 

180

 
The radiation patterns of a system which has both the 

transmitting antenna A1 and the receiving antenna A2 are 
presented in Figure 9, where the parameters of the sys-
tem are defined as 4.0a ,  for 

, 

 30 ,20 21 

1A 4.0b ,  for , the radius 

of a circular cylinder is 

70 2A  ,60 43

15kR ,, and the distance be-
tween the antennas is 25.1L . The geometry of the 
structure is depicted as a dashed line. It is clearly seen in 
Figure 9 that the radiation pattern for an ideal conduct-
ing cylinder (dotted line) is distorted due to the presence 
of an additional antenna. (Compare to the dotted line in 
Figure 5). On the other hand, the radiation pattern for the 
capacitive impedance (solid line) is not affected by the 

 

Figure 9. (Color online) Radiation patterns of the structure 
with the transmitting antenna  (1A 4.0a ,   ,201 

 302 ) and the receiving antenna  (2A 4.0b , 

 70 4,603  ) located on an ideal conducting cylinder 

(dotted line) and on the reactive impedance Z  cylinder 
(solid line), where the radius is 387.2R  ( 15kR ) and 

the distance between the antennas is 25.1L . The dashed 
line represents the geometry of the system 
 
presence of a receiving antenna. Hence, the radiation 
pattern of both antennas coincides with that of a single 
antenna with a reactive impedance flange. We note that 
the obtained result here is in the case of frequency- inde-
pendent impedance. The undistorted radiation pattern 
will be modified when frequency-dependent surface im-
pedance is used. The impact of the reactive impedance 
part of the flange on the radiation patterns is indicated as 
the dash-dotted line. 

5. Conclusions  

On the basis of the theoretical and numerical research 
conducted in this paper, we obtained several significant 
results. First, we calculated a strict solution to the prob-
lem of the analysis of the radiation characteristics of a 
single antenna in the shape of the open end of a paral-
lel-plate waveguide located on the surface of a circular 
cylinder. Included in this configuration were a reactive 
impedance flange and a receiving antenna of the same 
construction; specific boundary conditions of an electric 
field on the edge were taken into account. Additionally, 
correlations for the key parameters of the antennas (CSW, 
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radiation patterns of antennas, and the decoupling coeffi-
cient) were obtained. 

We have also studied the influence of a constant, pure- 
ly reactive impedance (as a mathematical model of cor-
rugated structures) on the radiation pattern, CSW, and 
the decoupling level of antennas. These results were ob-
tained with the help of numerical modeling, and coincide 
well with standard results [16]. A comparative evaluation 
of the decoupling level on a plane and on the surface of a 
circular cylinder was performed. A specific difference 
between a cylindrical surface and a flat one is that for the 
cylindrical case, increasing the distance between the an-
tennas also increases their screening by means of a sur-
face shadowing.  

A study of the radiation pattern for an ideal conducting 
cylinder showed that the presence of two antennas leads 
to distortion of their radiation patterns. However, the 
presence of capacitive impedance almost completely 
eliminates distortions made by the receiving antenna. 
The radiation pattern of both antennas coincides with that 
of a single antenna with a reactive impedance flange. 

In conclusion, to reach the required levels of decoup-
ling between antennas, it is necessary to use structures 
with a complicated reactive impedance corrugation on 
the flange of the antennas, just as in the case of a plane. 
For this purpose, in future work we need to study further 
how to set up and solve the problem of the synthesis of 
such structures.  
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APPENDIX A: Calculation of Subsidiary 
Fields Using Integral Equation  

)( nn ZZ 
The solution of the integral equations in Equation (11) 
can numerically be solved by the Krylov-Bogolyubov 
method [14]. As a result, the integral equation is reduced 
to a system of linear algebraic equations (SLAE) relative 
to: 

)( nn YY  : 












































,1n  0

1                     0

1  0

1                          2

1413
1

,
4

1312
1

2
,

121
1

,
2

10
1

1
,

14

14

14

14

MMUYZfY

MMnTY

MMnUYZfY

MnHTY

M

m
mnmnnn

M

m
mnm

M

m
mnmnnn

M

m
mnm









(A-1) 

where ,)( n
ss

n ff  









 



4,3,2 

1       

,

1
,1

,
sD

sC
T s

mn

mn
mn , 










 



4,2,1 

3       

,

3
,2

,
sD

sC
T s

mn

mn
mn , .   s

mnmn DU ,,

Here, , s
mnD ,

1
,mnC , and 3

,mnC are defined respectively 

as follows:  






 




 RdfHD
m

m

s
n

m
z

s
mn )()',(1, , 

  




 




RdfHHC
m

m

n
m
zn

m
zmn )()',()',( 1

21
1
, , 

  




 




RdfHHC
m

m

n
m
zn

m
zmn )()',()',( 3

31
3
, . 

Finally, 
















],1[ 4

],1[ 3

],1[   2

],1[              1

1413

1312

121

1

MMms

MMms

MMms

Mms

, where 

, , ,  are the numbers of points of col-

location on the parts 
1M 2M 3M 4M

 21, ,  32, ,  43, , 

  21,4  , and 21 MM 12M  , 3M1213 MM  , 

4M13M14M  . 

When calculating the solutions of the integral expres-
sions and the coefficients of the matrix of SLAE in Equa-
tion (A-1), we have to consider the difficulty of their 
calculation near the coincidence of the points of integra-
tion and collocation    , where the subsidiary 

fields of Equations (9) and (12) have logarithmic singu-
larities. We observe an opportunity for improving the 
conformity of the rows in Equations (9) and (12). Differ-
ent points (   ) in a row in Equation (9), which is 

shown below as Equation (A-2), 
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conform in an unsuitable way, because the coefficients 
have an asymptote 
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In order to improve the conformity of the row in Equa-
tion (9), we multiply the Hankel functions in Equation (9) 
by the Bessel function. Then, we can get asymptotes as a 
closed form:  
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which is different from Equation (A-3) by the constant.  
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