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Abstract

This paper describes a numerical solution for two dimensional partial differential equations modeling (or
arising from) a fluid flow and transport phenomena. The diffusion equation is discretized by the Nodal
methods. The saturation equation is solved by a finite volume method. We start with incompressible sin-
gle-phase flow and move step-by-step to the black-oil model and compressible two phase flow. Numerical
results are presented to see the performance of the method, and seem to be interesting by comparing them

with other recent results.

Keywords: Saturation Equation, Nodal Methods, Finite Volume Method, Two-Phase Simulation

1. Introduction

Nodal methods have long been one of the most popular
discretization techniques employed within the reactor
physics community to solve multigroup diffusion prob-
lem [1,2]. A survey of these methods can be founds in
[3].

The Finite volume method (FV) has been proposed
initially by Durlofsky et al. in 1990 for the advection
equations and Burgers. Other works have been intro-
duced by J. P. Cioni, in 1995, R. Eymard et al. in 1997 [4]
and A. Shamsai and H. R. Vosoughifar [5].

In this paper we consider the model for incompressible
two-phase flow in a porous medium. We consider Nodal
methods for solving the diffusion equation and a general
class of explicit finite volume upwind schemes for solv-
ing purely advective transport in the absence of gravity
and capillary forces. We shall employ a Newton-Raphson
method to solve the implicit system.

Section 2 presents the model problem used in this
paper. The discretization by Nodal methods described is
in Section 3. The discretization by finite volume
method for the diffusion equation described is in Section
4. Section 5 shows the discretization by finite volume
method for the saturation equation. Numerical experiments
carried out within the framework of this publication and
their comparisons with other results are shown in Sec-
tion 6.

Copyright © 2010 SciRes.

2. Governing Equations

Here we consider incompressible two-phase flow in do-
main Qc IR*.

The pressure equation is given by
divilU)=f on Q,
U=-KA(S)VP on Q,
P=P on TP,
U-n=0 on TV,

M

We consider the saturation equation in its simplest
form (neglecting gravity and capillary forces)

1

w

¢%+V~(g(S)U)= on Qx]O,T[ 2)

We shall assume that the phases are oil (0) and water
(w) and that the two phases together fill the void space
completely so that

S, +S, =1 3)

The source term for the saturation equation becomes:

Lo max(f,0)+ g(S)min( £, 0).

pw

&:max(f,O)+g(S)min(f,0). (4)
P,
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SZ

where g(S)= m
To close the model, we must also supply expressions
for the saturation-dependent quantities. Here we use

simple analytical expressions:

Aw)(g)zﬁ’ lo(g)zw’ S* =

w /'10

S B ch
1- S or ch

K is the permeability, ¢ is the Rock porosity, g,
and u, Viscosities, S, is the irreducible oil satura-

or

tion, §,. is the connate water saturation, and the total

mobility is givenby A=4 +4,.

3. Discretization with Nodal Methods

The discretizations which follow assume that Q is a

rectangular domain and employ an LxM tensor prod-

uct mesh having cells Q, | —(x X )><(y l,yA )
2 )

It is convenient to denote the mesh spacing by
A, =x y—x  and Ay, =y -y ;.
I+E I*E _/+E j*E
Common to all nodal discretizations is the choice of
cell-and edge-based unknowns. Generally, these are tak-
en to be moments up to some specified order; hence in
the lowest-order case simple averages are employed.
Specifically, the cell-based unknowns are averages de-
fined by

X

j : j P(x Vwdy ()

P =
TAx, Ay,
while the edge-based scalar unknowns, namely, edge
averages of the scalar flux, are given by
P, =R P(x)——j “PCyMy (6)

i+—,j
2

with the analogous deﬁnltlons of P__ .

T2
Similarly, the edge-averaged currents are written as

Ut = th(x)U(x)_—j { (K2)— {P(xy)}}

i+,
2/

and F(y) .

Yo
7

while U* | is defined analogously.

l,j+5
All lowest-order members of the nodal method family,
such as the nodal expansion methods (NEM) [6], the
nodal integration method (NIM) [7], the nodal Green's
function method (NGFM) [8] and the coarse mesh ex-

pansion methods [9] yield equivalent discretization of (1).

We have chosen to present a brief discussion of the NIM.
The first step in the NIM discretization consists of posing
the cell-based trans-verse integrated ODEs which govern

Copyright © 2010 SciRes.
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P(x) and P(y). To this end we assume that a ho-
mogenized diffusion coefficient (K1), is defined on

each cell, and transverse integrate (1) to obtain

,Q{(Ki) NﬁPj(x)}:f ! {U’I(x)fU‘ I(x)}+ﬁ(x), X <x<x
Oox v ox Ay, | i i~ i i+

2

o o . . :
*5{(101),,53@)}—*E’{U%(y)*U‘%(y)}ﬁ,(y), Y Syex

js
2

where U™ (x) and U™, are one-sided limits of the
jt— it~
T2 2

normal currents along the edges of the cell, and f; is

defined in analogy with the transverse averaged un-
knowns.

