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Abstract 
The alternating direction method of multipliers (ADMM) and its symmetric 
version are efficient for minimizing two-block separable problems with linear 
constraints. However, both ADMM and symmetric ADMM have limited versa-
tility across various fields due to the requirement that the gradients of differen-
tiable functions exhibit global Lipschitz continuity, a condition that is typically 
challenging to satisfy in nonconvex optimization problems. Recently, a novel 
Bregman ADMM that not only eliminates the need for global Lipschitz conti-
nuity of the gradient, but also ensures that Bregman ADMM can be degenerated 
to the classical ADMM has been proposed for two-block nonconvex optimiza-
tion problems with linear constraints. Building on this, we propose a symmetric 
Bregman alternating direction method of multipliers, which can be degenerated 
into the symmetric ADMM and the Bregman ADMM, and thus further degen-
erated into the classical ADMM. Moreover, when solving separable nonconvex 
optimization problems, it does not require the global Lipschitz continuity of the 
gradients of differentiable functions. Furthermore, we demonstrate that under 
the Kurdyka-Lojasiewicz inequality and certain conditions, the iterative se-
quence generated by our algorithm converges to a critical point of the problem. 
In addition, we examine the convergence rate of the algorithm. 
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1. Introduction 

In this paper, we consider the following two-block separable optimization prob-
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lem with linear constraint 

 
( ) ( )

,
min ,

 s.t. ,
x y

f x g y

Ax y b

+

+ =
 (1.1) 

where { }: nf → ∪ +∞   is a proper lower semicontinuous function,  
: mg →   is a continuous differentiable function, m nA ×∈  and mb∈ .  

Numerous valuable optimization problems can be expressed in the form (1), ren-
dering it widely applicable across diverse fields, such as machine learning [1]-[3], 
image processing [4]-[6], and signal processing [7]-[10]. 

When both f  and g  are convex functions, a prominent approach for ad-
dressing problem (1) is the alternating direction method of multipliers (ADMM), 
proposed by Gabay, Mercier, Glowinski and Marroco [11] [12] in 1970s. This 
method fully harnesses the separable properties to their utmost potential, thus at-
tracting considerable attention across diverse domains in recent years. The itera-
tive scheme of the ADMM is as follows 
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  (1.2) 

Here, ( )β ⋅  denotes the augmented Lagrangian function for (1.1), given by 

 ( ) ( ) ( ) 2, , , ,
2

x y f x g y Ax y b Ax y bβ
βλ λ= + − + − + + −  

where λ  is the Lagrangian multiplier associated with the linear constraint, and 
0β >  is the penalty parameter. The study of ADMM has a lengthy academic lin-

eage, its convergence and convergence rate are well-understood [13]-[16] for con-
vex objectives. 

However, for scenarios where there is at least one nonconvex component in 
the objective function, many studies primarily focus on proving the conver-
gence of the ADMM or its variant and analyzing problem scenarios under ad-
ditional conditions, such as Li and Pong [17] and Hong et al. [18]. Particularly, 
in 2017, Guo et al. [19] demonstrated that under conditions less stringent than 
those outlined in [17] [18], the convergence and convergence rate of ADMM 
for nonconvex problems can be established, contingent upon the augmented 
Lagrangian function satisfying the Kurdyka-Lojasiewicz inequality. Motivated 
by the insights provided in the aforementioned article, Wu et al. [20] consid-
ered utilizing symmetric ADMM to address a two-block linearly constrained 
separable nonconvex optimization, which can revert back to the classical ADMM, 
and conducted an analysis on its convergence and convergence rate for the case 
B I=  ( I  is the identity matrix with proper dimension). Note that it can nu-
merically accelerate ADMM with some values of 0α > . Its iterative format is 
as follows 
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 (1.3) 

The only difference from the classical ADMM lies in the addition of a relaxation 
factor ( )1,1α ∈ −  in the update of the multiplier 1kλ +  between the iterative for-
mulas of x  and y . In particular, the algorithm returns to the classical ADMM 
when 0α = . Therefore, it presents the same limitations in certain areas [21]-[23]. 
Whether using the ADMM or the symmetric ADMM to tackle two-block separa-
ble nonconvex problems with linear constraints, both methods are constrained by 
the assumption of Lipschitz continuity of differentiable functions. 

To relax the Lipschitz continuity constraint on the gradient of the objective 
function, Tan and Guo [24] introduced a novel version of Bregman ADMM, 
which is distinguished from that proposed by Wang et al. [25] by its ability to 
revert to the classical ADMM. Its iteration is as follows 
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where ( )h
β ⋅  denotes the Bregman augmented Lagrangian function for (1.1) 

 ( ) ( ) ( ) ( ), , , , ,h
hx y f x g y Ax y b D y Ax bβ λ λ β= + − + − + − −  (1.5) 

where λ  is the Lagrangian multiplier associated with the linear constraint, and 
0β >  is the penalty parameter. And the Bregman distance ( ),hD ⋅ ⋅  is defined as 

 ( ) ( ) ( ) ( ) ( )T, .hD x y h x h y h y x y= − −∇ −  

When ( ) 21
2

h ⋅ = ⋅ , the Bregman ADMM (1.4) reduces to the classical ADMM 

(1.2). 
Drawing on the aforementioned concept, our aim is to alleviate the necessity 

for Lipschitz continuity of the gradient of differentiable functions in the symmet-
ric ADMM while addressing two-block separable nonconvex problems with linear 
constraints. In this paper, we propose an iteration for symmetric version of the 
Bregman ADMM, whose iterative scheme is 
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The symmetric Bregman ADMM (1.6) can transition to the symmetric ADMM 

(1.3) by setting ( ) 21
2

h ⋅ = ⋅ , to the Bregman ADMM (1.4) by setting 0α = , and 

to the classic ADMM (1.2) by setting ( ) 21
2

h ⋅ = ⋅  and 0α = . In essence, the  

ADMM framework investigated by Wu et al. [20] and Tan and Guo [24] is a par-
ticular instance of the approach we introduce. Under the same assumption as 
those in Tan and Guo [24], we can prove the convergence of the symmetric Breg-
man ADMM (1.6), providing that the associated function satisfies the Kurdyka-
Lojasiewicz inequality. Moreover, we demonstrate that the iterative sequence pro-
duced by the symmetric Bregman ADMM (1.6) converges to a critical point of the 
problem (1.1), and we also analyze the convergence rate of the algorithm. 

The remainder of this paper is organized as follows. In Section 2, we provide 
some necessary preliminaries for our subsequent analysis. In Section 3, we present 
the convergence analysis of the symmetric Bregman ADMM (1.6) and analyze its 
convergence rate. Finally, in Section 4, we summarize our findings and draw con-
clusions. 

2. Preliminaries 

In this section, we recall some definitions and basic results that will be used for 
further analysis. 

Definition 2.1. [26] For an extended real-valued function { }: nf → ∪ +∞  , 
the effective domain or just the domain is the set 

 ( ) ( ){ }  : .ndom f x f x= ∈ < ∞  

Definition 2.2. [26] A function { }: nf → ∪ +∞   is called proper if there 
exists at least one nx∈  such that ( )f x < ∞ . 

Definition 2.3. [26] A function { }: nf → ∪ +∞   is called lower semicon-
tinuous at nx∈  if 

 ( ) ( )liminf .kk
f x f x

→∞
≤  

for any sequence { } n
kx ⊆   for which kx x→  as k →∞ . Moreover, ( )f ⋅  

is called lower semicontinuous if it is lower semicontinuous at each point in n . 
Definition 2.4. ([27], kernel generating distance) Let C  be a nonempty, con-

vex, and open subset of m . Associated with C , a function { }: mh → ∪ +∞   
is called a kernel generating distance if it satisfies the following 

(i) ( )h ⋅  is proper, lower semicontinuous, and convex, with ( )dom h C⊂  
and ( )dom h C∂ = . 

