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Abstract

In this article, we consider the conserved phase-field model based on micro-
concentrations. In particular, we prove the well-posedness to this model and
then prove the convergence of the solutions to those of the classical conserved
phase-field model as a small parameter goes to zero, on finite time intervals.
We also prove the existence of global attractor and we finally give some nu-
merical simulations.
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1. Introduction

In this paper, we are interested in the study of the following three equations:

a—u+A2v—Af(u):—A9, (1.1)
ot
u=v—¢cAv, £>0, (1.2)
90 _np=-2, (1.3)
ot ot

where & is expected to be small (it is related to the inverse of the penalty mod-
ulus), u isthe order parameter, while v isthe microconcentrationand & the

(relative) temperature. Furthermore, here and below, we set all physical parame-
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ters equal to one and we refer the interested reader to [1]-[12]. In particular, in
the presence of the microconcentration, the total (Ginzburg-Landau type) free en-
ergy associated with the problem read (see [13]):
1 > 1o p 1,

Y(u,v,Vv,0)=| | —(u—v) +=|Vy[ + F(u)—60u——6" |dx, 1.4
(10:9%.0) = [ o =) + 3l 4 F)-0u- 1" 14
where the potential F is such that F(s)= I:f(r)dr , Q is the domain occu-
pied by the system (we assume here that it is a bounded and regular domain of
R", n=1,2 or 3, with boundary I'), and the enthalpy

H=u+6. (1.5)

As far as the evolution equations for the order parameter are concerned, one

postulates the relaxation dynamics (with relaxation parameter set equal to one)

du_\D¥ (1.6)
ot Du
where Du denotes a variational derivative with respect to u, which yields (1.1)
and (1.2). Then, we have the energy equation
oH

—:—d]V N 1.7
o q (1.7)

where gis the heat flux. Assuming finally the usual Fourier law for heat conduction

g=-Vé, (1.8)

we obtain (1.3).

The microconcentration model was used in [14] in an application to lithium-
ion batteries, coupled with finite deformation elastoplasticity. The computational
advantage of the microconcentration approach, compared to the standard classi-
cal conserved phase-field model, is that less regularity of shape functions is re-
quired for the concentration variables in a finite element setting [15].

Our aim in this paper is to prove the aforementioned convergence. We also prove
the well-posedness to the conserved phase-field model based on microconcentra-
tions and obtain error estimates on the difference of the solutions to this model and
the classical conserved phase-field model, on finite time intervals. Finally, we prove

the existence of global attractor and we give some numerical simulations.

2. Our Problem

We recall that we are interested in the following initial and boundary value prob-

lem:
ou 2
—+A V—Af(u):—AH, (2.1)
ot
u=v—_geAv, (2.2)
%_Agz_a_“’ (2.3)
ot ot

a_u:ﬁ:&:%:() Onr’ (24)
ov oOv oOv oOv
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u|t:0 =u,, ¢9|[:0 =0, (2.5)

in a bounded and regular domain Q< R", n=12 or 3, with boundary I'; v

denotes the unit outer normal to I' and Z—(p =Vg@-v denotes the normal deriva-
v

tive on I'. In particular, we assume, throughout this paper, that

0<e<eg, <l (2.6)

As far as the nonlinear term is concerned, we make the following assumptions:

feC(R), f(0)=0, (2.7)

f'>-1. (2.8)

F(s) Z%S4 —-¢, ¢,20, (2.9)

f(s)s ZCZF(S)—CS, F(S)Z—c4, ¢, >0, ¢;,¢,20, seR, (2.10)

where F(s)= J'(:f(r)dr .
Remark 2.1. In particular, the usual cubic nonlinear term f (s) =s5'—s satis-
s 1,
——s".

fied these assumptions and F (s)= %s

3. Preliminaries and Notation

We introduce here our main assumptions, together with several mathematical
tools which are needed in order to give a precise analytical statement of our re-
sults.