Thus, we have reduced the discretization of the PDE
given in (1) to that of two ODEs that are coupled through
pseudo source terms. The definition of the edge averages
(6) naturally yields Dirichlet boundary conditions for each
cell. Moreover, for lowest-order or constant-constant NIM

the pseudo source term (i.e. U* | (x) and U (y)) are
1+*

assumed to be constant along their respective cell edges.
We assume that the source f(x,y) is constant over

each cell.
With expressions for P (x) and B(y) in hand we

construct the discretization. First, note that two inde-
pendent definitions of the cell average are possible:

R B e N
i i J

=

P(y)dy

Yielding 2LM equations, e.g.

1 sz -1 1 _ N
=P, +P A (K ) ; [U, I_Uz:fi]_fi,i :
2 ”'?I Ej 12 ij 1~l+§ c2

Furthermore, under the assumption of an homogenized
diffusion coefficient and utilizing U =-KA(S)VP we

obtain expressions for U, ,U* |, on each cell, e.g.
r+2,j i'j¥§
U __(K4), LP, 4P R —( S =UT -,
H%»;/ B Ax, > i ;»;/ 2Ax, u+§ wf% i

Although these comprise for equations per cell, only
three of them are linearly independent, as the same bal-

ance equation arises from both U |, —-U"  and
l+§,j i=
Uit/url_U:j,l' ImpOSing Continuity of J-n YieldS an
3 :

equation for each interior edge (i.e. (L-1)M + L(M-1)
equations) while the boundary conditions give rise to 2L
+2M discrete boundary equations. Thus we have 7LM +
L + M equations as many unknowns.

Although the constant-constant NIM discretization is
complete at this point, it is seldom used in this form.
Typically in the literature one proceeds by eliminating
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the edge currents U*, , U* |, followed by the trivial
1?;] i-]?g

elimination of the averages P, to obtain the 7-point

nearest neighbor hexagonally coupled stencils that gov-
ern the edge-based fluxes P |

i
Ay. Ay .
(Kﬂ),,[y/](P P .]_(K/l)iﬂj{ L JEP s P, ]
LAY LAY L
3(KZ),  AxAy,
2“/ 2 Pl +P1 -P 17P 1
Ax_ +ij i+ i3 Lty i3
3(KA Ay
( )1;1/ l ]{P3_+P_]_—P_ . P ,1}
Aer +ij i+ i+ z+l,/+E x+]./—5
_1 Axxij r +1 AxH»]Ay; r
2AC +AY T2 A Ay T

With the y-oriented rotated analogue at P .
i,j+—
2

4. Finite Volume Method for the Diffusion
Equation

In a finite volume method for (1) one introduces a family
of control volumes (typically the given mesh) and im-
poses mass conservation locally for each control volume

E: J. - —KAVPnds = L: fdx , where n is the outward unit

normal on OFE . The cell-centered finite volume method,
which may be expressed as a pressure stencil for each
cell E,,

Z ) =], s, (7)

where j loops over all cells neighboring cell E,. The

transmissibilities T, are associated with cell interfaces,

y

and the expression T, (P,.—Pj) is a discrete form of

—j KA VPun.ds, where n. is the unit normal on
OF, NOE v v

[, =0E,NOE, pointing into E,. Thus, T} (R —Pj)
estimates the total flux across OE; NOE, . The system (7)

is clearly symmetric, and a solution is, as for the con-
tinuous problem, defined up to an arbitrary constant. The
system is made positive definite and symmetry is pre-
served, by forcing A =0, for instance. That is, by add-

ing a positive constant to the first diagonal of the matrix

=[a,].

where
ZT;/ #k = i’
=< J

=T, ifk=i
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The matrix A is sparse, consisting of a tridiagonal part
corresponding to the x-derivative, and two off-diagonal
bands corresponding to the y-derivatives.

5. Finite Volume Method for the Saturation
Equation

For the saturation Equation (2), we use a finite volume
scheme on the form

57t =87 +(61), | max(1,0) - Xg(8™) Uy +g (" )min(/;,0)
(€)]

At . .
@ is the porosity in Q,, f;

((p,.|Q,.|) ’

denotes the source term, Az is the time step, and S,." is

where (5f )i =

the cell-average of the water saturation at time =1,

1
Sl_k _ mjﬂ S(x, t )dx .

By specifying for time level m in the evaluation in the
fractional flow functions, we obtain either an explicit (m
= n) or implicit (m =n + 1) scheme. Here U, is the total
flux (for oil and water) over the edge I', between two

adjacent cells Q, and Q,, and g, is the fractional

flow function at r,

8.(5) iU, 20,
)y :{gw(sj) if U, <0. (10)

The explicit solver is obtained by using m = n in (9).
Explicit schemes are only stable provided that the time
step At satisfies a CFL condition. For the homogene-
ous transport equation (with f =0), the CFL condition

for the first-order upwind scheme reads

max|g(S)|max (a1), |U|<21 S.—S,) (11)

Se(0,1)

For the inhomogeneous equation, we can derive a sta-
bility condition on Af¢ using a more heuristic argument.

