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Abstract

Graph burning is a model for describing the spread of influence in social net-
works and the burning number is a parameter used to describe the speed of
information spread. In 2016, Bonato proposed a graph burning conjecture: For

any connected graph G with order 7, the burning number 5(G)< {\/; —| .
In this paper, we confirm the burning conjecture for octopus graph and bicy-
clic graph.
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1. Introduction

Graph burning is a model that describes the spread of social contagion on social
networks such as Facebook or Twitter. We use Bondy and Murty [1] for the no-
tation and terminology, burning process is defined as follows. Given a finite and
simple graph G, vertices may be either burned or unburned throughout the pro-
cess. Initially, at time 7=0, all vertices are unburned. At each time 7>1, one
new unburned vertex is chosen to burn, if such a vertex is available, we call such
a chosen vertex a fire source. If a vertex is burned, then it remains in that state
until the end of the process. Once a vertex is burned at time ¢, attime 7+1 each
of its unburned neighbors becomes burned. The process ends when all vertices of
G are burned.

Note that the burning process on G may be highly dependent on the choice
of fire sources, the strategic choice of sources is critical when minimizing the
length of the process. In [2], Bonato introduced the burning number of graph G,
denoted by b(G) , is the minimum steps to burn graph G . The fire sources
X,,--+,x, thatare chosen over time on graph G are referred to as a burning se-
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quence (xl,- : -,x,f) of G and call the shortest burning sequence optimal.
Clearly, optimal burning sequences have length 5(G).

In 2016, Bonato et al proposed the burning conjecture:

Conjecture 1.1 [3]. For a connected graph G of order 7, 5(G)< {\/;—'

Later, the conjecture been comfirm for some graph classes, such as spiders [4],
path forests [5], caterpillars [6] [7], theta graph [8], fence graph [9], generalized
Petersen graph [10], the Cartesian product of paths [11], Q graph [12], binary
tree [13] and trees without degree-2 vertices [14].

Motivated by these, we put forward on the paths and circles. We first denote
octopus graph G which obtained from comet graph C,, for 1<i<m by
identifing the tail of C,, at v,, clearly, d(v,)=m. All degree-3 vertices but
v, denotedby u,,wecall C,, anarmofOctopusand / isthelength ofarm
C,, (seeFigure 1). Here the comet C, isa graph which obtained by the end
of path P, with the center of star graph X .

Figure 1. Octopus graph G.

Another class of graph named ¢ tail bicyclic graph. If 7=1, call single tail
bicyclic graph which obtained by joining the center vertex of the bicyclic graphs
denotedby G, , . ,-If =2, call double tail
bicyclic graph which obtained by joining the center vertex of the bicyclic graph
denotedby G, o .0
2). They all only have a vertex v, with d(v,)> 2, without loss of generality, we

suppose g, 2g,.

1 X

and G . (1:1,2).

o(21.82.@) 0(21-82.41+

with one vertex of the path P,

aj+1

with a vertex of path P, ,, and path P,

ap+1

(see Figure

Figure 2. ¢ tail bicyclic graph G,
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In this paper, we first confirm the burning conjecture for these 3 kind of graphs,

next we discuss the burning number of single tail bicyclic graph G and

o(€1.82.a1)

double tail bicyclic graph G, (

o0(g1:82.a1.07) *
2. Primarilies

Lemma 2.1 [2] If (x,,x,,--,x,) is a sequence of nodes in a graph G such
that N, [x]UN,,[5]UUN, [5,]UN, [5]=V(G), then b(G)<k.

Lemma 2.2 [3] Forapath P, oracycle C, on 7 nodes, we have
b(R)=b(C,)<[n .

Lemma 2.3 [3] Foragraph G, b(G)=min {b(T) :T is a spanning tree of G} .

Lemma 2.4 [3] For any graph G with radius » and diameter d , we have

that [(dﬂ)i]gb(e)sm.

Lemma 2.5 [4] The burning number of a spider graph G of order n satisfies
b(G)<[n].

Lemma 2.6 [4] If G is a path-forest of order n with ¢#>1 components,

then b(G)sEJH.