We denote by <(p> the spatial average of a function ¢ e L' (Q) ,

(o) =V,+(Q)IQ¢(X)dx

r

and, for pe H'(Q)=H'(Q),

1
<¢> = m<¢’l>H’l(Q),HI(Q) ’

where <,> denotes the duality product. Furthermore, we set

P=0—(9),
where @ denotes the conjugate of ¢ .
We then set
H'(Q)={peH'(Q).(¢)=0]
and

2(Q)={pel’(Q).(p)=0}.
Integrating (2.1) over the spatial domain (), we have, owing to (2.4),

d
” uy=0. (3.1)

Furthermore, integrating then (2.2) and (2.3) over €, we obtain resp.
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(u)=(v), (3.2)

so that, also,

—(()=0 33

) (3.3)
and

d

—(H)=0, 3.4

o) (3.4)
which also yields, owing to (3.1),

d

—{8\=0. 3.5

0 (3.5)

We thus have the conservation of temperature, the conservation of mass, both
for the order parameter u and the microconcentration v.
Let A4 be the operator defined by

<Au’¢>H"(Q),H1(Q) = ((V”’V(D))’ Voe H' (Q)’

>

where ((,)) denotes the usual [’ -scalar product, with associated norm ||
and the operator A4 is an unbounded linear, selfadjoint and positive operator
with compact inverse and is an isomorphism from H'(Q) onto its dual. Fur-

thermore,

D(A)z{goeHz(Q)mHl(Q),g—(Czo on r}

and Au=h, ueD(A4), he’(Q),is equivalent to

du=h -0 onT.
ov

We will thus write —A instead of A4 in what follows, meaning that we con-
sider that this operator acts on functions with null spatial average; of course, it can
also be defined on functions with nonvanishing spatial average. We refer the in-
terested reader to, e.g., [16] for more details on this. Having this, we can rewrite,

equivalently, (2.1) in the (weaker) form:
(A ——Av+ f(u)=0-(6,), (3.6)

noting that

and
(0)=(6,), vi=0.

We only keep one boundary condition on v, namely

@:O onT. (3.7)

v

Remark 3.1. In particular, it follows from (2.1) to (2.3) that
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%(V—EAV)+AZV—Af(V—EAV)Z—AQ, (3.8)
00 0
——AO=——"(v—gAv), 3.9
o o Vo) (39)
which we can rewrite in the following (at least formally) equivalent form:
%((—A)"v+gv)—Av+f((u0)+V—gAv):5, (3.10)
00 = 0
— A0 =—(V+ev), 3.11
ot ar(v ") G101

where —A denoting the minus Laplace operator with Neumann boundary con-

ditions and acting on functions with null average. Also recall that

() =(v)=(u,), (6)=(8,), Ve 0. (3.12)
Alternatively, we can rewrite (2.2) in the equivalent form:
(uy=(u,), v=(I-eA) &, (3.13)
allowing us to rewrite (3.10)-(3.11) in the equivalent form:
(_A)*@a_f_A(z_gA)*mW:é. (3.14)
ﬁ—m?:a—ﬁ, (3.15)
o o

This shows that we can rewrite (2.1)-(2.4) as an equivalent problem for the sole

unknown (u,v,H) .
(-A)2.

equivalent to the usual H~'(Q)-norm. More generally, we denote by "" , the

We set ||||_1 = |.||71 is a norm on {veHﬁl(Q),<v>=0} which is

>

norm on the Banach space X.

"

Throughout this paper, the same letters ¢, ¢’ and ¢” denote (nonnegative
or positive) constants which may vary from line to line, or even in a same line,

and which are independent of & (but may dependon g;).

4. Priori Estimates

In this section, we will establish a number of important inequalities that will be
used later in the proof of the existence of the solution, the existence of global at-
tractor and the convergence to the conserved phase-field model.
We assume that
uy)|< M., [(6,)| < M, (4.1)

for fixed positive constants M, and M, , which yields, owing to (3.12),
(u(e)]=|(v()|< M, [(0(0))| < M, £0. (4.2)

We start with the following proposition.
Proposition 4.1 Any sufficiently regular solution to (2.1)-(2.5) satisfies the fol-

lowing estimates:
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oy + O+ BN

/ , ) , (4.3)
< e ( oy + Dl 60 )+ ¢, 0,120
and
o |oulf 2 2
Jo( el +||9||H](Q) +||V||H3(Q)jds (440
< e (s + Il +l6I )+ et >0, 120,

Proof. The estimates below will be formal, but they can easily be justified within,

e.g., a standard Galerkin scheme.