(ii) ( )h ⋅  is 1C  on ( )( )int dom h C≡ . 
We denote the class of kernel generating distance by ( )C . 
Definition 2.5 ([27], L-smooth adaptable) Let ( )h C∈ , : mg →   con-

tinuously differentiable on ( )( )C int dom h= . A pair ( ),g h  is called L-smooth 
adaptable on C  if there exists 0L >  such that Lh g−  and Lh g+  are con-
vex on C . 
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Remark 2.1. Definition 2.5 serves as a natural extension and complement to 
the definition of “A Lipschitz-like/Convexity Condition” as presented in reference 
[21]. This extension enables the derivation of the following two-sided descent 
lemma. 

Lemma 2.1. ([27], extended descent lemma) The pair of functions ( ),g h  is L-
smooth adaptable on C  if and only if 

 ( ) ( ) ( ) ( ) ( )( ), , , .hg x g y g y x y LD x y x y int dom h− − ∇ − ≤ ∀ ∈  (2.1) 

Remark 2.2. In particular, when the set mC =   and ( ) 21
2

h ⋅ = ⋅ , (2.1) re-

duces to the classical descent lemma for function g , i.e., 

 ( ) ( ) ( ) 2, , .
2

mLg x g y g y x y x y x y− − ∇ − ≤ ⋅ − ∀ ∈  

Definition 2.6. [27] Let { }: mg → ∪ +∞   be a proper and lower semicon-
tinuous function. The gradient of ( )g ⋅  is D-Lipschitz if there exists 0L >  sat-
isfying 

 ( ) ( ) ( ) ( ) ( )( ), ,
, .h hD x y D y x

g x g y L x y int dom h
x y
+

∇ −∇ ≤ ≠ ∈
−

 

Remark 2.3. According to Cauchy-Schward inequality, we have 

 ( ) ( ) ( ) ( ), ,g x g y x y g x g y x y∇ −∇ − ≤ ∇ −∇ −  

which combines with definition ??, we obtain that 

 ( ) ( ) ( ) ( )( ), , , .h hg x g y x y L D x y D y x∇ −∇ − ≤ +  

Using the conclusion in Lemma 2.4, the above inequality is equivalent to 

 ( ) ( ) ( ) ( )( ) ( ) ( ), , , , ,h hg x g y x y L D x y D y x L h x h y x y∇ −∇ − ≤ + = ∇ −∇ −  

 ( ) ( ) ( ) ( )( ) ( ) ( ), , , , .h hg y g x x y L D x y D y x L h x h y x y∇ −∇ − ≤ + = ∇ −∇ −  

Then, 

 ( ) ( )( ) ( ) ( )( ) , 0,L h x g x L h y g y x y∇ −∇ − ∇ −∇ − ≥  

 ( ) ( )( ) ( ) ( )( ) , 0.L h x g x L h y g y x y∇ +∇ − ∇ +∇ − ≥  (2.2) 

Based on inequality (2.2), it can be concluded that the functions Lh g+  and 
Lh g−  exhibit convexity due to the monotonicity of their gradients on the set 
C . Hence, ensuring the gradient of function ( )g ⋅  satisfies the D-Lipschitz con-
tinuity condition is adequate for establishing the ( ),g h  function pair as L-
smooth adaptable. Considering the intricacy of the ADMM iterative procedure in 
this study, we find it necessary to presuppose the D-Lipschitz continuity of func-
tion ( )g ⋅ . 

Remark 2.4. Certainly, the D-Lipschitz continuity characteristic is essentially a 
Lipschitz-like gradient property in the context of the Bregman distance for the 
function ( )g ⋅ , and it becomes equivalent to the gradient Lipschitz continuity of 
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( )g ⋅  when ( ) 21
2

h ⋅ = ⋅ . 

Definition 2.7. [27] Let { }: nf → ∪ +∞   be a proper lower semicontinu-
ous function. 

(i) The Fréchet subdifferential, or regular subdifferential, of ( )f ⋅  at  
( )x dom f∈ , written ( )ˆf x∂ , is the set of vectors * nx ∈  that satisfy 

 
( ) ( ) * ,

lim inf 0.
y x y x

f y f x x y x

y x≠ →

− − −
≥

−
 

When ( )x dom f∉ , we set ( )ˆf x∂ = ∅ . 
(ii) The limiting-subdifferential, or simply the subdifferential, of ( )f ⋅  at 

( )x dom f∈ , written ( )f x∂ , is defined as follows: 

 ( ) ( ) ( ) ( ){ }* * * *, , , withˆ .n
n n n n nf x x x x f x f x x f x x x∂ = ∈ ∃ → → ∈∂ →  

Remark 2.5. From above definition, we note that 
(i) It implies ( ) ( )ˆf x f x∂ ⊆ ∂  for each nx∈ , where the first set is closed 

convex while the second one is only closed. 
(ii) Let ( )*,k kx x Graph f∈ ∂  be a sequence that converges to ( )*,x x . By the 

definition of f∂ , if ( )kf x  converges to ( )f x  as k → +∞ , then 
( )*,x x Graph f∈ ∂ , where ( ) ( ){ }, |Graph f x y y f x∂ = ∈∂ . 

(iii) A necessary condition for nx∈  to be a minimizer of ( )f ⋅  is 

 ( )0 .f x∈∂  (2.3) 

(iv) If { }: nf → ∪ +∞   is a proper lower semicontinuous function and 
: ng →   is continuous differentiable function, then  
( )( ) ( ) ( )f g x f x g x∂ + = ∂ +∇  for any ( )x dom f∈ . 
A point that meets the condition of Equation (2.3) is referred to as a critical or 

a stationary point. The critical points set of f  is denoted by crit f . 
Next, we recall an important property of subdifferential calculus. 
Lemma 2.2. [28] Suppose that ( ) ( ) ( ),F x y f x g x= + , where  

{ }: nf → ∪ +∞   and { }: mg → ∪ +∞   are proper lower semicontinuous 
functions. Then for all ( ) ( ) ( ) ( ),x y dom F dom f dom g∈ = × , we have 

 ( ) ( ) ( ), , , .x yF x y F x y F x y∂ = ∂ ×∂  

Definition 2.8. ([28], Kurdyka-Lojasiewicz inequality) Let { }: nf → ∪ +∞   
be a proper lower semicontinuous function. For 1 1η η−∞ < < ≤ +∞ , set 

 [ ] ( ){ }1 1 1 2: .nf x f xη η η η< < = ∈ < <  

We say that function ( )f ⋅  has the KL property at ( )*x dom f∈ ∂  if there ex-
ist ( ]0,η ∈ +∞ , a neighbourhood U  of *x , and a continuous concave function 

[ ): 0,ϕ η +→  , such that 
(i) ( )0 0ϕ = ; 
(ii) ϕ  is 1C  on ( )0,η  and continuous at 0; 
(iii) ( ) 0xϕ′ > , ( )0,x η∀ ∈ ; 
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(iv) for all x  in ( ) ( )* *U f x f f x η ∩ < < +  , the Kurdyka-Lojasiewicz ine-
quality holds 

 ( ) ( )( ) ( )( )* 0, 1,f x f x d f xϕ′ − ∂ ≥  

where ( )( )
( )

, inf
y f x

d x f x y x
∈∂

∂ = − , is the distance from x  to ( )f x∂ . 

Remark 2.6. Denote ηΦ  be the set of all continuous functions ( )ϕ ⋅  which 
satisfy (i)-(iii). 

