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Abstract

This article presents a methodology to calculate the risk of aircraft running off
the runway or failing to clear the obstacle of 10.7 meters requirements during
the take-off operation by means of mathematical modeling. Particularly, the
article presented herein provides theoretical quantification of the risk of an
aircraft exceeding the predetermined and/or designed runway takeoff length
considering the permissible risk value of one accident or incident out of a mil-
lion operations (10°°). The modeling is demonstrated by means of compre-
hensive calculation of the Boeing 737-800 aircraft takeoff phases in view of the
maximum takeoff weight, the airplane aerodynamic characteristics and the
condition of the runway surface. The presented calculation algorithm is pav-
ing the way for the methodology of design of runways based on the theory of
risk. It is worth noting that the other takeoff scenarios, the takeoff with one
engine non-operative engine and the rejected takeoff are also solved. However,
these scenarios will be presented separately in different papers.
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1. Introduction

The existing runway design standards do not take into consideration the proba-
bilistic nature that governs aircraft’s performance parameters during the takeoff

maneuver. Besides, the existing methods for assessing the probability of aircraft
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takeoff accidents are subjective in nature and based on non-universal empirical
calculations and procedures. This paper provides a theoretical, mathematical and
universal method, taking into account the distribution law of the aircraft’s perfor-
mance parameters. These parameters, namely the length of the takeoff ground roll
(first phase) and the length of takeoff air section to clear an obstacle (second phase).
The theory presented herein, to a certain extent, is part of a global runway design
methodology developed by the author covering the runway design parameters based
on the theory of risk. Globally, the methodology covers runway’ design that ade-
quately answers the risk of overruns during both landing and takeoff, the risk of
veer-offs and the risk of landing undershoots. The method is also applicable to
assess the residual level of risk at any specific airport and its deviation compared
to the recommended design Norms such as the International Civil Aviation Or-
ganization (ICAO) and the Federal Aviation Administration (FAA). Also, the pre-
sented mathematical solutions offer airports’ operational and safety management
departments a viable tool so that appropriate measurements can be adopted. Finally,
it is a methodology not only to assess the risk but also to determine the appropriate
runway design parameters such as length, width, slopes and vertical curves. In other

words, it is a new approach for runway design.

2. The Takeoff Operation in Brief

All requirements and regulations governing the aircraft takeoff can be found in
the national civil aviation regulations such as the United States Federal Aviation
Regulations (FAR 14 CFR 25). The International Civil Aviation Organization (ICAO)
also presents such regulations in the Airplane Performance Manual (ICAO Doc
10064). Indeed, presently there is a high degree of uniformity between the major-
ities of the national civil aviation regulations worldwide regarding landing and

takeoff requirements. In fact, the declared takeoff distance for runway’ is
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Figure 1. Takeoff side view with all engines operating.
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specified by the aircraft manufacturer and consists of 115% of the actual dis-
tance (minimum) required to accelerate, lift-off and reach a point 10.7 meters
above the runway with all engines operating at a speed known as ¥, [1] [2]. This
length, in fact, also covers the required runway distance in case of a rejected take-
off and in case of takeoff with one engine that is inoperable. In fact, our research
covered all takeoff scenarios; however, in this paper, we are presenting only the
case of takeoff with all engines operating. It is worth noting that from the pilots’
perspective, this distance is determined on the basis of the aircraft flight manual
and charts, whereas from runway design engineers’ perspective, this distance is
taken from the Airplane Characteristics for Airport Planning manuals that are
produced by the aircraft manufacturer. In Figure 1, both takeoff phases, in addi-
tion to the main parameters, are presented in confirmation with civil aviation reg-

ulations.

2.1. Computing the Risk of Aircraft Exceeding the Declared Takeoff
Distance

Verifying the risk of aircraft exceeding the declared takeoff distance known as
F.AR. takeoff runway length requirements through real simulation of Boeing 737-
800 aircraft in standard conditions known as the ICAO Standard Atmosphere
(ISA).