Lemma 2.7 [5] Let G=F, VP, with g >a,21 and J(t)z{(t2 —2,2)}
for integer ¢>2. Then

o va, [+1, 1 (a,a,) e (0);
[Ja+a, |, Otherwise.
Lemma 2.8 [5] Let G=PF, VP, UPF, with ¢ 2>a,2a,2>1.Then
[\/m}l, If (a,a,,a,) € J OJ* UJ UJ* OIS
[\/m } Otherwise.
Let J' for 1<i<5 satisfy the following conditions.
D ={(2.2)}
D,={(3.2)}
D,={(11).(3.3).(4.2).(5.5)}.
D, ={(2.1).(4.1).(4.3).(4.4).(6.1).(6.4).(6.5).(6.6).(7.7).(8.4).(8.6).(10.4)}.
D, ={(11,10,4),(13,11,1),(11,11,3),(22,13,1),(19,13,4),(17,13,6),(15,13,8),
(13,13,10),(17,15,4),(15,15,6),(30,15,4),(28,15,6),(26,15,8),(19,15,15),
(
(

28,17,4),(26,17,6),(17,17,15),(26,19,4),(43,17,4),(41,17,6),(30,17,17),
41,19,4),(30,30,4),(58,19,4)},

b(G)=

b(G)=

J' ={(a1,a2,a3):(a2,a3)eDl,al +a,+a,=t"-3 forintegert},

J? ={(a1,a2,a3):(a2,a3)eDl UD,,a +a,+a, =t" -2 forintegert},
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3
J ={(al,az,a3):(az,a3)eUD,.,al +a,+a, =t> —1for integert},

i=1

4
J? ={(al,a2,a3):a3 =2or(a,,a,) el JD,,a, +a, +a, =1* for integert},

i=1

J’ =D, U{11,11,2}.

3. Main Results

In this section, we first confirm the burning conjecture for octopus graph G,
single tail bicyclic graph GV()(glangal)

Theorem 3.1 Let G be a octopus graph with order 7. Then 5(G)< ’7\/;
Proof. Let G be a octopus graph with order 7. Without loss of generality,

and double tail bicyclic graph Gv()(g| Gaa j .

suppose n=gq° +p for 1<p<2g+1. The neighbors of v, are v,v,,:-,v,
respectively and the length of longest arm is /. If g=2, it’s clearly that
b(G)< (\/; ~‘ . Consider ¢ >3, next we distinguish 3 cases to complete the proof.

CaselIf /<q.

It’s clearly that radius of G is r<g,bylemma 2.4, we have b(G)< {\/; —| :

Case2If g+1</<2g-1.

Consider the structure of the arm, we will discuss two cases.

Subcase 2.1 The arms of G have the same structure.

If each arm has the same length, then G has ¢ arms of length g +1. First
we set the x, on v, then C,,CN, [x,]. We denoted the part of G\N,[x]
is R=R UR,U---UR_,, clearly, the height of R (1<i<g-1) is 2 and each
R, contains u, . Now suppose (xz,x3,~--,xq) is a burning sequence of R and
let x,, =u, for 1<i<g-—1,then we have
V(G)e N, [x]UN,[x]UN, ,[x]u-UN, [xq] . By lemma 2.1, we have
b(G)<[\n]=g+1.

Subcase 2.2 The arms of G doesn’t have the same structure.

It’s clearly that G doesn’t have ¢ arms of length g+1. Weset x; on v,
if /;<q,then C,,CcN, [xl] . We denoted the part of G\N, [x] is
R UR,U---UR (i>1). Since the arm of octopus G has length at most 2¢-1,
then each R haslength and order at most ¢—2 and ¢ respectively. Next we
discuss the burning number of G by the number of i compontent.

+1
When i< qT . We remove a pendant vertex to another pendant vertex such that

R becomeapath B, P=FUP,U---UP(i21),it’s clearly that b(R)<b(P).

Next we denoted w, is ssthe center of P, for each k=1,2,---,i, we can by
neighborhood N, [w,] coverthe F,.since 2(q—k)+122-q7+1+1:q, thus
b(R)<b(P)<gq.Bylemma 2.1, we have b(G) g%/?' =q+1.