Definition 2.9. ([29], Kurdyka-Lojasiewicz function) If function ( )f ⋅  satisfies 
the KL property at each point of ( )dom f∂ , then ( )f ⋅  is called a KL function. 

Lemma 2.3. ([30], Uniformized KL property) Let Ω  be a compact set and 
{ }: nf → ∪ +∞   be a proper and lower semicontinuous function. Assume 

that ( )f ⋅  is constant on Ω  and satisfies the KL property at each point of Ω . 
Then, there exist 0ε > , 0η > , and ηϕ ∈Φ  such that for all x ∈Ω  and for all 
x  in the following intersection: 

 ( ){ } ( ) ( ): , .nx d x f x f f xε η∈ Ω < ∩ < < +    

one has 

 ( ) ( )( ) ( )( )' 0, 1.f x f x d f xϕ − ∂ ≥  

Lemma 2.4. [31] Let { }: mh → ∪ +∞  . For any ( )( ),x y int dom h∈  and 
( )z dom h∈ , then 

(i) ( ) ( ) ( ) ( ), , ,h hD x y D y x h x h y x y+ = ∇ −∇ − . 
(ii) Three points identity holds: 

 ( ) ( ) ( ) ( ) ( ), , , , .h h hD z x D z y D y x h x h y y z− − = ∇ −∇ −  (2.4) 

Definition 2.10. [32] Let ( )h C∈ . The Bregman distance  
( ) ( )( ):hD dom h int dom h +× →   is defined by 

 ( ) ( ) ( ) ( ), : , .hD x y h x h y h y x y= − − ∇ −  

Since ( )h ⋅  is convex, ( ), 0hD x y ≥ , and ( ), 0hD x y =  if only if when x y= . 
Definition 2.11. We say that ( )* * *, ,x y λ  is a critical point of the Augmented 

Lagrangian Function ( )h
β ⋅  (1.5) with Bregman distance if it satisfies 

 

( )
( )

T * *

* *

* *

,

,

.

A f x

g y

Ax y b

λ

λ

 ∈∂

 = ∇


+ =

 

Lemma 2.5. Let ( ){ }: , ,k k k kw x y λ=  be the sequence generated by the sym-
metric Bregman ADMM (1.6). Then, we have 

( ) ( ) ( ) ( ) ( ) ( )( )

( )

( ) ( ) ( ) ( ) ( ) ( )( )

1 1 1

1 1

1 1 1 1

1 1 ,
1 1

,
1 .
1 1

k k k k k k

k k

k k k k k k

h Ax b h y h y h y

g y

h Ax b h y h y h y

λ λ
α β α

λ

αλ λ
α β α

+ + +

+ +

+ + + +

∇ − −∇ − = − + ∇ − −∇ −
+ +

∇ =

∇ − −∇ − = − − ∇ −





−



∇ −
+ +





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Proof. Combining (1.6b) and (1.6d), we get 

 

( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

( ) ( ) ( )( ) ( ) ( )( )

1 1 1 1

1 1

1 1 1

1 11

k k k k k k

k k k k

k k k k

k k k k

h Ax b h y h Ax b h y

h Ax b h y h Ax b h y

h Ax b h y h Ax b h y

h Ax b h y h y h y

λ λ αβ β

αβ β

β β

α β β

+ + + +

+ +

+ + +

+ +

− = − ∇ − −∇ − − ∇ − −∇ −

= − ∇ − −∇ − − ∇ − −∇ −

+ ∇ − −∇ − − ∇ − −∇ −

= − + ∇ − −∇ − + ∇ − −∇ −

 

and thus 

 ( ) ( ) ( ) ( ) ( ) ( )( )1 1 1
1 1 .
1 1k k k k k kh Ax b h y h y h yλ λ

α β α+ + +∇ − −∇ − = − + ∇ − −∇ −
+ +

 

Similarly, we combine (1.6b) and (1.6d) again 

( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )
( ) ( )( )

( ) ( ) ( )( ) ( ) ( )( )

1 1 1 1

1 1 1 1

1

1 1 11 ,

k k k k k k

k k k k

k k

k k k k

h Ax b h y h Ax b h y

h Ax b h y h Ax b h y

h y h y

h Ax b h y h y h y

λ λ αβ β

αβ β

αβ

α β αβ

+ + + +

+ + + +

+

+ + +

− = − ∇ − −∇ − − ∇ − −∇ −

= − ∇ − −∇ − − ∇ − −∇ −

− ∇ − −∇ −

= − + ∇ − −∇ − − ∇ − −∇ −

 

thus, we obtain 

( ) ( ) ( ) ( ) ( ) ( )( )1 1 1 1
1 .
1 1k k k k k kh Ax b h y h y h yαλ λ

α β α+ + + +∇ − −∇ − = − − ∇ − −∇ −
+ +

 

From the optimality condition of (1.6c), we have 

 ( ) ( ) ( )( )1 1 1 1
2

0 .k k kk
g y h Ax b h yλ β+ + +

+
= ∇ − + ∇ − −∇ −  

Substituting (1.6d) into the above equation yields 

 ( )1 1.k kg y λ+ +∇ =  

This completes the proof. 

3. Convergence Analysis 

In this section, we analyze the convergence of the symmetric Bregman ADMM 
(1.6) and show that the sequence ( ){ }: , ,k k k kw x y λ=  generated by the symmetric 
Bregman ADMM (1.6) converges to a critical point ( ){ }* * * *: , ,w x y λ=  of 

( )h ⋅  under the following assumptions. 
Assumption A. Let { }: nf → ∪ +∞   be a proper lower semicontinuous 

function, : mg →   be a continuously differentiable function with g∇  be-
ing D-Lipschitz continuous. Additionally, let ( )h C∈  be a twice differentiable 
function on ( )( )C int dom h= , which is 1-strong-convex, and whose h∇  is Lip-
schitz continuous with hL  on any bounded subset of m . We assume that 

(i) 2

1 ,0
2 1hL

α
 

∈ − + 
, 

2 3

2

2 2
1 2

h h

h

LL LL
L

α
β

α α
−

>
+ +

, which implies 

 
( )

2 2 22 2 2 2
0.

1 1
h h h h

h

LL L LL L L
L

L
α αβ αβδ

α α β
 + +

= − + − >  + + 
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(ii) 2

10,
2 1hL

α
 

∈  − 
, 

( ) 2 3

2

2 1 2
1 2

h h

h

LL LL
L

α α
β

α α
+ +

>
+ −

, which implies 

 
( )

2 2 22 2 2 2
0.