We multiply (3.6) by % and have, integrating over Q and by parts,
2

) o) )

Noting that, owing to (2.2),

ou
or

Ou _Ov A&v

ot ot o

o8
ot

we thus deduce from the above that

(4.5)

and

ou

2 2
(I99]F + el +2, F (w)ax) +2 -

% : - 2((9,%‘}). (4.6)
We then multiply (2.3) by @ to obtain
Ljof +2Jvof - _z[(a,z_‘t‘jj. (4.7)
The sum of (4.6) and (4.7) gives, setting
E =[OV + el avff + 2] F (u)de+ o
the differential equality

2
S22t s2fvof o, (48)
-1

dt

ie., the decay of the total free energy.
We now multiply (3.6) by u and have, owing to (3.2), (2.10) and (4.2),

d '
el (Vo + el + [ F (w)ax) <0 + ¢y, e>0. (4.9)
We next multiply (3.6) by —Au and find, owing to (2.8),

1d 3 1
Sl + (A av)) < S [wuff + v o (4.10)

DOI: 10.4236/am.2025.163014 280 Applied Mathematics


https://doi.org/10.4236/am.2025.163014

A. J. Ntsokongo et al.

Noting that, owing to (2.2),
1
—Av = ;(u — v),
we have
d 1 2
S (23 JIval <19 +2((5v)
SIVOF o 11 vl + Sl

and we find

dne 1 2 2 1 2
— —— 4.11
S+ L2l <1 v (a1

which gives

( Ju ) 1=26,)|Vul <&, |0ff + (4.12)
Writing now, in view of (2.2),
Au=Av—gA?y,
we deduce from (4.10) that
%"u"2 + ||Av||2 +||VAv||2 < 3||Vu||2 +|Vv 0||2. (4.13)

Summing (4.8), 9, times (4.9) and (4.13), where &, >0 is small enough, we
obtain, setting

Ey = E+6 |l + !

an inequality of the form

dE oull ,
- [E aEl +||9|| +||v||;(ﬂ)]sCMl, (4.14)
where E, satisfies
A Y g (@15)

In particular, it follows from (4.14)-(4.15) and Gronwall’s lemma the dissipative
estimate (4.3) and (4.4), where

=(I-¢A) "u,
Remark 4.1. When =0, then we have v=u and (4.8) reads:

2
4B, o +2||ve|’ =0, (4.16)
dr e,

where
E = ||Vu||2 + 2jQF(u)dx + ||6?||2 ,

which is precisely the energy decay for the classical conserved phase-field model
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(see [17]).

5. Well-Posedness and Semigroup

In this section we consider that ¢ >0 is fixed. We have the following.
Theorem 5.1. Let T >0 be given. We assume that (2.6) holds,
(uy.0,) e H' (Q)x L*(Q) and eu, € H*(Q). Then, (2.1)«(2.5) possesses a unique
weak solution (u,H) such that
uel” (R*;L“ (Q)) 5 (O,T;H] (Q)),
ou

= € LZ(O,T;H’I (Q)),

ve I (R H(Q))n 2 (0.T:H (Q)),

5
a—:eLz(O,T;H'(Q))

and
0L (R (Q))N L (0.T:H' (Q)).

Furthermore, u e C’([O,T];L4 (Q)w) , VE C([O,T];H2 (Q)) and
e C([O,T];L2 (Q)) where the index w denotes the weak topology.

Proof. Existence: The proof of existence, as well as of further regularity, is based
on the above a priori estimates and a proper Galerkin scheme. Furthermore, the
continuity results follow from the Lions-Magenes theorem and the Strauss lemma
(see, e.g., [18] for details).

We can note that (3.10)-(3.11) is associated with the following weak formula-
tion:

Find (u,v,0):[0,7]—> H' (Q)3 , such that

Sleay vl (oo r-eo)
=((§,¢)) in D'(Q),
H(7.0))+((v0.V0) =~ (7~ 247.0)) in (). (52)
Voe H' (Q),
VL:O =Vps 9_|,:0 = 50' (5.3)

Let (el. )I_EN be eigenvectors of the minus Laplace operator associated with Neu-
mann boundary conditions; these eigenvectors are associated with the eigenvalues
O0<A4 <4, <,
—Ae, = e,
and acting on functions with null spatial average. We assume that the es are
orthonormal in I*(€) and orthogonalin H'(Q).
Weset for meN,

V, =Span{e,-.e,}.
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Actually, here, the only difficulty is to prove the existence of a local in time
solution to an approximated problem. To do so, keeping the same notation as in
the previous section, we consider the following approximated problem, for
meN given:

Find (u,.v,.6,):[0.7]—V, , such that

m?> "m?>“m

d 1 _ _ _ _

E(((_A) v, + gvm,go))+((va,Vgo)) +((f(<u0>+vm —gAvm),w)) 5.0
=((0..0)) in D'(Q),
%((gm,¢))+((V0_m,V(p)) = —%((Vm —gAT/m,(p)) in D'(Q), (5.5)
VoeV,,
Vlo = Voms Ou] = Oom (5.6)
where

170’,” = Vo’m —EVO’m, (5.7)
170,»'1 = mI/_lO’ g(),m =Pm§0 (5-8)

P, being the orthogonal projector onto V, (for the L*(2)-norm).

