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Abstract

Properties of Hilbert spaces, projections and spectral measures are introduced
and studied. Spectral integrals and the related operator are considered, and
their relationship with the spectrum of an operator is given. The theorems that
result yield a version of the spectral theorem which is suited to infinite dimen-
sions.

Keywords

Projection, Adjoint, Hilbert Space, Spectral Measure, Operator, Spectrum,
Idempotent

1. Introduction

One of the main aims of functional analysis is to study the spectra of various op-
erators on Hilbert spaces [1]-[3]. Some basic mathematical properties of Hilbert
spaces and spectral measures are developed and used to generalize a particular
version of a spectral theorem in infinite dimensions. The study of the spectral
properties of operators has always been of great interest since such results have
applications in other areas of science [4] [5]. This subject has come up again in
differential geometry, such as Ricci flow [6]-[10]. Moreover, there are numerous
applications of these theorems and other ideas from functional analysis all
through quantum mechanics as well.

Let C ( X ) denote the set of complex-valued continuous functions on the space
X and Cy(X) the subset of functions of C(X) which go to zero at infinity.
Suppose X is a set with a specified Boolean o -algebra S of subsets. A spectral
measure is a function E whose domain is S and whose values are idempotent
Hermitian operators usually called projections which satisfy E(X)=1 and
E (Un M, ) = Zn E(M,) whenever {M n} is a disjoint sequence of sets in S .
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Such a set X and o -algebra S of subsets is called a measurable space,
(X , S) . An example of a spectral measure is to take X a measure space with
measure u and Hilbert space H =L*(u) and write E(M)f =y, f where
¥u denotes the characteristic function of M with MeS and feH.If E
is a spectral measure then E(0)=0 and E is finitely additive.

It can be shown that a projection-valued function E on the class of measura-
ble subsets of a measure space X is a spectral measure if and only if E ( X ) =1,
and moreover for each pair of vectors X and Y, the complex-valued set func-
tion y defined for any M in S by u(M)= (E(M )X, y) is countably ad-
ditive.

Some important theorems are required at the end in the proof of the spectral
theorem and they are stated now so they may be used later. First, the Stone- Weier-
strass theorem states that for a given compact set K , suppose A 1is an algebra
of continuous functions f:K —C closed under conjugation and separates
points of K and there are no elements of K on which all functions in A
vanish, then A is densein C (K) . The Riesz theorem also appears: if X isa
locally compact Hausdorff space and ¢ is a bounded linear functional on
C, (X ) , there is a unique complex Borel measure x such that ¢(f) =I fdu
and. o]=|u(x).

Let H be a Hilbert space such that for any v,w in H, the inner product is
written (V, W) . A star on the inner product or other complex object denotes com-
plex conjugation whereas on an operator A it represents the adjoint A’.

Lemma 1.If ¢ isalinear functionalon H ,then ¢(v)=(Vv,w) for a partic-
ular choiceof W in H.

Proof. Let K = Ker(w) then it suffices to prove that Kt = {0} , since if not,
take w=0.Then W isa nonzero vectorin K* and can be normalized by set-
ting V=W in ¢, so (p(W):"WHZ . Given any veH , set v=V,+V, where
v, = (go(V)/"W”Z)W and so V, =v-V,.Evaluating ¢(V), we get

w<v2>=<o<v>—«)<v1>=¢<v>—¢{ﬁw]

=0(1)-0() 2 < (1) -p(v) =0

o

This implies that ve K, and since ve K", it is the case that

p\Vv
(VW) = (v + V5, W) = (v, W)+ (v, W) = (v, W) = W(W w)=o(v).
O
Definition 1. A bounded linear functional is a map ¢:H xH — C which is
linear in the first term, conjugate linear in the second and such that there exists a

non-negative constant denoted ||g0|| which satisfies

[ (v.w)| <ol Iv]- (1)
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Lemma 2. If ¢ is a bounded bilinear functional on H , then there exists a
unique operator A on H such that ¢(v,w)=(Av,w) forall v,weH.
Proof. Let veH be fixed and nonzero and let y, (W) = ((p(v,w))* . By
Lemma 1, there exists a vector denoted Av such that
v, (W) = (W, AV) = (AV, W)* = go(v, W)*. This implies that

o(v,w)=(Av,w). )

Since ¢ isalinear functional, A hasto be alinear transformation. It suffices
to verify that A is bounded. Set w= Av in (2) to obtain

[V =l (v, Av)| <l Ml AV
or dividing out ||AV|| < ||q)||||v|| . This implies that
I =suplv <l
O

Lemma 2 is often referred to as the Riesz lemma.