Initial data:

— Aircraft type Boeing 737-800 (CFM56-7B24 ENGINES AT 24,200 LB SLST);

— Temperature of +15°C;

— Density of 1225 kg/m?;

— Mean sea level;

— Takeoff weight 79016 Kg;

— Declared takeoff distance L-F.A.R. 2792.00 m;

— Takeoff flaps 15;

— Zero runway longitudinal slope;

— Aircraft wing area 103.65 meter square;

— The maximum lift coefficient of the aircraft in takeoff configuration, 2.48;

— The drag coefficient value when the lift force is zero, 0.076;

— The wing span; 34.3154, m;

— The wing chamfer angle (between the wing outer edge and the axis perpendic-
ular to the vector of moving direction of the aircraft) 28.25 degrees.

The analysis of measurements indicates that the normal distribution fits both
takeoff phases, the ground run phase length and the air phase length. It is worth
noting that together, normal distribution as well as the Gram-Charlier distri-
bution laws were examined and both fit takeoff length of such aircraft category.
However, due to the limitation, we are presenting the normal distribution case
in this paper (Figure 2). Fifty four (54) observations (data points) are used to
establish the distribution laws of both takeoff phases, ground run and air sec-

tion.
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Figure 2. Takeoff run length distribution law, normal distribution vs empirical distribution
function.

2.2. Calculation Procedure

A takeoff with all engines running and precisely at the limit of the first phase

(ground phase), the pilot performs the following actions [3] [4]:

— Initiating the command “rotation”, where the pilot signals the decision to begin
the takeoff procedure (1 second);

— Having heard the command, the second pilot pulls the control towards himself
(1 second);

— The aircraft begins to rotate, which smoothly continues at a speed of 3° per
second and in 4 seconds reaches a typical lift-off angle of 9° - 12°.

Acknowledging that the time required for the aircraft to rotateis ¢, =6 sec-

onds and understanding that the length for which the risk of 50% the aircraft over-

run beyond the expected accelerate distance is the minimum length of the takeoff

ground run, the critical length value of the takeoff first phase (the ground run) is

determined using the expression (1), 1z

e _Vio-1e Xts " V»Z (1)

TIP3 6 3.6 x2xay,

(265.23 + 277.86) x 6 . 265.23
2%x3.6 3.62x2x2.08

cr

T0-10 =

=1759.4

where V. (km/h)is the speed at which the rotation of the aircraft, during takeoff
ground run, should be initiated. Upon FAA rules, this speed is set with respect to
the stalling speed of the aircraft in the takeoff configuration V,

st—63

according to

the following’s relationships:

V=105, =1.05x3.6x | o€ @)
CymaxpSw

2%x79016x9.8066
1.225%x103.65x2.48

K:1.05x3.6x\/ =265.23 km/h;
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ap

= L[219469.29 —[%x 1.225 x(

where:
M - —the maximum take-off weight, kg;
P —air density;

S, —aircraft wing area;

C, o —the maximum lift coefficient of the aircraft in takeoff configuration;
t5, —the time required to rotate the aircraft.

Using formula (3) we determine the acceleration within the takeoff first phase,
from the moment of movement initiation when the speed is zero and the runway
longitudinal slope is zero (the angle @° =0 ) until the aircraft lift-off when reach-
ing 7, .

1 1

ap = —(TTO __pI/VZSW (CDT -Crro (fBl +¢31))_MTOFg Cosg(fm + @p )) ©)
M rop 2

265.23

2
j x103.65(0.512—2.48(0.0340+0.4803))]
79016

—79016x9.81x1x (0.0340 + 0.4803)]

a, =2.28 m/s?