When l,:q_;r2’ g is even. For each k=1,2,---,i—1, every R, can be cov-

ered by N, [w]. For R, it has the lenght at most ¢—2, if R only have 2
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isolated vertex, we set w, at u,, otherwise w, isthe center of R,

2(q—i)=2(q—q7+2j=q—2 , thus R cN_,[w]. By lemma 2.1, we have

b(G)S(\/;—‘zq—i-l.

+4
When iZ{qTJ. Since />g+1 and G doesn’t have ¢ arms of length

q+1, then there must exist an arm C,, with the length [I|<q. C,,~{v}
contain at least 3 vertices, then N, [x;] contains at least ig+4 vertices, thus
|R|<n—ig-1-3<q(q+2-i)-3.If i=q+1, then |R|<q-3<i=gq+1, the
number of vertices is smaller than the number of branches, a contradiction. If

i=q,then |R|<2g-3>i=¢(q23),a satisfaction.
. g+4]|_. .
So we only consider - <i< g, removing a pendant vertex to another pen-

dant vertex doesn’t change the number of vertices of R ,thus V(R)=V(P).By
b(R)<b(P) andlemma 2.6, we have
b(R)<h(P)< {LR)JHS {MJH

2i 2i

2—-i)-3
Let f(i)= {MJ +1i, because of the properties of the function, the

2i
+4
maximum is attained at the ¢ or \‘qTJ .

Suppose i=gq , we have

2i 2i

+4
Suppose i= [qTJ , we have

b(R)< V(I,Q)Jjui{q(q”_i)%yi

e ) e
T

_q+4

+4
when ¢ iseven, then LqTJ , we have

q(q”{qu%J_?’j 4 2g+3 4
b(R)< +[q+ J: 4_29%2 1, 9%% Gnce
2{q+4J 2 2 g+4

2

Me(l,Z),then 9_24+3 =4 _ 5 thus we have
q+4 q+4 2
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p(R)<L 2+ 1%%_
2 2

When ¢ isodd, then L

2

b(R)< (q+1q;4J ] [q”J L——1J+q;3,since

1 _
[g IJ—T—I thus we have 5(R)< q—1—1+—:q

We know G =N, [x]UR, suppose (21,22,---,zq) is a burning sequence of
R .Nextlet x, =v, and x,, =z for 1<i<g, itis clear that
V(G)gNq[xl]uN(H[xz]uNCFZ[x3]u---uN0[xq+1
b(G)Sq—i—l.

Case31If />2¢q.

When [/>2g, we proceed with contradiction, assume G° is the minimal

], by lemma 2.1 we have

counterexample of octopus graph with order 7. This means
b(G°) >{ Ib(c°)

I,wehave w eC,, suchthat d(v,,wm)=/.Since [>2q,wehave w,eC,,

—I:q+1. Suppose the length of longest arm C,, of G° is

satisfied d(w,,w;)=¢g—1.Weset x, at w,,Clearly, N, [w,] canburn 2g+1
vertices, We denoted G, =G\ N, [w,]| where v, €G,, then
|G1 I=|G\N, [w, ]| <q’+2q+1-(2g+1)<g¢*. Consider G° is a counterexample
of octopus with minimal number of vertices, we have 5(G,) S’V |G1|—‘ <gq, then
(z1 1235752, ) is a burning sequence of G, . Next let x, =w,, x,, =z for
1<i<gq, it is clear that V(G”)g N, [x]UN_[x]UN_,[x]u-UN, [quJ .
By lemma 2.1 we have b(GC) < q+1. This contradicts to the fact b(GC ) >q+1.
Thus, we have b(G)<L J O
Theorem3.21If G= G ) isasingle tail bicyclic graph with order 7, then

glé >4

N@—ﬂsbm)sﬂ/ﬂ.