2. Projections

Both the adjoint of an operator and projection operators as well play an important
role here.

Theorem 1. Let A be an operator, then there exists a unique operator A’
called the adjoint of A which satisfies (Av, W) = (V, A*W) forall v,iweH.

Proof. Set ¢(w,v)=(w, AV) . Then ¢ is a bounded, bilinear functional
Hence there exists a unique operator A" such that (o(W,V)z(A*W,V). This
must agree with the preceding expression which implies that (Av,w) = (v, A*W) .
O

Definition 2. Operator A is Hermitian if A=A", and it is normal if
AV = ||Av|| :

Proposition 1. An operator A is normal if, and only if AA" = A"A.

Proof. Take an arbitrary vector Ve H , then by the definition of normal oper-
ator, (Av, AV) = (A*V, A*v) . This implies that (A*AV,V) = (AA*V, V) from which
we conclude that AA" = A"A. O

Riesz lemma 2 implies that, if ¢ is symmetric (p(v, W) = (p(W, V) , then the re-
sulting operator will be Hermitean.

Definition 3. If M is a closed subspace of H , then Hilbert space theory
states that every vector ve H has a unique decomposition v=V, +V,, where
V,eM and V,eM". The projection on M is defined to be the mapping
P:v—v,. Note that P is necessarily an operator. If M is C, denote P by
landif M ={0}, define P as0.0O

Definition 4. Let the set {Pi}iel be projections onto M, respectively. These
can be partially ordered by P, <P, if M; c M;. Further, the projection onto the
space Uiel M, can be defined as Ziel P.O

Theorem 2. An operator P is a projection if and only if it is Hermitian and

idempotent, so P*=P.
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Proof. Suppose M is a subset of H and projection P projects to the sub-
space M andfor we M wehave PweM .Thus PveM so Pv=PveM
which gives P?=P .Let v=V,+V, and W=W,+W, in H suchthat Pv=y,
and Pw=w,. It follows that, since W,eM™* and v,eM,

(Pv,w) = (wg, W) = (vg, Wy )+ (Vg Wy ) = (Vg Wy ) = (v, W )+ (v, W, ) = (v, Pw).

This implies P is Hermitian. O

Lemma 3. Suppose that P is Hermitian and idempotent. Define the space
M= {We H:Pw= W} .Then P isa projectiononto M.

Proof. To show this, it suffices to prove that, for all veH, (Pv,v—Pv)=0.

Expanding the left-hand side then, since P is assumed Hermitian, we have
(Pv,v—=Pv)=(Pv,v)—(Pv,Pv)= (Pv,v)—(sz,v) =(Pv,v)—(Pv,v)=0.

O
Corollary 1. If P is a projection, then forall veH, || PV”2 =(Pv,v).
Proof.

IPvIf = (Pv, Pv)= (Pv.v)=(Pv,v).

O

3. Spectral Measures

The final theorem is concerned with spectral measures, and so these are studied
now.Let B(C) be thesetofBorelsetsin C and P(H) the setof projections
on the Hilbert space H .

Definition 5. A complex spectral measure is a function E:B(C)—P(H)
which has the following properties: 1) E(&)=0 and E(C)=1,2)If {B } is
a family of disjoint Borel sets, then E (Un B, ) =Y E(B,).O

Itis the case thatif B, = B,,then E(B,)<E(B,).Spectral measures also have
the property that E(B,UB,)+E(B, UB,)=E(B,)+E(B,).Actonboth sides of
this with E(B,) and use the corrolary and observation

E(B,)E(B,UB,)=E(B,) toarriveat
E(B,)E(B,uB,)+E(B,)E(B,B,)=E(B,)+E(B,)E(B,) or
E(B,)+E(B,nB,)=E(B,)+E(B,)E(B,), which simplifies to
E(B,nB,)=E(B,)E(B,).

Proposition 2. Suppose E:B ( X ) — P is any operator such that for all
v,W e H , the related function satisfies E ( B) = (E ( B)V, W) ,

E (Un Bn> =Y E(B,) and E(X)=1.Then E isa spectral measure.

Proof. Suppose {Bn} is a disjoint family of Borel sets in C, then

En;||E(Bn)v||2 :ZH:(E(Bn)v,E(Bn)v):zn:(E(Bn)zv,v)
:(;E(BH)V,VJ:(E(Uan)v,v):“E(UnBn)v“z.