The aircraft lift coefficient in take-off configuration during ground roll C,,,,

is calculated using the known aerodynamic formula:

Cpro = Mior 548 (4)
319324 % px S Corp

C

' ro-ma. —the predetermined maximum lift coefficient at take-off configura-

tion and maximum angle of attack.

C,,;, —the corresponding drag coefficient is:
Cpy =Cpy +kyC2yp =0.512 (5)
T,, —the thrust force (kg-m/s®) required to achieve at least the takeoff safety
speed ¥, that must be attained at 10.7 meters height above the end of the run-
way (above the threshold). Upon regulation 7, =1.2V,,__, so the minimum thrust
force is determined by the expression: [5]-[7]

2
1 2 (MTOFg) 1
T, =—pVyS,Cpo + (6)
o = Mt {O.SpV;SW neAR

2
T, = 0.5x1.225x(%j x103.65x0.0268

(79016x9.81)’ ( 1 j
303.12 3.1416x0.36x5.68

2
0.5><1.225( j x103.65

=219469.29

AR —is the wing aspect ratio, the wing span to its area.
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2 0.68
€:46ILI_OO4S{Z—J J(COSALE)QIS 31, (7)

w

where C,,, —is the drag coefficient value when the lift force is zero;

K, —the drag correction factor;

e —the Oswald wing efficiency factor;

« —the wing span;

S, — the wing area;

A, , —the wing chamfer angle (between the wing outer edge and the axis per-
pendicular to the vector of moving direction of the aircraft).

The values of the coefficient of friction ¢, and the coefficient of rolling re-
sistance f,, atthegivenspeed V are determined, respectively, to be 0.4803 and
0.034. The friction value ¢ used in the formula presented below is established
based on FAA system of runway surface friction threshold to initiate runway sur-
face rehabilitation. FAA sets this value to the order of 0.52. The coefficient of fric-

tion is determined according to the formula:
O =0=B,V, (8)

the coefficient g, is tabulated in Appendix 2 [8];
V' —the speed of the aircraft at the moment of takeoff km/h;
J~ —the calculated values of the rolling resistance coefficients are established

according to dependence:
Lo = Lo+ KV )

f> —the values of the rolling resistance coefficient at the aircraft speed tabu-
lated in Appendix 3 [8];

K, —This coefficient is taken from the note to Appendix 3 [8].

The critical value of the length of the takeoff air section, takeoff second phase,
with all engines operating from the point at which the aircraft lifts the ground to
the point at which the aircraft crosses the threshold at an altitude 10.7 meters above

the runway &

« e (m)is calculated using the following relationship [9]:

o e = \/(2 X Ry xTCH ) —(TCH, ) (10)

L5 20 =4(2%20199.3x10.7) ~(10.7)" =657.38

where R —the radius of the flight path curve from the aircraft liftoff and un-

Toff —1
til it clears an obstacle equal to a height of 10.7 meters in accordance with the civil
aviation flight safety standards, (see Figure 1) and determined by the formula [9]
[10], m:

2 2
I/stall _ 252'6 (11)

Ry, =—7 —= === __—-20199.3,
T g (n—1)  g(1.322-1)

where 7, —the coefficient of load factor, the ratio of the aircraft’s lift to its weight
force. When the aircraft takeoff with all engines operating this coefficient is deter-

mined as follows:
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L
n1=W=1.322, (12)

Hence, the takeoff runway length in standard day ISA conditions L.F.4.R.
(M) is calculated:

Toff

LF ARy, =1.15(L5, 1+ Ly 0 ) =2779.3

It is worth noting that our calculation shows almost the same value as that de-
clared on the Boeing Airplane Characteristics for Airport Planning. 2779.3 Vs.
2792.00 meters.