The existence of a local in time solution to (5.4)-(5.8) then follows from the
Cauchy-Lipschitz theorem. Having this, we can pass to the limit in a standard way,
owing to the above a priori estimates (which also hold at the approximated level)
and standard Aubin-Lions compactness results, and deduce the existence of a so-
lution.

Uniqueness: Let (u1 ,vl,Hl) and (u2,v2,<92) be two solutions with initial data
(“o,1a90,1) and (uoﬁz,ﬁo,z), respectively, such that |<u01>| <M, and
|<9 >|$M2, i=12.Weset

0,i
(u,v,H)=(u1,v1,€1)—(u2,v2,92)

and have

(- 2w 7)) =0, (59)
u=v—¢eAv, (5.10)
%—M:—@—u, (5.11)

ot ot
(u)=(v)=(0)=0, t>0, (5.12)
ﬁ=%=0 onT, (5.13)

ov ov

u|t:0 = Uy, 9|t:0 = 00' (5.14)

We multiply (5.9) by u and have, owing to (2.8),
1d
2 dt

2

3 1
o+ (=) <l + el (5.15)
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Next, multiplying (5.11) by (~A)" (u+8), we find
ol +lelf <l (5.16)
Summing finally &5, times (5.15) and (5.16), where &, >0 is small enough,
we find
%(52 [l +lla-+ 617, )+ 6, (-Avan) + (1=, ) o < (36, +1)Julf . (5.07)
where
1-6,>0.
Note that it follows from (5.10) that
((=avu)) =0V =+ fjanff
and
[ =7 + 26 [0+ v
We thus deduce that
§(®W41+M+9H)+5GWWI+4M4) (1-8,)lef
<(30, + 1)(||V||2 + 26|V + & | )

and (2.6) yields, employing the Poincar-Wirtinger inequality,

(5 e, + e+ O, )+ (1= 20 ) ]| + (1=, el < e[ (5.18)
Writing next
2
T SR UESE R R

it follows that, setting
Ey= 8, + e+l

an inequality of the form

dE
d; <?E3, (5.19)
E, satisfies
Ey=c(Juff, +[0, ), ¢ >o0. (5.20)

It follows from (5.19), (5.20) and Gronwall’s lemma that
O, “Jof, <c'exo( S |(lalf +laf ). 120 62n

finally yields the continuous (with respect to the H™' (Q)z -norm) dependence
on the initial data, as well as the uniqueness, for (u,v,@) .
This yields uniform in time estimates (ie, on R") on the solutions, as well as

the dissipativity of the corresponding solution operators, we set
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O =H'(Q)xL*(Q).
We have the continuous (with respect to the semigroup
S.(1): D> D, (u,6,) (ue (1),6° (t)), 120, £€(0,5]

(ie, S, (0) =1 (identity operator) and S, (t + s) =S, (t) oS, (s),t,s >0). We
then deduce from (4.3) the following theorem.

Theorem 5.2. The semigroup S, (t) is dissipative in @, Le., there exists a
bounded set B, c ® (called absorbing set) such that, for every bounded set
Bc ®, there exists 1,=1,(B)>0 such that t>1t, implies S,(t)BcB,.

We thus deduce from standard results the following theorem.

Theorem 5.3. The semigroup S, (t) possesses the connected global attractor
A, suchthat A iscompactin © , veritying
1. A isinvariant, Ze, S, (I)Ag =A,Vt>0;

2. A_ attracts all bounded sets of initial data in the following sense:

VBc® bounded, dist(S,(t)B,A,)>0 as t—+m,

where dist denotes the Hausdorff semi-distance between sets defined by

dist(A4,B) = sup inf |a - b],

(we refer the reader to, e.g., [18] for more details.)