1 1
h h h h

h

LL L LL L L
L

L
α αβ αβδ

α α β
 + +

= − − − >  + + 
 

(iii) TA A MI  for some 0M > . 
Next, we examine the optimality conditions of (1.6). Invoking the optimality 

conditions, we have that 

 

( ) ( )( ) ( )
( ) ( )( )

( ) ( ) ( )( )

( ) ( )( )

TT T 2
1 1 1

1 1
2

1 1 1 1
2

1 1 1 1
2

0 ,

,

0 ,

.

k k k k k

k k kk

k k kk

k k kk

f x A A h Ax b Ax y b

h Ax b h y

g y h Ax b h y

h Ax b h y

λ β

λ λ αβ

λ β

λ λ β

+ + +

+
+

+ + +
+

+ + +
+

 ∈∂ − − ∇ − − − +
 = − ∇ − −∇ −

 = ∇ − + ∇ − −∇ −

 = − ∇ − −∇ −


 (3.1) 

Lemma 3.1. Let ( ){ }, ,k k k kw x y λ=  be the sequence generated by the symmet-
ric Bregman ADMM (1.6), which is assumed to be bounded. Then we have 

 ( ) ( ) ( )1 1, .h h
k k h k kw w D y yβ β δ+ +≤ − ⋅   (3.2) 

Proof. From the definition of h
β  in (1.5), it follows that 

 

( ) ( )

( ) ( )

( ) ( ) ( )

( )

1 1 1 1 1
2 2

1 1 1
2

1 1 1 1 1 1
2

1 1 1 1
2

1 1

, , , ,

, ,

, ,

, ,

, .

h h
k k k kk k

k k k h k kk

k k k h k kk

k k k k h k kk

h k k

x y x y

g y Ax y b D y Ax b

g y Ax y b D y Ax b

g y g y y y D y Ax b

D y Ax b

β βλ λ

λ β

λ β

λ β

β

+ + +
+ +

+ +
+

+ + + + +
+

+ + +
+

+ +

   
−      

   

= − + − + − −

− + + − − − −

= − + − + − −

− − −

 

 (3.3) 

Since the gradient of the function g  is D-Lipschitz continuous on ( )( )int dom h , 
it follows that the function pair ( ),g h  is L-smooth adaptable. Then, according 
to Lemma 2.1, we can obtain 

 ( ) ( ) ( ) ( )1 1 1 1, , .k k k k k h k kg y g y g y y y LD y y+ + + +− ≥ ∇ − −  (3.4) 

By substituting inequality (3.4) into relation (3.3), we obtain 

 
( ) ( )

( ) ( )

( )

1 1 1 1 1
2 2

1 1 1 1 1
2

1 1 1

1 1 1 1
2

, , , ,

, , ,

, ,

, ,

h h
k k k kk k

k k k h k k k kk

h k k h k k

k k k h k kk

x y x y

g y y y LD y y y y

D y Ax b D y Ax b

y y LD y y

β βλ λ

λ

β β

λ λ

+ + +
+ +

+ + + +
+

+ + +

+ + +
+

   
−      

   

≥ ∇ − − + −

+ − − − − −

= − − −

 
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( ) ( )

( ) ( )

( ) ( ) ( )( )

( ) ( )

( ) ( )

1 1 1

1 1 1 1 1
2

1 1 1 1

1 1 1 1 1
2

1 1 1

1 1
2

, ,

, , ,

, , ,

, , ,

,

,

h k k h k k

k k k h k k h k kk

h k k h k k h k k

k k k h k k h k kk

k k k k

k k

D y Ax b D y Ax b

y y LD y y D y y

D y Ax b D y y D y Ax b

y y LD y y D y y

h Ax b h y y y

β β

λ λ β

β

λ λ β

β

λ λ

+ + +

+ + + +
+

+ + + +

+ + + +
+

+ + +

+
+

+ − − − − −

= − − − + − −

+ − − − − − − − −

= − − − + − −

+ ∇ − −∇ − −

= − ( ) ( )

( ) ( )

1 1 1

1 1 1
2

1 1

, ,

,

, , ,

k k h k k h k k

k k kk

h k k h k k

y y LD y y D y y

y y

D y y LD y y

β

λ λ

β

+ + +

+ +
+

+ +

− − + − −

+ − −

= − − −

 

where the first and the third equalities follow from Lemma (2.5) and the three 
points identity (2.4) respectively. 

Based on the 1-strong convexity and hL -smoothness of the function ( )h ⋅ , we 
can obtain the following two inequalities respectively 

 ( ) ( ) ( ) ( ) 2
1 1 1 1 1, , ,

2
h

h k k k k k k k k k
L

D y y h y h y h y y y y y+ + + + += − − ∇ − ≤ −  

 ( ) ( ) ( ) ( ) 2
1 1 1 1 1

1, , .
2h k k k k k k k k kD y y h y h y h y y y y y+ + + + +− − = − − − − ∇ − − ≥ −  

Combining the above two inequalities, we get 

 ( ) ( )2
1 1 1

1 1, , ,
2h k k k k h k k

h

D y y y y D y y
L+ + +− − ≥ − ≥ ⋅  

thus, we can obtain 

 ( )1 1 1 1 1 1
2 2

, , , , , .h h
k k k k h k kk k

h

x y x y L D y y
Lβ β
βλ λ+ + + +

+ +

     
− ≥ −             

   (3.5) 

Next, by using (1.6b) and (1.5), we have 

 

( ) ( )

( ) ( )( )
( ) ( )( )

1 1 1 1 1 1 1 1 1
2 2

1 1 1 1 1 1
2 2

1 1

1 1 1 1

, , , , , , , ,

, ,

,

,

h h h h
k k k k k k k k k kk k

k k k k k kk k

k k k k

k k k k k k

x y x y x y x y

Ax y b Ax y b

h Ax b h y Ax y b

h Ax b h y Ax y b

β β β βλ λ λ λ

λ λ λ λ

αβ

λ λ αβ

αβ

+ + + + + + +
+ +

+ + + +
+ +

+ +

+ + + +

   
− + −      

   

= − + − + − + −

= − ∇ − −∇ − + −

+ − + ∇ − −∇ − + −

= ∇

   

( ) ( )( )1 1 1 1 1, , ,k k k k k k k kh Ax b h y y y Ax y bλ λ+ + + + +− −∇ − − + − + −

 

where the second equality follows from (1.6b). Then, according to Lemma 2.5 

( ) ( ) ( ) ( ) ( ) ( )( )1 1 1 1
1 ,
1 1k k k k k kh Ax b h y h y h yαλ λ

α β α+ + + +∇ − −∇ − = − − ∇ − −∇ −
+ +
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( ) ( ) ( ) ( ) ( ) ( )( )1 1 1
1 1 ,
1 1k k k k k kh Ax b h y h y h yλ λ

α β α+ + +∇ − −∇ − = − + ∇ − −∇ −
+ +

 

and, since ( )h ⋅  is 1-strong-convex, we have 

 ( ) ( )1 1 1 1 .k k k kh y h Ax b Ax y b+ + + +∇ − −∇ − ≥ + −  

Now, we discuss the two cases based on the range of α . 

(i) 2

1 ,0
2 1hL

α
 

∈ − + 
, combining the above formulas 

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

( )

1 1 1 1 1 1 1 1 1
2 2

1 1 1

1 1 1

1 1 1

1 1

, , , , , , , ,

,
1 1

,
1 1

h h h h
k k k k k k k k k kk k

k k k k k k

k k k k

k k k k k k

k k k

x y x y x y x y

h y h y y y

Ax y b

h y h y y y

h y

β β β βλ λ λ λ

αβ αβλ λ
α β α

λ λ

α αβλ λ
α α

λ λ

+ + + + + + +
+ +

+ + +

+ + +

+ + +

+ +

   
− + −      

   

≥ − + ∇ − −∇ − −
+ +

− − + −

≥ − + ∇ − −∇ − −
+ +

− − ∇ − −∇

   

( )

( ) ( ) ( )( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

1

1 1 1

1 1 1

1 1 1 1

2
1 1 1

,
1 1

1
1 1

1 1
1 .
1 1

k

k k k k k k

k k k k k k

k k k k k k k k

k k k k k k

h Ax b

h y h y y y

h y h y

y y h y h y y y

h y h y

α αβλ λ
α α

αλ λ λ λ
α β α

α αβλ λ
α α

αλ λ λ λ
α β α

+

+ + +

+ + +

+ + + +

+ + +

−

≥ − + ∇ − −∇ − −
+ +

 
− − − − ∇ − −∇ − 

+ +  

≥ − − + ∇ − −∇ − −
+ +

− − + − ∇ − −∇ −
+ +  (3.6) 