During takeoff with all engines operating, the 15% (required by regulations)
added to the critical length value reflects the sum of the permissible deviation of
the takeoff operational length in both phases, ground run stretch (first phase) and
air stretch to clear the obstacle of 10.7 meters (second phase) (Figure 1). Since all
operational speeds have a linear dependence with respect to the stall speed in the
takeoff configuration, it is fair to calculate the permissible deviation of the opera-

tional length of the first and second phases, respectively, as follows:

L7y = 01505, ,, =263.913, (13)
Lyg" = 015L75 ., =98.607, (14)

Thus the operational estimated distance, for which the risk of the front wheels
of the aircraft runoff over the calculated distance, from the starting point to the
point where the aircraft lifts off the ground (when the aircraft becomes airborne),

with all engines operating, should be determined as per the regulation rule, m:

L,y 0 =1.15L7, ,, =2023.3

The standard deviation of the aircraft’s take-off critical length with all engines
operating in the first phase (ground acceleration run), can be established by dif-
ferentiating the formula of the critical length (1) by the speed of movement, the
friction coefficient, the pilot’s reaction time and the regulated decision speed at its

limit:

tr ) vY e | 4 ’
o, = [ﬂj oy | o) | ———— | oo+ 22| o, (15)
Lro-10 3.6 T0-1® g, " 2(ii+a31) 'B1 3.6 BP

2 2 s 2 2
o, = (ij ><4.272+( EE T T % xo.022+(271'54 x0.97
Lo-10 3.6 2x2.08 2x2.08 3.6

=100.839

where— oy, ., =427, o, =4.18, are respectively, the standard deviations of

1@

the average speed of the aircraft during the rotation sub-phase, the speed of the
aircraft at the moment the nose wheel gear is raised (m/h). These values are cal-
culated using the relationship: o, =(0.05x¥7)+0.5;

c,, =0.02 —the standard deviations of the coefficient of runway surface fric-

tion (pre-calculated);

O-TB

. =0.09 —the standard deviations of the pilot reaction time (pre-calculated);
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As a result, the permissible coefficient of variation of the critical run length

during takeoff in the first phase is determined according to the formula:

fse 100839 o7
L, 175942

Liba-10 O-L(fb »
== (16)

The coefficients of variation of the operational (permissible) and critical (min-
imum) lengths are comparable and equal C fo-10 — CJo* and the operational
estimated distance as per regulation requirements ( L,,_,,, ) is known. Hence, the
standard deviation of the operational length of the first phase is determined from

the expression, m:

oy, =Cmo xLg", =0.057x263.913=15.13; (17)

The observation of the experimental data shows excellent agreement between
the normal distribution and the empirical probability law, when analyzing the sta-
tistical data, in addition to small coefficients of asymmetry and eccentricity calcu-
lated based on Gram-Charlier distribution. So the normal distribution law is ap-
plicable for mathematical modeling of the risk assessment of an aircraft takeoff
length of both phases. Hence, the risk of the aircraft going beyond the regulated
operational takeoff run distance, under normal operating standard conditions (ISA),

with all engines operating is calculated according to Equation (18) below:

L _LL'V
_ TO-1D TO-1D
Yro-19 =0.5-D ik (18)
\/Uiro 1P + (UL" )
- To-10

2023.3-1759.4

V10 =0.5—@
o L\/15.1262 +100.8392
—0.5-0.49532778 = 0.00467

j: 0.5—(2.58823)

Thus, the risk of the aircraft overrun beyond the expected acceleration distance
is 4 x 107 (4 incidents per 1000 operations).

By determining the risk of the aircraft exceeding the takeoff length of the first
takeoff phase, we move to the second takeoff phase (the air phase) to calculate the
risk of exceeding the expected horizontal length in order to clear the 10.7 meters
obstacle when crossing the threshold.