The sequence Vv, = E(Bn)v is therefore summable. For all disjoint Borel sets

B,C andvectors v,weH,
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(E(B)v+E(C)v,w)=(E(B)v,w)+(E(C)v,w)=(E(BUC)v,w).

The statement follows simply by examining the partial sums of Zn E ( B,). O

Definition 6. (X,S) represents an arbitrary fixed measurable space and B
the class of all complex-valued bounded measurable functionson X .
M ( f)=sup {|f (/1)| ‘de X} when f €B. The expression spectral measure al-
ways refers to a spectral measurein X .

Definition 7. Let E be a spectral measure then the spectral measure with re-
spect to vectors v,we H of a measurable function f is defined to be the

Lebesgue-Stieltjes integral given by

[f(2)d(E(2)v.w). 3)

The spectrum of a spectral measure E is denoted by A(E)=X \U U, . The

union is taken over all open sets U; which satisfy the condition E(U;)=0.If

the set A(E) is compact, we say E is compact. Since E(O) =0, when 1 is

changing, E(M NA) means A must overlap M to yield a nonzero contri-
bution. O

Theorem 3. Let f and g be complex valued, bounded, measurable func-

tionson X and E a spectral measure, then
(j de)-(jng):j fgdE. (@)
Proof. Suppose we denote the integrals as
P=[fdE(1), Q=[gdE(4)

If the complex measure g in X isdefined foreveryset M in S by writ-

ing y(M):(E(M)QX,y) with X,y fixed vectorsin H , for everyset M in

S we have
)=(QuE(M)y)
=[9(2)d(E(2)xE(M)y)
=Jg(2)d(E(M)E(2)xy)
=[g(A)d(E(M n2)x, y)
=[, 9(1)d(E(2)xy).

It follows that,

(P-Qx,y)=(Qx, P*y):<P*y,Qx) (J'f ny)

=(ffu)*d v ) If (2)Qx)
=[f(A)du( .[f )xy)

The conclusion is that P-Q has to be equal to the integral I fgdE(4). O

The next theorem makes an important connection between the spectral integral
and a unique operator A which is normal.

Theorem 4. Suppose E isa compact spectral measure, then there is a unique

normal operator A such that for all vectors v,we H
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j/ld(E(/l)v,W):(Av,w). (5)

This is often expressed by writing A= I AdE(4).
Proof. Let go(V,W) = Iﬂd(E (/I)V, W) which is finite for all (V,W) as the set
A(E) is compact. Moreover, ¢ is a bilinear functional and ¢(v,w) is

bounded as shown by working out
[o(vw) < fl2la{|E(2)v[*)<sup(la]: 2 e A(E)) M = 5"

where f :sup{|/1| ‘Ae A(E)} . Applying the parallelogram law, the following

bound is obtained
1 . .
lo(vw)<= 58 (v -+l o=l v il o= ) < B (I + )

Thus ||(p|| can be computed by evaluating the supremum of this under the con-
straint ||V|| = ||W|| =1. This implies that ||(0|| <2-f,s0 ¢ isbounded. By the Riesz
lemma, a unique operator A must exist.

It remains to show that A is a normal operator. Construct an operator called

A along similar lines by means of the integral
A=[AdE(2). (6)
It follows that
(v, Aw) = (Aw,v)* =([4d(E (/I)w,v))* =[2d(v.E(2)w)
= I/Id(E(A)V,W) =(Av,w).

Since the adjoint is unique, it must be that A= A".

Suppose a Borel set is taken, then we can calculate, for any elements v,weH,
(AV,E(B)w)=[2d(E(2)v,E(B)w)=[2d(E(B)E(2)v,w)
= [A'd(E(Bn2)v,w)=[ 2"d(E(4)v,w).
This implies that
(AAv, W)= (A'v, Aw) = (Aw, AV)
= (JAd(E(2)w,AV)) = [Ad(Av,E(2)w) %
= [2d(E(2)Av,w)=[227d(E(2)v,w).
In a similar manner, we calculate
(A" Av,w) = (Av, Aw) = ( Aw, Av)’
= ([2d(E(A)w,Av)) = [4°d(Av,E(2)w) ®)
= [2°2d(E(2) v.w) = [ 2" 2d(E(2)v,w).
Comparing the two results (7) and (8), it follows that (AA'v,w)=(A"Av,w).

Since v,w are arbitrary, this implies that AA"= A"A,so A isa normal oper-

ator. O
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Theorem 4 is related to a theorem which is just stated and not proved here: If
E is a spectral measure and if f € B, then there exists a unique operator A
such that (AX,y) :j f (y)d(E (2)x, y) for every pair of vectors X and y in
the space.