Physically, we require that S, <S'"' <1-§ .
This implies that the discretization parameters |Q,.|

and Ar must satisfy the following dynamic conditions:

S, <8+ ) mex( f,0) Zg(S”)U+g(S”)

i

s

(12)
The interface fluxes U, satisfy the following mass

balance property:
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ul :max(ﬁ,o)—Zmin(Uij,O):—min(fi,0)+Zmax(Uij,0)

— Uiom.
Thus, since 0< g(S)<1 it follows that
-g(S"HU;" =max (f;,0)- Y g(S") U, +g(S;)min(f;,0)
7 i
<(1-g(SHHU;”

Then the general saturation dependent stability condi-
tion holds in €, if the following inequality is satisfied:

max| £ =0 1-2(5))
Sin - ch 1 - Sor - S in

J(&:), U<t (13)

Finally to remove the saturation dependence from (13),
we invoke the mean value theorem and deduce that (13)
holds whenever

¢|Q[|

M U max (g (3)]

(14

0<85<1

6. Numerical Simulations

In this section we illustrate the performance of the Nodal
methods. We restrict to quarter-five spot problems in two
dimensions with uniform rectangular grids [10,11]. We
compare the solutions obtained using Nodal Methods
with the reference fine scale solution obtained using a
two point finite volume method.

We compute a mean pressure error in the following
manner:

(15)

Pressure

20
18 -0.5
16 -1

14
-1.5
12
10 -2
-2.5
-3
=35
5 10 15 2 ‘

0

N B N

ET AL.

where P and P"Y are array vectors that contain the
average pressure in each fine element (Nodal Methods
solution and reference finite volume solution, respec-
tively).

We measure velocity solution errors using the follow-
ing measure:
of 2
u,-uv

2

ooy
+

y y

5U=| (16)
(U)

2

ref
Ux

ref
Jo:

U, and U, are vectors containing the average veloci-

ties in the x-and y-directions, respectively, |||| and is

the Euclidean norm.

The pressure equation is discretized by the Nodal vol-
ume method (FV). We use an Explicit and Implicit up-
wind finite volume discretization for the saturation Equa-
tion (2).

Example: Here, we present a simulator for incom-
pressible and immiscible Two-Phase flow system. We
first want to look at the so called the quarter-five spot

problems. The reservoir is ©Q =[0,1]x[0,1] with a unit

injection well placed at (0; 0) and a production well with
unit production rate placed at (1; 1). Let us revisit the
quarter-five spot problems, but now assume that the res-
ervoir is initially filled with pure oil. To produce the oil
in the upper-right corner, we inject water in the lower left.
We assume unit porosity, unit viscosities for both phases,
and set S, =S, =0. We impose no-flow boundary
conditions on 0Q.

We obtain a similar result with J. E. Aarnes ef al. [10].
The water saturation is increasing monotonically toward
the injector, meaning that more oil is gradually displaced
as more water is injected, and the pressure fields are

symmetric.

‘ 05
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2

1 =3
. '3'5

§ 10

15 20

20
18
16
14
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N B~ N

Figuret 1. The left plot shows pressure contours for a homogeneous quarter-five spot obtained using Nodal Methods and the
right plot shows pressure contours for a homogeneous quarter-five spot with the reference solution obtained by J. E. Aarnes

et al. [10], with a 20 x 20 square grid.
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Figure 2. Saturation profiles for the homogeneous quarter-five spot at several different times: t=0.14, t =0.42, t =0.56 and t=0.7.
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Figure 3. The left shows pressure obtained with Nodal Method and pressure obtained by J. E. Aarnes et al., and the right
shows saturation profiles obtained with Nodal Method and saturation profiles obtained by J. E. Aarnes ef al., with a 20 X 20
square grid.
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Figure 4. Saturation profiles for explicit and implicit schemes
for the homogeneous quarter-five spot.
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Figure 5. Pressure (left) and Velocity (Right) errors for
different coarse discretizations and well length scales used
to compute the fine well contributions. The error decreases
with increasing numbers of coarse cells.

7. Conclusions

We were interested in this work in the numeric solution
for two dimensional partial differential equations model-
ing a fluid flow and transport phenomena. In this article,
numerical approximation of two-phase incompressible
problems is studied. The diffusion equation is discretized
by the Nodal Methods. The saturation equation is solved
by a finite volume method. The pressure and velocity
field are symmetric about both diagonals for the homo-
geneous field. The water saturation is increasing mono-
tonically toward the injector for the homogeneous field,
meaning that more oil is gradually displaced as more
water is injected.

Copyright © 2010 SciRes.

Numerical results are presented to see the performance
of the method, and seem to be interesting by comparing
them with other recent results.
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