The next step would be to study the existence of finite-dimensional attractors
for, 120, ¢e (0, 80] , and their stability with respect to ¢, as well as their
convergence to (proper S, (t) liftings of) those corresponding to S, (t) as
& — 0". In particular, one interesting and important problem would be to con-
struct a robust (i.e., both upper and lower semicontinuous as & — 0") family of
exponential attractors, meaning that the dynamics of the original and limit prob-
lems are close in some proper sense. This will be addressed elsewhere. We also

refer the interested reader to, e.g., [19] for discussions on such objects.

6. Convergence to the Classical Conserved Phase-Field Model

Our aim in this section is to pass to the limitin (2.1)-(2.5) as ¢ goesto 0 .Note

that the limit problem for £=0 corresponds to the classical conserved phase-
field model,

ou’ 2.0 0 0

—+ AN —Af (1’ )=-A0°, 6.1
- V(1) (6.1)
u® =0, (6.2)

0 0
90 _pgo =% (6.3)

ot ot

0 0 0 0
ul _ v _OAV._09 _, on, (6.4)

ov ov ov ov
u® =u,, 6° =6, (6.5)

=0 1=0

To do so, we first need to derive estimates on the solutions to (2.1)-(2.5) which

DOI: 10.4236/am.2025.163014

285 Applied Mathematics


https://doi.org/10.4236/am.2025.163014

A. J. Ntsokongo et al.

are independent of & (we consider here strong solutions as given in Theorem

5.1). We thus consider the initial and boundary value problem

ou’

AN = Af (uf)=-A6%, 6.6
A=Ay () (6.6)
u® =v- —sAv®, (6.7)
00 _AQF :_8u ’ (6.8)
ot ot
Ou = ov = oAy =%=O on T, (6.9)
ov ov ov ov
u® o =l o° |[:0 =0, (6.10)

Repeating, for (6.6)-(6.10), the estimates leading to (4.14), we obtain

2
dE? c ou’ 2112 2|12 ’
d; +c{E2 + el iy TV ﬂn)]gc’ (6.11)
where
E; =El +9, ”ug":—i- u’ ’
and
Ef =||Vv€ ’ +£||Av6 2+2J-QF(u‘E)dx+ o° 2. (6.12)

We can now prove the following.

Theorem 6.1. We assume that the assumptions of Theorem 5.1 hold. Then, the
sequence of solutions (ug,vg,eg) t0(6.6)~(6.10) converges to a solution to (6.1) -
(6.5) on finite time intervals [O,T] , T>0,as ¢>0".

Proof. 1t follows from the uniform (with respect to &) a priori estimates de-
rived and standard Aubin-Lions compactness results that, at least for a subse-
quence that we do not relabel, there exist (u°,v°,9°) and y such that, in par-

ticular,

w >u'inl” (O,T;L4 (Q)) weak-%, in [* (O,T;H] (Q)) weakly and a.e.,

out  ou’ . _
5 %E in I (O,T;H 1(Q)) weakly

ve > in L” (O,T;HI(Q)) weak-x and L2(O,T;H2(Q)) weakly,

1

e -y in L*(0,T; H’ (Q)) weak-» and [*(0,T; H’(Q)) weakly
and
0° >0 in L*(0,7; 1 (Q)) weak-+ and L*(0,7;H'(Q)) weakly.
For a proper u , which implies that
f(u*)> f(u’) ae.and f(u*)is bounded in Lg((Q)x(O,T)).

4
Therefore, f(u’:) - f(uo) in L* ((Q)x (O,T)) weakly, which is sufficient to

DOI: 10.4236/am.2025.163014 286 Applied Mathematics


https://doi.org/10.4236/am.2025.163014

A. J. Ntsokongo et al.

pass to the limit in the weak formulation.
Having this, it is now standard to pass to the limit in (6.6)-(6.10) to find, at the

limit,
& (o)) (20 (9709 -0 m D). o1
%((Ho’w)) + ((VGO’V(p)) = _%((MO,(p)) in D'(Q), (6.14)
u’ o o HOL:O =6, (6.15)

Le, (uo,ﬁo) is solution to the classical conserved phase-field model.

Noting finally that the solution to the classical conserved phase-field model
(6.1)-(6.5) is unique, we see that the whole sequence (u‘g,v‘g,é’g) converges.

We can also derive error estimates and prove the following.