4. Operators and Spectra

Let us define what is meant by the spectrum of an operator. To get to the form of
the theorem we want to prove, it is necessary to generalize the concept of eigen-
value. This often comes up very often in the study of both finite dimensional vec-
tor spaces as well as infinite.

Definition 8. The spectrum of an operator A is defined to be the set of num-
bers AeC such that the operator A—Al isnotinvertible. O

In order to use the definition, a characterization of invertible and non-invertible
operators is required, and leads into the following theorem.

Theorem 5. An operator A on H is invertible if the image of A is dense
in H andaswellthereexistsan « >0 suchthatforall veH, A isbounded

from below

[Av]> a|v. (©)

Proof. First suppose that A isinvertible. Theimageof A isallof H ,which
-1
isdensein H . Let us define a= "A*l" ,andsoforall veH,

v = ||A-1Av|| < ||A‘1||||Av||.

Dividing this on both sides by "Afl" gives ||AV|| za ||V|| .

Suppose therange of A isdensein H and there exists a real number « >0
such that ||AV|| za ||V|| . It has to be shown that the range of A is H . It suffices
to show that it is closed. Suppose that the set {Vn} is a Cauchy sequence in the
range of A.Forall n,choose {Wn} such that Aw, =v,, then since A is lin-

ear,

O R B LT o A
by hypothesis, dividing by «,
1
[ s A

This result implies that {Wn} is a Cauchy sequence whenever {Vn} is. Hence,
{Wn} must converge to a We H . By continuity, v, has to approach Aw,
which implies the range is closed.

To prove that A is injective, notice that if Av,=Av, , then
0= ||Av1 - Ay, || > 0(||V1 =V, || . From this it follows that v, =v,,andso A is bijec-
tive. The inverse operator A~! isalso linear, so it suffices to show that A™ isa

bounded operator. This is just a consequence of the fact that
v = 1A > ] = [,

which implies that
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A <a o,
O
Proposition 3. If A is any operator which satisfies the condition ||A— | || <1,

then A isinvertible.
Proof. Set O<« :1—||A— ||| <1 .Then forany veH ,we find

[av=v=(v=Av)]=v=(1-A)v|
2 V= Av=v] 2 (1=t - Al = [v]-

This implies that A is bounded from below.

Let R, be the range of operator A in H . Define the constant
e=inf,, [v—w]|. It suffices to prove that ¢=0. Suppose this is not the case.
Since Vbe@l— a <1, thereexistsa veH and weR, such that

€
||V—W||<m- (10)

It follows then that since we have taken a =1- ||A— | || , using (10), we estimate
that

€ s”v—w—A(v—w)"s"A—I||-||v—w||:(1—a)~||v—w||< €. (11)

Since ¢ is assumed to be nonzero, a contradiction has been obtained. O

Theorem 6. If A is an operator then A(A) is compact and if A€ A(A),
then |/1| < ||A|| .

Proof. It is proved that A(A) is closed so the first statement follows from the
second. Suppose 4, is not an element of A( A) . Let 6>0 be such that
o< ||A—ﬂ.0| || and that |/1—ﬁo| <& . Then we have

[1=(A=21) " (A= 20)| =[(A= 201 ) (A= 20) (A= 21))]
<| A= 21| |2~ | <1

By Proposition 3, the operator A—Al is invertible in a ball of radius &
about ;. It may be concluded that C\A(A) is open.

Now suppose that |l| > ||A|| so we have ||A/ l” <1 which, after adding and
subtracting | is equivalent to "I -(1-A /1)" <1. This implies that | —A/4 is
invertible. Multiply this operator by the scalar A and it follows that Al — A is
invertible and A is not an element of A(A) .0

Theorem 7. If E is a compact spectral measure and AzjﬂdE(ﬂ) , then
A(E)=A(A).

Proof. Suppose that 4, € C\A(E), so A(E) is open by definition. Hence

there exists >0 such that B=B(4,,6)cC\A(E) with E(B)=0. Since
E isaspectral measure, E(C)=1 andsoforany veH,

o=l = - 2 A(E(A)v) = [ o~ AT A(E (R
> IC/B52d(E (2)v,v)=6? ||v||2 .

Consequently, the operator A— 4,1 is bounded from below.
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It remains to prove that the image of the operator A, = A—/4;l isdensein H.
Suppose that A, is any normal operator which is bounded from below and has
range R, . It suffices to show that Rjo =0. Suppose R,fc is nonempty set, so
there is a weH such that we ﬁo . Then for all veH , it follows that
(Av,w)=0 and hence

0=(Av,w)=(v, Aw).