Proof. We take aedge ¢, from C,, (i=1,2), then we can derive

V"O(glagz:”l) =G, () ™ ;ei is a spider graph. By lemma 2.3 and lemma 2.5, we

have B(G,(, o u) <B(Glaeran ) <[ V1 |-

Next, we prove the lower bound, suppose b(G)=k and (x,,x,,---,x,) isan
optimal burning sequence of G, we set x; on v, to contains more vertices,
then, N, [x]<5(k-1)+1, combine with the fact that |N,H. [xl.]|£2(k—i)+1
for 2<i<k,weget

|Nk1[x1]|+i(2(k—i)+1)s(5(k—1)+1)+(2(k_2)+1)+...+1

i—

=(5k—4)+(2k=3)+---+1
=k*+3k-3.
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by k*+3k—-3>n, we have kz{/n+%—%—l. O

Theorem 3.3If G=G, is a double tail bicyclic graph with order n,

then {\/m—'—2<b T i

Proof. We take a edge e, from Cg[ ( i=1,2), then we can derive

2
' =G - Zei is a spider graph. by lemma 2.3 and lemma 2.5,

Vo(gl 182,041,043 vo(g1.22,01,42)

we have b(Gvo(g1 o az)) b(G’ ))<(\/;—‘

‘0 &1,82,41,42
Next, we prove the lower bound, suppose b(G)=k and (x,,x,,---,x,) isan
optimal burning sequence of G. We set x; on v, to contains more vertices,
then, N, [x]<6(k—1)+1, combine with the fact that |N,H. [xl.]|£2(k—i)+1

for 2<i<k,wehave
INk1[x1]|+g(2(k—i)+1)s(6(k—1)+1)+(2(k—2)+1)+...+1

=(6k—5)+(2k—=3)+---+1

=k* +4k 4.
by k*+4k—4>n, we have k>{\/ 8—'—2. O
We following discuss the burning number of G, . . and G, . ...
Consider G = Gv()(gl’g2 w) , by Theorem 3.2, we have
Corollary 3.4 If G=G is a single tail bicyclic graph with order

g*+p for 1<p<2g+1, tohi;riz 21 1<b(G)<q+1.
Next we discuss the graph G, (,
Theorem 3.5 Let G=G, , . be a single tail bicyclic graph with order
g’ +p.1f 3g-2<p<2q+1,then b(G)=g+1
Proof. As we know from the previous, if b(G) =g, then it can contains at most
q* +3q -2 verticesof G.Since 3¢—2< p<2g+1,thenwehave b(G)>q+1,

) with burning number ¢+1.

combine with corollary 3.4, we have b(G)=g+1. O
Theorem 3.6 Let G=G, , . be a single tail bicyclic graph with order

g +p for 1<p<2g+1.1f g 2¢* or a 2q¢°,then b(G)=g+1.
Proof. We discuss two cases to complete the proof.
Case 11f g,>q°.
In this case, let H=C

g+l

|H|Zq2+1,bylemma 2.2, then b(H)>q+1.If
{é—‘ﬁq and q,<q, then b(G)=b(H)2q+1.1f {2—‘>q or a >¢q, then

b(G)=b(H)>gq+1.Thus we have b(G)=>g+1, combine with corollary 3.4, we
have b(G)=gq+1.
Case2If a,>¢".
In this case,let H =P

ap+1?

P

ap+1

>q’+1,bylemma22, b(H)>qg+1. H isa
subgraph of G, when [%—‘Sq,wehave b(G)=b(H)>g+1, when {g21—|>q,

we have b(G)>b(H)>g+1. Thus we have b(G)=g+1, combine with corol-
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lary 3.4, we have 5(G)=g+1. O
Theorem 3.7 Let G=G,, . . be a single tail bicyclic graph with order

g*+p for 1<p<2q+1.1f lr%—‘+a] >q’ or {%—Flr%—lzf , then

b(G) =qg+1. O

Proof. According to the definition of diameter,

d(G)=max ﬂ%—‘ +a ,[%—‘ + [%1} it’s clearly that d (G) >¢°, by lemma 2.4,

we have b(G) > {\/d(G)+ 1—‘ 2 [\/qz + 1—’ =g +1, combine with corollary 3.4, we
have b(G)=q+1.
Theorem 3.8 Let G=G

Vo(gl »82,54

g>+p for 1Sp<2g+1.1f 2g-2<g <q’+1, 2g-2<g,<q"+1,

) be a single tail bicyclic graph with order

q—lSaléq2+l

1) If min{g/,g}.a}#0, {g.g.a}eJ VI UJ UJ'UJ’, then
b(G)=q+1.