Theorem 6.2. Under the assumptions of Theorem 6.1, then, VT >0,

2 2 '
u =’ 4]0 =0 <e(e.T)e ([l + ol +10 )

Proof. We set (u,v,0)= (ug,vg,eg)—(uo,vo,ﬁo) . Note that

(uy=(v)=(6)=0, t>0. (6.16)
Furthermore, (1,v,6) solves

(—A)’lg—l:—AHW:e, (6.17)
u=v—ghv (6.18)
9 _pp=2 (6.19)

ot ot
5_: - % —0 onT, (6.20)
ul_, =uy,6_, =6, (6.21)

Multiplying (6.17) by u , we obtain, owing to (2.8),

2

S, ~2((usa0) < 3l + ol (622)
Note that, employing the interpolation inequality
Jeff <, [
we can write, owing to (6.18),
el <l v+ 7] (6.29
Moreover, employing again (6.18), we can see that
~2((u,av)) =2 Vv IP —28((VV,VAV€ )) (6.24)
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It thus follows from (6.22) to (6.24) that

d &
S+ 20 <3l [Va+ 3]l [V v

which yields, employing Young’s inequality,

S A (o, + v 2 + el (625)

Let us next multiply (6.19) by (-A)"'(u+6) to obtain

R (626)
Summing (6.25) and & times (6.26), we find
d AP
(Wl s of <l + 2 [pav | + o) 0. 620
where
Jed?, + &+ OF, =, + e, ) (6.28)

Applying Gronwall’s lemma to (6.27), owing to (6.28) leads to

[')(s)as

(), + o), <ce” (1+T)e" | (||mv

Integrating next (6.11) over (O,T) , we find

e Y A Y e Y )

which finishes the proof.
Remark 6.1. According to (2.2), the error estimate on (u, 9) implies the error

estimateon v.

7. Numerical Simulations

As far as the numerical simulations are concerned, we use a P1-finite element for
the space discretization, together with a semi-implicit Euler time discretization
(i.e, implicit for the linear terms and explicit for the nonlinear ones). The numer-
ical simulations are performed with the software Freefem++ [20]. In the simula-
tions below, we set Q= (0,1) X (0,1) and we choose f'(s)=s’—s . The triangu-
lation 7, is obtained by dividing Q into 100 x 100 rectangles and by dividing

each rectangle along the same diagonal. We set

h
V)= {vh eC’ (ﬁ); vh‘T is affine VT € 7,; ZL =0on F} . The time step is taken as
v

ot =0.001.

In order to simulate a spinodal decomposition, the initial data ué’ is taken as
the projection onto ¥, of a randomly distributed function between 0.5 and 0.7.
The solution u, (.,nSt) eV, isdenoted by u; .

The full discretization scheme of (2.1)-(2.4) reads: Then, for n >0, we look for
(uZ“,W;’“, ;’”,«9"”) V"< V"xV"xV" such that:
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1
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®

0.4

0.3

0.2

0.1

- 0
%
8
10
12

N g
0.2 0.4 0.6 0.8 1
X

(w0 + (v, v0)) - (VL ve)) == ((u5-0))
(v w) = (9359 w)) ==((£ (1)),

((s7.7)- (v::“,) e((vive))=o.

sl o)) el o) (e o)) = 5 ((00.0) 5 ((v0)

forall ¢,y,r,0eV;.

(7.1)

Figure 1 corresponding to the fixed parameter & =0.05, show the evolution of
6, , first part of the numerical solution (u,',',vh",ﬁ,:' ) to (7.1), at different times
t=0.05 (n=50), t=0.1 (n=100).

Figure 2 and Figure 3 correspond to the numerical solution 6, at time
t=0.1 (n=100), for different values of £: £=0.1, £=0.01, £=0.001,
& =0. It illustrates the fact that, as & tends to 0, the solution (uhﬁh) tends to

the solution of the classical conserved phase-field model (corresponding to the

trivial case ¢£=0).
2
1
0

x10° 0 0.2 0.4 06 0.8 1 x10°

o

IS

N

N
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N

@

ES

&

&

Figure 1. 6, with £=0.05;attime r=0.05 (left), 1=0.1 (right).
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Figure 2. 0, attime ¢=0.1;when &=0.1 (left), £=0.01 (right).
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Figure 3. 6, attime ¢=0.1;when £=0.001 (left), £=0 (right).

8. Conclusion

In this article, we proposed a conserved phase-field model based on microconcen-
trations. In particular, we proved the existence and uniqueness of solutions, as
well as the convergence to the classical conserved phase-field model and the ex-
istence of the global attractor. Furthermore, we obtained some numerical simula-
tions.
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