Subsequently, we claim that 

 ( ) ( )1 1 .k k h k kg y g y LL y y+ +∇ −∇ ≤ ⋅ −  (3.7) 

To prove (3.7), we consider two cases. When 1k ky y += , (3.7) holds obviously. 
Next, we assume 1k ky y+ ≠ . Since ( )g∇ ⋅  is D -Lipschitz, we obtain 

 

( ) ( ) ( ) ( )

( ) ( )

( ) ( )

1 1
1

1

1 1

1

1 1

1

2
1

1
1

, ,

,

,

h k k h k k
k k

k k

k k k k

k k

k k k k

k k

h k k
h k k

k k

D y y D y y
g y g y L

y y

h y h y y y
L

y y

h y h y y y
L

y y

L y y
L LL y y

y y

+ +
+

+

+ +

+

+ +

+

+
+

+

+
∇ −∇ ≤ ⋅

−

∇ −∇ −
= ⋅

−

∇ −∇ ⋅ −
≤ ⋅

−

−
≤ ⋅ = ⋅ −

−

 

where the second inequality is a consequence of h∇  is Lipschitz continuous 
with ( )1h hL L ≥  on any bounded subset of m , that is 
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 ( ) ( )1 1 .k k h k kh y h y L y y+ +∇ −∇ ≤ −  (3.8) 

Since ( )1 1k kg yλ + += ∇ , (3.7) becomes 

 1 1 .k k h k kLL y yλ λ+ +− ≤ −  (3.9) 

Moreover, according to ( )h ⋅  is 1-strong-convex, we get  
( ) 2

1 1
1,
2h k k k kD y y y y+ +≥ − , i.e., 

 ( )2
1 12 , .k k h k ky y D y y+ +− ≤  (3.10) 

Substituting (3.8), (3.9) and (3.10) into (3.6), we conclude that 

( ) ( )

( ) ( )

( ) ( ) ( )

( )

1 1 1 1 1 1 1 1 1
2 2

1 1

2 2 2

1 1

2 2 2

, , , , , , , ,

2 2
, ,

1 1
2 2

, ,
1 1

2 2 2 2
1 1

h h h h
k k k k k k k k k kk k

h h
h k k h k k

h h
h k k h k k

h h h h

x y x y x y x y

LL L
D y y D y y

L L LL
D y y D y y

LL L LL L L
D

β β β βλ λ λ λ

α αβ
α α

α
α β α

α αβ α
α α β

+ + + + + + +
+ +

+ +

+ +

   
− + −      

   

≥ +
+ +

− +
+ +

 + +
= −  + + 

   

( )1, .h k ky y +

  (3.11) 

Then, combining (3.5) and (3.11), we obtain that 

 
( ) ( )

( ) ( )

1 1 1 1

2 2 2

1

, , , ,

2 2 2 2
, .

1 1

h h
k k k k k k

h h h h
h k k

h

x y x y

LL L LL L L
L D y y

L

β βλ λ

α αβ αβ
α α β

+ + + +

+

−

 + +
≥ − + −  + + 

 

 (3.12) 

Consequently, according to (1.6a), we have 

 ( ) ( )1, , , , 0.h h
k k k k k kx y x yβ βλ λ+− ≥   (3.13) 

Finally, summing the inequality (3.12) and (3.13), we conclude that 

 
( ) ( )

( ) ( )

1

2 2 2

1
2 2 2 2

, .
1 1

h k h k

h h h h
h k k

h

w w

LL L LL L L
L D y y

L

β β

α αβ αβ
α α β

+

+

−

 + +
≥ − + −  + + 

 

 

This completes the discussion for case (i), we now proceed to discuss case (ii). 

(ii) 2

10,
2 1hL

α
 

∈  − 
, combining the same formulas 

 

( ) ( )

( ) ( ) ( ) ( )( )

( ) ( ) ( )( )

1 1 1 1 1 1 1 1 1
2 2

1 1 1

1 1 1

1 1 1

, , , , , , , ,

,
1 1

,
1 1

h h h h
k k k k k k k k k kk k

k k k k k k

k k k k

k k k k k k

x y x y x y x y

h y h y y y

Ax y b

h y h y y y

β β β βλ λ λ λ

αβ αβλ λ
α β α

λ λ

α αβλ λ
α α

+ + + + + + +
+ +

+ + +

+ + +

+ + +

   
− + −      

   

≥ − + ∇ − −∇ − −
+ +

− − + −

≥ − + ∇ − −∇ − −
+ +

   
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( ) ( )

( ) ( ) ( )( )

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

1 1 1

1 1 1

1 1 1

1 1 1 1

2
1 1 1

,
1 1

1
1 1

1 1
1 .
1 1

k k k k

k k k k k k

k k k k k k

k k k k k k k k

k k k k k k

h y h Ax b

h y h y y y

h y h y

y y h y h y y y

h y h y

λ λ

α αβλ λ
α α

αλ λ λ λ
α β α

α αβλ λ
α α

αλ λ λ λ
α β α

+ + +

+ + +

+ + +

+ + + +

+ + +

− − ∇ − −∇ −

≥ − + ∇ − −∇ − −
+ +

 
− − − + ∇ − −∇ − 

+ +  

≥ − − − − ∇ − −∇ − −
+ +

− − − − ∇ − −∇ −
+ +

 (3.14) 

Similarly, substituting (3.8), (3.9) and (3.10) into (3.14), we conclude that 

( ) ( )

( ) ( )

( ) ( ) ( )

( )

1 1 1 1 1 1 1 1 1
2 2

1 1

2 2 2

1 1

2 2 2

, , , , , , , ,

2 2
, ,

1 1
2 2

, ,
1 1

2 2 2 2
1 1

h h h h
k k k k k k k k k kk k

h h
h k k h k k

h h
h k k h k k

h h h h

x y x y x y x y

LL L
D y y D y y

L L LL
D y y D y y

LL L LL L L

β β β βλ λ λ λ

α αβ
α α

α
α β α

α αβ α
α α β

+ + + + + + +
+ +

+ +

+ +

   
− + −      

   

≥ − −
+ +

− −
+ +

 + +
= − −  + + 

   

( )1, .h k kD y y +

  (3.15) 

Then, combining (3.5) and (3.15), we obtain that 

 
( ) ( )

( ) ( )

1 1 1 1

2 2 2

1

, , , ,

2 2 2 2
, .

1 1

h h
k k k k k k

h h h h
h k k

h

x y x y

LL L LL L L
L D y y

L

β βλ λ

α αβ αβ
α α β

+ + + +

+

−

 + +
≥ − − −  + + 

 

 (3.16) 

Consequently, according to (1.6a), we have 

 ( ) ( )1, , , , 0.h h
k k k k k kx y x yβ βλ λ+− ≥   (3.17) 

Finally, summing the inequality (3.16) and (3.17), we conclude that 

 
( ) ( )

( ) ( )

1

2 2 2

1
2 2 2 2

, .
1 1

h k h k

h h h h
h k k

h

w w

LL L LL L L
L D y y

L

β β

α αβ αβ
α α β

+

+

−

 + +
≥ − − −  + + 

 

 

This completes the discussion for case (ii), and with this, the proof is complete.□ 
Remark 3.1. Since 0δ > , Lemma 3.1 implies that ( ){ }h

kwβ  is monoton-

ically nonincreasing. Note that when 0α = , we have 22 hLLβ > . This corresponds 
to the requirement in Tan and Guo [24]. Furthermore, when  