2)If min{g,g5.a/}=0, {g|,g5.a/}€J(t),then b(G)=q+1.
where g/ =g —(29-2).g,=g,-(29-2),a] =a,—(29-2).

Proof. 1) If min{g/,g5,a/}#0, suppose (xl,xQ,--o,xq) is an optimal burning
sequence of G,weset x; at v,,then |Nq—l [x1]|:5q—4,
H=G-N,,[x]=P,UP, UP, . Since {g].gy.a/}eJ W UJS VIS VS |
by lemma 2.8, we have
b()=[ el g5 va | +1<] n—(Sq—4)—‘+lS[ (q—l)z—‘+lgq,then
b(G)=gq+1,a contradiction, thus we have 5(G)>g+1, combine with corollary
3.4, we have b(G)=g+1.

2) If min{g/,g5.a/} =0, suppose (xl,xz,---,xq) is an optimal burning se-
quence of G,weset x, at v,,then |N‘F1 [x1]|=5q—4,

H:G—qul[xl]ngi UP, UP,. Since {g.g,a/}eJ(t), by lemma 2.7, we

have b(H)S{ n—(Sq—4)—‘+1£[ (q—1)2—|+1£q,then b(G)=g+1, a con-

tradiction, thus we have 5(G)>g+1. combine with corollary 3.4, we have
b(G)=q+1. O
Consider G=G

vo(21,82.41,02)

Corollary 3.9 If G=G

vo(€1.82.a1,a;)

g*+p for 1< p<2g+1,then q—le(G)Sq+1.
Lemma 3.10 If G is disconnected with connected components G,,G,,:-,G,,

, by Theorem 3.3, we have
is a double tail bicyclic graph with order

each G, contains no isolated vertices, then
b(G)<b(G)+b(G,)+--+b(G,)—i+1.

Proof. For each G, (1< j<i),wesuppose X, = (x,(j),xgj),---,ngéj)) is an op-
timal burning sequence, Clearly G also has a burning sequence. We claim
X = (‘xl(l)" ) "xgz)cl )71,x1(2),- ..,xl()(z)cz)il’. RO .,x[()?q)_l ,x,()?q)) is a burning sequence
of G.

For each je{l,2,~~-,i—l} , we burn X\{x[((’g )} in order. Before we burn
Y
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xl(i) » C._, need at most 2 rounds to burn complete. Since G, contains no iso-

lated vertices, then b(G,)>2 . Therefore, when G, isburned, G,_, hasenough

time to burn completely, thus all the G, can be burned completely. since X is
a valid burning sequence of G, thus we have

b(G)<|X|=(b(G,)=1)+-+(b(G,)=1)+b(G,)=b(G,)+b(G, ) +--+b(G,)—i+1.

O

Next we discuss G

vo( 8122103
Theorem 3.11 Let G=G, (, . . .
g’ +p for 1<p<2g+1.1f g=2,p=5,then b(G)=q+l.

Proof. If g=2,then n E[5,9],p 6[1,5] If b(G)=gq, it can contain at most
g’ +4q—4 vertices. When p>4¢g-3,then p=35, thus b(G) >g+1. Com-
bine with corollary 3.9, we have b(G)=g+1. O

Theorem 3.12 Let G= GVO(gl’gz’al,az)

g*+p for 1<p<2g+1.1f g >¢*> or a +a,>q",then b(G)=q+1.