This implies that A/w=0. Moreover, since operator A, is bounded below,
there exists « >0 such that

o

A= [ Aw] = e |w]

This means W =0, hence the operator A—J;l is invertible so 4, ¢ A(A)
and A(A)CA(E).

Suppose now that 4, € A(E). Choose a §>0 such that E(B(4,5))#0.
Forany Ve E(B) ,

v A = [ i~ A 8(E(2)wv)= .
However, & is arbitrary, so A—A,l is not bounded from below. Hence it
cannot be invertible, which means 1€ A(A) . It follows that A(E) c A(A) .

Combining these two results, A(A)cA(E) and A(E)cA(A), it is con-
cluded that A(E) = A(A). O

5. Spectral Theorem

Let C(X) be the set of complex-valued continuous functions on X and
Cy(X) the subset of C(X) of functions which approach zero at infinity. A
spectral theorem is now developed from what has been proved so far. In the pro-
cess, the Stone-Weierstrass and Riesz theorems are used.

Theorem 8. Let A be a Hermitean operator so A= A". Then there exists a

spectral measure E such thatforall v,weH.
(Av,w) :IA(A)ld(E(ﬂ)v, w). (12)

Proof. Let v and w be two fixed vectorsin H andlet p be a given pol-

ynomial which is used to define a functional 9,
9(p)=(p(A)v, ). (13
This functional is bounded above,
[9(p)]=((p (A, w)| < & v

where &=sup,_ AW) | p(l)| . Since A(A) is compact, the Stone-Weierstrass the-
orem can be used to show these polynomials are dense in C (A(A)) . Therefore,
9 defines a bounded linear functional on all of C(A(A))=C,(A(A)). Hence

there exists a unique complex measure 4, , such that, by the Riesz theorem,
(P(A)vw)=[p(4)du) (2) (14)

Take a Borel set B and use it to define (V,W)=,u(V’W)(B) , S0 Mg is a

DOI: 10.4236/apm.2025.155017

347 Advances in Pure Mathematics


https://doi.org/10.4236/apm.2025.155017

P. Bracken

bounded symmetric bilinear form. By the Riesz lemma, there exists a unique Her-
mitean operator E (B) such that

e (v, w)=(E(B)v,w). (15)
So from (14), we have
(p(AVw)=] p(A)dts (v )= [p(2)S(EB)w).  (16)
Nowlet B=A(A) andset p(4)=1 in(16),
(v,w)= Id(E(A(A))V,W).
This implies that E(A(A))=1.Nextset p(4)=2 and substitute it into (16)
to obtain the important result valid for all v,we H
[2d(E(B)v,w)=(Av,w). (17)
This can be expressed in an equivalent way,
J'ﬂd(E(/I)v,w):(Av,w). (18)
It is sufficient to check that E is projection valued so it can be said to be a
spectral measure. It is known that E is Hermitian, so it suffices to verify that it

is an idempotent operator. To this end, let p and g be arbitrary polynomials

and define a measure v as
v(B)=[ p(2)d(E(2)v.w). (19)
Then based on the construction of E it follows that
[a(2)dv(4)=[a(2)p(2)d(E(4)v,w)=(a(A)p(A)v,w)
=(p(A)a(A)v.w)=(a(A)v, p(A)w)
=[q(2)d(E(A)v, p(A)w).

Since g was chosen arbitrarily, the Stone-Weierstrass theorem and combined
with the fact that compactly supported continuous functions are dense in L', re-
placing g by the characteristic function y;, leads to the conclusion that for all

Borel sets B,
[ 76 (4) p(2)d(E(2)v.w)=v(B)=(E(B)v, p(A)w).

The Stone-Weierstrass theorem can be employed once again, but with respect

to p.So using the fact E isidempotent, it follows that

(E(B)V,W) = 75 (A)d(E(A)v,w) = [ 75 (4) d(E(2)v,w)
=(E(B)v.E(B)w)=(E(B)v,w).

Since v,w are arbitrary elements of H , result (12) of the theorem follows. O

6. Conclusions

The spectral theorem has become a major part of functional analysis and not with-

out reason, as it has many applications in science such as in quantum mechanics.
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It comes in different versions depending on such things as compactness of the

operator and dimension of the space. Some introductory theorems from func-

tional analysis have been proved related to functional, projectors, adjoints and

spectra. Some new proofs have been given concerning spectral measure and spec-

tra which results in the second last section in a proof of a particular form of a

spectral theorem.
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