The standard deviation of the critical length of the second phase during takeoff
with all engines running can be determined by differentiating the formula of hor-
izontal critical length of the second phase (5) by the average speed of the aircraft
during the takeoff air phase:

o . = \/5128058 X Vftall x GV.;mll > (19)

cr
Lro-20

O . =1/5.128058x4.01x(252.6/3.6)=37.98

Therefore, the permissible coefficient of variation of the critical length of the

second phase is determined by the formula:
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37.98
" L, 65738

KP O .
CLBB[(—ZCD _ Liose _

=0.06, (20)

At the boundary limit the variation coefficients of both, the operational (per-
missible) and critical parameters of the takeoff air phase length are equal to each

other:

LI;ZJ 20 L
q-20 _ lro-2e
Cv - Cv

and the permissible deviation of the operational length of the second phase is
L™ =0.15L7, 5, =98.607 (21)

So the standard deviation of the calculated distance along the trajectory of the

air section becomes:

_ CVLTO—zrp % L?gi’;(p =0.06x98.606=5.7

Olro-20
Thus, the quintile value (u) of Laplace function @ (z) of the takeoff horizon-
tal length of the second phase becomes known as:

cr
U= Lio 20 = Lo 20

2
2
\/O-me + (O-L%,z@ )

Then the risk of the aircraft exceeding the horizontal length of the takeoff air

segment under normal operating standard conditions (ISA) with all engines op-

erating is as follows:

L _ LC)'
— TO-2D TO-2D
Frosp = 0.5 @ = |, (22)
\/GLZTO 20 +(O-L“‘ )
- TO-2

755.99-657.38

w030 RIS

=0.5-0.49488168 = 0.0051

J =0.5-®(2.56777)

Thus, the risk of the aircraft exceeding the horizontal length of the takeoff air
segment is 5 x 107 (5 incidents per 1000 operations).

Note that Laplace function @ (u) could be determined from Appendix 3 in Ref.
(8].

Finally, understanding that during takeoff, two consecutive risk situations are
arising, where each situation has its own independent parameters, the value of total

risk is determined via the formula:
Tro = Tro-10 * Tro—20 ~ Tro—10 % Fro—2e = 0.01, (23)

Thus, the risk of the aircraft exceeding the declared takeoff distance (F.A.R. take
off runway length) is 1 x 1072 (1 incident per 100 operations). It becomes obvious
that a runway length of 2792 meters does not meet the required permissible risk
value of 1 incident per one million operations 1 x 1075,

By iteration, adding 350 meters to the takeoff distance (F.A.R. take off runway
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length), resulting in minimizing the risk of aircraft running off the runway or fail-
ing to clear the obstacle of 10.7 meters requirements during the takeoff operation
by means of mathematical modeling. We’ll demonstrate it.

Using Equation (18), the recalculation of the risk of the Boeing 737-800 going
beyond the regulated operational takeoff run distance, under normal operating stand-

ard conditions (ISA), with all engines operating is:

2278.33-1759.4

oo =0.5—@
ro-te [\/15.1262 +100.839>
— 0.5—0.49999924 = 0.00000076

Tro s =7-6x1077

] =0.5 —@(5.08904977)

Using Equation (22), the recalculation of the risk of the Boeing 737-800 exceed-
ing the horizontal length of the takeoff air segment under normal operating stand-

ard conditions (ISA) with all engines operating is:

851-657.38

ro-20 = O'S_CD(\/S 7% +37.98°
. =+ .

=0.5-0.49999918 = 0.00000082

]: 0.5—-@(5.041605)

Tro-20 =8:2x1077
Therefore, the value of total risk is
Tro = Tro_1e * Tro-20 ~Tro-10 X Tro-2e = 0.0000058 ,

Tronp = 5.8x107°

3. Conclusion

The integration, of both the aerodynamic characteristics of aircraft during the take-
off in addition to considering the conditions of the runway surface in the mathe-
matical algorithm of risk calculation, are both key factors in determining the crit-
ical parameters of the quintile of Laplace function. Consequently, a higher confi-
dence value is achieved in calculation the runway takeoff length in respect to the
permissible risk value. In other words, the inclusion of all independent parameters

affecting the minimum required takeoff distance provides more real results.
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