) with burning number ¢+1.

be a double tail bicyclic graph with order

be a double tail bicyclic graph with order

Proof. We discuss two cases to complete the proof.
Case1If g, >q°.
In this case,let H=C

g+

H|2q2+l,by1emma 2.2,then b(H)>g+1.Be-

cause of the symmetry of the circle, weset x, at v,.If max {%, a, az} <gq,then

b(G)=b(H)2q+1, if max{%,al,az}xg , then b(G)>b(H)>g+1. Thus

we can derive b(G) > g +1, combine with corollary 3.9, we have b(G) =q+1

Case2If a,+a,>q".
In this case, let H =Pl

aj+ay+l

>¢’ +1, by lemma 2.2, b(H)2q+1 )
H isasubgraph of G,similar to case 1, we have b(G) > b(H) >¢g+1, combine
with corollary 3.9, we have b(G) =g+1. O

Theorem 3.13 Let G=G_

Lo(«§’1 182,01,42)

g*+p for 1<p<2q+1.1f [%—‘-&aiZqz or {%—l+{%—‘2q2,then

le+a2+l

be a double tail bicyclic graph with order

b(G)=q+1.

Proof. According to the definition of diameter,

d(G) = max ﬂ%-‘ + ai,{%—‘ + {%—‘} it’s clearly that d(G) > q2 +1, by lemma

2.4, we have b(G)> (\/d(G) + l—l > {\/(f + 1—‘ =g +1, combine with corollary 3.9,

wehave b(G)=g+1. O
Theorem 3.14 Let G=G

vo(€1.82.a1,a7)

g +p for 1<p<2g+1.1f 2g-2<g <q’+1, 2q-2<g,<q" +1,

be a double tail bicyclic graph with order

g-1<a, <q’+1, qg-1<a,<q*+1
1) If min{g/,g5.a/,a;}#0, (\/gil’—‘;tl, (\/gi;—lqtl, (\/ail’];tl, (\/Z—lil,
( gl’—‘+(\/g7£—‘+( al’—'+(\/z—'ﬁq+3,then b(G)=q+1.

2)If min{g],g}.a,a;}=0, {g.g.a,a}eJ VI UI VI UJ or
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{gl.g5.a],a,} € J (1), then b(G)=q+1.

where g/ =g —(29-2).85=g,—(29-2).a/=a,—(29-2),a} =a, —(29-2)
Proof. 1) If min{g/,g;,a/,a,}#0,suppose (xl,xz,m,xq) is an optimal burn-

ing sequence of G, weset x, at v, ,then |N,rl [x1]|=6q—5,

H=G-N,,[x]|=F, VP, VP, UP,,Since \/g—‘il, (\/gj];tl,

(\/ail’—‘;tl, (\/Z =1, (\/gi,’]+ﬂ/g7;]+ﬂ/a7{ +(\/Z~‘Sq+3,bylemma3.10,

we have b(H)< \/g>1’—‘+(\/g7—|+(\/a7—|+{\/z—‘—4+1£q,then b(G)=q+1,

a contradiction, thus we have 5(G)> ¢ +1. combine with corollary 3.9, we have
b(G) =q+1.
2)If min{g/,g5,a/,a;} =0, suppose (xl,xz,---,xq) is an optimal burning se-
quence of G,weset x; at v, ,then |Nq_1 [x1]| =6g-5, H=G-N_[x]
When {g.g5.a,a,}€J ' UJ?UJ  UJ* UJ’, by lemma 2.8, then

b(H)S{ n—(6q—5)—‘+1£’7 (q—2)2+2—‘+1£q,then b(G)=g+1, a contra-

diction, thus we have b(G)>g+1 . combine with corollary 3.9, we have
b(G ) =q+1.
When {g/,g5,a/,a;} € J(t), by lemma 2.7, we have

b(i)=[ n_(6q—s)}+1sﬂ/(q—z)2+z]+1gq,then b(G)=g+1, 2 contra-

diction, thus we have 5(G)>g+1. combine with corollary 3.9, we have
b(G) =q+1. O

4. Conclusion

In this paper, we put forward on the unions of paths and circlies and confirm the
burning conjecture for octopus graphs and ¢ tail bicyclic graph (#=1,2), we
also discuss the single tail bicyclic graph and double tail bicyclic graph with the
burning number g +1. The burning conjecture has been a topic of concern which
be useful for information dissemination. Our study is meaningful and next we
focus on the burning number for these graph. Besides we will extend graph burn-

ing to hypergraph and achieve more results.
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