( ) 21
2

h ⋅ = ⋅ , we have 0α =  and 1hL = , thus 2Lβ > . This corresponds to the 

requirement in Guo et al. [19]. 
Lemma 3.2. Let ( ){ }, ,k k k kw x y λ=  be the sequence generated by the symmet-

ric Bregman ADMM (1.6), which is assumed to be bounded. Then we have 
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 2
1

0
.k k

k
w w

+∞

+
=

− < +∞∑  

Proof: Considering that { }kw  is bounded, it has at least one limit point. Let 
*w  be a limit point of { }kw  and let { }jkw  be the subsequence converging to 

it, i.e. *
jkw w→ . Given that ( )h

β ⋅  is a lower semicontinuous function, we can 
deduce that 

 ( ) ( )* liminf .
j

h h
kj

w wβ β→+∞
≤   

Consequently, ( ){ }j

h
kwβ  is bounded from below. Besides, the fact that 

( ){ }h
kwβ  is nonincreasing implies that ( ){ }j

h
kwβ  is convergent. Moreover, 

( ){ }h
kwβ  is convergent, and ( ) ( )*h h

kw wβ β≥  . Based on the Equation (3.2), 
we can obtain 

 ( ) ( ) ( )1 1, .h h
h k k k kD y y w wβ βδ + +⋅ ≤ −   

Summing up the above inequality from 0k =  to n , we conclude that 

 ( ) ( ) ( ) ( ) ( )*
1 0 1 0

0
, .

n
h h h h

h k k n
k

D y y w w w wβ β β βδ + +
=

≤ − ≤ − < +∞∑      

Owing to 0δ > , we have ( )1
0

,h k k
k

D y y
∞

+
=

< +∞∑ , which implies  
2

1
0

k k
k

y y
∞

+
=

− < +∞∑ . Consequently, according to (3.9), we get that 

 2
1

0
.k k

k
λ λ

∞

+
=

− < +∞∑  

Recall Lemma 2.5, we have 

 ( ) ( ) ( )( ) ( ) ( )( )1 1 11 ,k k k k k kh Ax b h y h y h yλ λ β α+ + + = − + ∇ − −∇ − − ∇ − −∇ −   

 ( ) ( ) ( )( ) ( ) ( )( )1 1 11 .k k k k k kh Ax b h y h y h yλ λ β α− − − = − + ∇ − −∇ − − ∇ − −∇ −   

Combining the two equalities, we obtain 

 

( ) ( ) ( )( )
( ) ( ) ( ) ( )( )

( ) ( )( )

1

1 1 1

1

1

.

k k

k k k k k k

k k

h Ax b h Ax b

h y h y

h y h y

α β

λ λ λ λ αβ

β

+

− + −

+

+ ∇ − −∇ −

= − − − − ∇ − −∇ −

− ∇ − −∇ −

 

Then, we use the 1-strong-convex of ( )h ⋅  and Assumption A(iii), we can follow 

 ( ) ( ) 22 2
1 1 1 .k k k k k kM x x Ax Ax h Ax b h Ax b+ + +− ≤ − ≤ ∇ − −∇ −  

Thus, combining the above two formulas, we obtain that 

( )
( ) ( ) ( ) ( )

( ( ) ( )

( ) ( ) )
( )

22 2
1

222 22 2
1 1

22 2 2 2
1 1 1

22
1

2 2 2 22 2 2 2 2
1 1 1 1

1

1 1

4

4 ,

k k

k k k k

k k k k k k

k k

k k k k h k k h k k

M x x

Ax Ax h Ax b h Ax b

h y h y

h y h y

L y y L y y

α β

α β α β

λ λ λ λ α β

β

λ λ λ λ α β β

+

+ +

− + −

+

− + − +

+ −

≤ + − ≤ + ∇ − −∇ −

≤ − + − + ∇ − −∇ −

+ ∇ − −∇ −

≤ − + − + − + −

 (3.18) 
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where 0M > . Then, the last inequality implies 2
1

0
k k

k
x x

∞

+
=

− < +∞∑ . 

Thus, 2
1

0
k k

k
w w

∞

+
=

− < +∞∑ . This completes the proof.□ 

Lemma 3.3. Let ( ){ }, ,k k k kw x y λ=  be the sequence generated by the symmet-
ric Bregman ADMM (1.6), which is supposed to be bounded, and given that As-
sumption A holds. For any positive integer k , we define 

 

( )* T T T 2
1 1 1 1

*
1 1 1

2
*

1 1 1

: , ,

: ,

: .

k k k k k k

k kk

k k k

x A A A h Ax b y y

y

Ax y b

λ λ β

λ λ

λ

+ + + +

+ +
+

+ + +

 = − + ∇ − −
 = −

 = − − +

 

Then, ( ) ( )* * *
1 1 1 1, , h

k k k kx y wβλ+ + + +∈∂  and there exists 0ξ >  such that 

 ( )( )1 10, .h
k k kd w y yβ ξ+ +∂ ≤ −  

Proof: By definition of function ( )h
β ⋅ , we can obtain that 

( ) ( ) ( )
( ) ( ) ( ) ( )( )
( ) ( )

T T 2
1 1 1 1 1 1

1 1 1 1 1

1 1 1

, ,

,

.

h
x k k k k k k

h
y k k k k k

h
k k k

w f x A A h Ax b Ax y b

w g y h Ax b h y

w Ax y b

β

β

λ β

λ β

λ β

+ + + + + +

+ + + + +

+ + +

∂ = ∂ − − ∇ − − − +
∂ = ∇ − + ∇ − −∇ −

∂ = − + −







 (3.19) 

Combining the optimality condition (3.1) with equation (3.19), we get 

 

( ) ( )
( )

( )

T T T 2
1 1 1 1

1 1 1
2

1 1 1

, ,

,

.

h
k k k k k x k

h
k y kk

h
k k k

A A A h Ax b y y w

w

Ax y b w

β

β

λ β

λ λ β

λ λ

+ + + +

+ +
+

+ + +


− + ∇ − − ∈∂


− ∈∂


− − + ∈∂







  

Then, according to Lemma 2.2, we obtain that ( ) ( )* * *
1 1 1 1, , h

k k k kx y wβλ+ + + +∈∂ .  
Furthermore, 

 ( ) ( )2 2
1 1 1 1 1, .k k k k k k h k kh Ax b y y h Ax b y y L y y+ + + + +∇ − − ≤ ∇ − − ≤ −   

In addition, 

 

( ) ( )

( ) ( ) ( )

( )

1 1 1 1

1 1

1 1

1
1 1

1 .
1 1

k k k k

k k k k

h
k k k k

Ax y b h Ax b h y

h y h y

L
y y

αλ λ
α β α

α
λ λ

α β α

+ + + +

+ +

+ +

+ − ≤ ∇ − −∇ −

≤ − + ∇ − −∇ −
+ +

≤ − + −
+ +

  

On the other hand, 

 

( ) ( )( )

( ) ( )

1 1 1 1
2

1 1

1 1

1
1 1

1 .
1 1

k k kk

k k k k

h
k k k k

h Ax b h y

h y h y

L
y y

λ λ β

αβλ λ
α α

αβ
λ λ

α α

+ + +
+

+ +

+ +

− = ∇ − −∇ −

≤ − + ∇ − −∇ −
+ +

≤ − + −
+ +
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Based on the above relationship, we know that there exist 1 2, 0ξ ξ >  such that 

 ( )* * *
1 1 1 1 1 2 1, , .k k k k k k kx y y yλ ξ ξ λ λ+ + + + +≤ − + −  

Defining 1 2: hLLξ ξ ξ= +  and using (3.9), we obtain 

 ( )( ) ( )* * *
1 1 1 1 10, , , .h

k k k k k kd w x y y yβ λ ξ+ + + + +∂ ≤ ≤ −  

This completes the proof. 
Lemma 3.4. Let ( ){ }, ,k k k kw x y λ=  be the sequence generated by the symmet-

ric Bregman ADMM (1.6), which is supposed to be bounded. Let ( )0S w  denote 
the set of its limit points. Then 

(i) ( )0S w  is a nonempty compact set, and 

 ( )( )0, 0kd w S w → , as k → +∞ ; 

(ii) ( )0
hS w crit β⊂  , where  hcrit β  denotes the set of all stationary points of 

h
β ; 
(iii) ( )h

β ⋅  is finite and constant on ( )0S w , which equals to 

 ( ) ( )inf lim .h h
k kk k

w wβ β∈ →+∞
=


   

Proof: 
(i) The proposition is immediately derived from the definition of limit points. 
(ii) We assume that ( ) ( )* * *

0, ,x y S wλ ∈ , then there exists a subsequence 

( ){ }, ,
j j jk k kx y λ  that converges to ( )* * *, ,x y λ . Note that Lemma 3.2, we have 

 1 0.k kw w+ − →  (3.20) 

Consequently, we deduce that ( ){ }1 1 1, ,
j j jk k kx y λ+ + +  also converges to  

( )* * *, ,x y λ . Given that 1kx +  is the minimizer of ( ), ,h
k kx yβ λ  concerning the 

variable x , we have 

 ( ) ( )*
1, , , , .h h

k k k k kx y x yβ βλ λ+ ≤   (3.21) 

On one hand, according to (3.20), (3.21) and the continuity of ( )h
β ⋅  with re-

spect to y  and λ , we get 

( ) ( ) ( )* * *
1 1 1 1limsup , , limsup , , , , .

j j j j j j

h h h
k k k k k k

j j
x y x y x yβ β βλ λ λ+ + + +

→+∞ →+∞
= ≤    (3.22) 

On the other hand, using the lower semicontinuity of ( )h
β ⋅ , we have 

 ( ) ( )* * *
1 1 1limsup , , , , .

j j j

h h
k k k

j
x y x yβ βλ λ+ + +

→+∞
≥   (3.23) 

The above two relations (3.22) and (3.23) imply that 

 ( ) ( )*
1lim .

jkj
f x f x+→+∞

=  

Taking the limit in the optimality conditions (3.1) along the subsequence 

( ){ }1 1 1, ,
j j jk k kx y λ+ + + , and utilizing (3.20) yields 

https://doi.org/10.4236/jamp.2025.133047


Z. Y. Zeng, S. L. Zhao 
 

 

DOI: 10.4236/jamp.2025.133047 905 Journal of Applied Mathematics and Physics 
 

 

( )
( )

( ) ( )

T * *

* *

* *

,

,

0.

A f x

g y

h Ax b h y

λ

λ

 ∈∂

 = ∇

∇ − −∇ − =

 

Thus, ( )* * *, ,x y λ  is a critical point of (5), which implies that *  hw crit β∈  . 
(iii) For any point ( ) ( )* * *

0, ,x y S wλ ∈ , there exists a subsequence  

( ){ }, ,
j j jk k kx y λ  that converges to ( )* * *, ,x y λ  as j → +∞ . By merging equa-

tions (22) and (23) with the observation that the sequence ( ){ }h
kwβ  is nonin-

creasing, we have 

 ( ) ( )* * *lim , , , , .h h
k k kk

x y x yβ βλ λ
→+∞

=   

Therefore, ( )h
β ⋅  is constant on ( )0S w . Furthermore, we also have  

( ) ( )inf limh h
k kk k

w wβ β∈ →+∞
=


  . 

Hence, we have complete the proof. 
Now we present the main convergence result for the symmetric Bregman 

ADMM (1). 
Theorem 3.1. Let ( ){ }, ,k k k kw x y λ=  be the sequence generated by the sym-

metric Bregman ADMM (1.6), which is assumed to be bounded. Suppose that 
( )h

β ⋅  is a KL function, then { }kw  has finite length, that is 

 1
0

,k k
k

w w
+∞

+
=

− < +∞∑  

and as a consequence, { }kw  converges to a critical point of ( )h
β ⋅ . 

Proof: Based on the proof of Lemma 3.4, it implies that ( ) ( )*h h
kw wβ β→   

for all ( )*
0w S w∈ . Next, we will consider two cases. 

(i) If there exists an integer 0k  for which ( ) ( )0

*h h
kw wβ β=  . Then according 

to Remark 3.1 and (2), we have 

 ( ) ( ) ( ) ( ) ( )0

*
1 1, 0,h h h h

h k k k k kD y y w w w wβ β β βδ + +≤ − ≤ − =     

for any 0k k> . Consequently, we conclude that 1k ky y+ =  for any 0k k> . 
Combining (9) and (18), we further deduce that 1k kλ λ+ =  and 1k kx x+ =  for 
any 0 1k k> + , which implies that 1k kw w+ = . As a result, the assertion is substan-
tiated. 

(ii) If ( ) ( )*h h
kw wβ β>   for all k . Considering that ( )( )0, 0kd w S w → , 

there exists 1 0k > , such that ( )( )0,kd w S w ε<  ( )0ε∀ >  for any 1k k> . Fur-

thermore, with ( ) ( )*h h
kw wβ β→  , it follows that there exists 2 0k > , such that 

( ) ( )*h h
kw wβ β η< +   ( )0η∀ >  for any 2k k> . 

Thus, when { }1 2max ,k k k k> =  for all , 0ε η > , we derive the following con-
clusions 

 ( )( ) ( ) ( ) ( )* *
0, , .h h h

k kd w S w w w wβ β βε η< < < +    

Since ( )h
β ⋅  is constant on ( )0S w  and ( )0S w  is a nonempty compact set, 
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we use Lemma 2.3 with ( )0S wΩ =  to derive that for any k k>  , 

 ( ) ( )( ) ( )( )* 0, 1.h h h
k kw w d wβ β βϕ′ − ∂ ≥    (3.24) 

Relying on the fact that  
( ) ( ) ( ) ( ) ( ) ( )( )* *

1 1
h h h h h h

k k k kw w w w w wβ β β β β β+ +− = − − −      , and the concavity 
of ( )ϕ ⋅ , it follows that 

 
( ) ( )( ) ( ) ( )( )
( ) ( )( ) ( ) ( )( )

* *
1

*
1 .

h h h h
k k

h h h h
k k k

w w w w

w w w w

β β β β

β β β β

ϕ ϕ

ϕ

+

+

− − −

′≥ − −

   

   
 

Combining ( )( ) 10, h
k k kd w y yβ ξ −∂ ≤ −  with the above inequality,  

( ) ( )( )* 0h h
kw wβ βϕ′ − >   and inequality (3.24), we can obtain 

 

( ) ( )
( ) ( )( ) ( ) ( )( )

( ) ( )( )
( )( ) ( ) ( )( ) ( ) ( )( )

( ) ( )( ) ( ) ( )( )

* *
1

1 *

* *
1

* *
1 1

0,

.

h h h h
k kh h

k k h h
k

h h h h h
k k k

h h h h
k k k k

w w w w
w w

w w

d w w w w w

y y w w w w

β β β β

β β

β β

β β β β β

β β β β

ϕ ϕ

ϕ

ϕ ϕ

ξ ϕ ϕ

+

+

+

− +

− − −
− ≤

′ −

 ≤ ∂ − − − 
 ≤ − − − − 

   
 

 

    

   

 (3.25) 

For convenience, for all ,p q∈ , we define  
( ) ( )( ) ( ) ( )( )* *

,Δ : h h h h
p q p qw w w wβ β β βϕ ϕ= − − −    . 
Hence, (3.25) can be simplified as 

 ( ) ( )1 1 , 1Δ .h h
k k k k k kw w y yβ β ξ+ − +− ≤ −   (3.26) 

Combining inequality (3.26) with Lemma 2, we get that for all k k>  , 

 ( )2
1 1 1 , 1, Δ .

2 k k h k k k k k ky y D y y y yδ δ ξ+ + − +− ≤ ≤ −  

Then, 

 1 2
1 , 1 1

2 Δ .k k k k k ky y y yξ
δ+ + −− ≤ −  

Applying the fact that 2 αβ α β≤ + , we obtain 

 1 1 , 1
22 Δ .k k k k k ky y y y ξ
δ+ − +− ≤ − +  (3.27) 

Summing up (3.27) over for 1, ,k k m= + 

 , we have 

 1 1 1, 1
1 1

22 Δ .
m m

k k k k k m
k k k k

y y y y ξ
δ+ − + +

= + = +

− ≤ − +∑ ∑ 

 

 

Note that ( ) ( )( )*
1 0h h

mw wβ βϕ + − >   from Definition 2.8. Taking m → +∞ , 
we have 

 ( ) ( )( )*
1 1 1

1

2 .h h
k k k k k

k k
y y y y w wβ β

ξ ϕ
δ

+∞

+ + +
= +

− ≤ − + −∑   



   (3.28) 

Therefore, 
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 1
0

.k k
k

y y
+∞

+
=

− < +∞∑  (3.29) 

Combining (3.9) and (3.29), we get 

 1
0

.k k
k

λ λ
+∞

+
=

− < +∞∑  (3.30) 

Using (3.18), we obtain 

 

( ) (

)

( )
(

)

2 2
1 1 1

1
2 22 2 2 2 2 2

1 1

1 1

1 1

2
1

2
1

.

k k k k k k

h k k h k k

k k k k

h k k h k k

x x
M

L y y L y y

M

L y y L y y

λ λ λ λ
α β

α β β

λ λ λ λ
α β

αβ β

+ − +

− +

− +

− +

− ≤ − + −
+

+ − + −

≤ − + −
+

+ − + −

 

Combining above inequality with (3.29) and (3.30), we have 

 1
0

.k k
k

x x
+∞

+
=

− < +∞∑  (3.31) 

Furthermore, we note that 

 ( )1 22 2 2
1 1 1 1

1 1 1 .

k k k k k k k k

k k k k k k

w w x x y y

x x y y

λ λ

λ λ

+ + + +

+ + +

− = − + − + −

≤ − + − + −
 

Using (3.29), (3.30) and (3.31), it follows that 

 1
0

,k k
k

w w
+∞

+
=

− < +∞∑  

which implies that { }kw  is a Cauchy sequence and thus convergent. The asser-
tion follows from Lemma 3.4 immediately.□ 

Next, we provide the essential sufficient conditions to establish that the se-
quence ( ){ }, ,k k k kw x y λ=  generated by the symmetric Bregman ADMM (1.6) is 
bounded. 

Lemma 3.5. Let ( ){ }, ,k k k kw x y λ=  be the sequence generated by the symmet-
ric Bregman ADMM (1.6). Suppose that 

 ( ) ( ) 21inf : .
2y

g y g y g
L

 − ∇ = > −∞ 
 

 

If at least one of the following statements is true: 
(i) ( )liminf

x
f x

→+∞
= +∞ . 

(ii) ( )inf
x

f x > −∞  and ( )liminf
y

g y
→+∞

= +∞ . 

Then, the sequence ( ){ }, ,k k k kw x y λ=  is bounded. 

Proof. Suppose that condition (i) holds. From Lemma 3.1, we have 

 ( ) ( )1 1 1, , , , .h h
k k kx y x yβ βλ λ≤   

which implies 
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( ) ( ) ( ) ( )1 1 1, , , , .h
k k k k k h k kx y f x g y Ax y b D y Ax bβ λ λ β≥ + − + − + − −  (3.32) 

Using the 1-strong convexity of the function ( )h ⋅  and the definition of 
( ),hD ⋅ ⋅ , we have 

( ) ( ) ( ) ( )
2

, ,

1 .
2

h k k k k k k k

k k

D y Ax b h y h Ax b h Ax b y Ax b

Ax y b

− − = − − − − ∇ − − − −

≥ + −
 (3.33) 

Combining (3.32) with (3.33) and using the fact ( )k kg yλ = ∇ , we get 

 

( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( )

2
1 1 1

2
2

2 2

2

2
2

, , ,
2

1 1
2 2

1 1 1
2 2 2

1
2

1 1 1 .
2 2 2

h
k k k k k k k

k k k k k k

k k k k

k k k

k k k k k

x y f x g y Ax y b Ax y b

f x g y Ax y b

f x g y g y
L L

Ax y b

f x g Ax y b
L

β
βλ λ

βλ λ
β β

λ
β

β λ
β

βλ λ
β β

≥ + − + − + + −

= + − + + − −

  = + − ∇ + −  
   

+ + − −

 
≥ + + − + + − − 

 



 (34) 

Note that (i) implies that ( )inf
x

f x > −∞ . When 2

1 ,0
2 1hL

α
 

∈ − + 
, we have 

2 3

2

2 2
2

1 2
h h

h

LL LL
L

L
α

β
α α
−

> >
+ +

, besides, when 2

10,
2 1hL

α
 

∈  − 
, we have  

( ) 2 3

2

2 1 2
2

1 2
h h

h

LL LL
L

L
α α

β
α α

+ +
> >

+ −
. Therefore, we can derive that { }kx , { }kλ  and 

2
1

2 k k kAx y bβ λ
β

  + − − 
  

 are bounded. Consequently, { }ky  is also bounded, 

and hence { }kw  is bounded. 

Next, suppose condition (ii) holds. Using ( )k kg yλ ∈∂  and (3.34), we get that 

 

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

2
2

1 1 1

2

2
2

2

2

1 1, ,
2 2

1 1 1
2 2 2

1 1 1
4 2 2

1 1 1 1
2 2 4 2

1 .
2

h
k k k k k k

k k k k

k k k

k k k

k k k

x y f x g y Ax y b

f x g y g y g y
L

Ax y b
L

f x g y g
L

Ax y b

β
βλ λ λ

β β

βλ λ
β β

λ
β

β λ
β

≥ + − + + − −

 = + + − ∇ 
 

 
+ − + + − − 
 

 
≥ + + + − 

 

+ + − −



 

Note that ( )liminf
y

g y
→∞

= +∞  implies that ( )inf
y

g y > −∞ . When  
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2

1 ,0
2 1hL

α
 

∈ − + 
, we have 

2 3

2

2 2
2

1 2
h h

h

LL LL
L

L
α

β
α α
−

> >
+ +

, besides, when  

2

10,
2 1hL

α
 

∈  − 
, we have 

( ) 2 3

2

2 1 2
2

1 2
h h

h

LL LL
L

L
α α

β
α α

+ +
> >

+ −
. Therefore, we con-

clude that the sequences { }ky , { }kλ  and 
2

1
2 k k kAx y bβ λ

β

  + − − 
  

 are  

bounded. Then, from (3.18), it follows that { }kx  is also bounded, and as a con-

sequence, { }kw  is bounded. This completes the proof. 

Theorem 3.2. (Convergence rate) Let ( ){ }, ,k k k kw x y λ=  be the sequence gen-
erated by the symmetric Bregman ADMM (1.6) and converge to  

( ){ }* * * *, ,w x y λ= . Assuming that ( )h
β ⋅  has the KL property at ( )* * *, ,x y λ  

with ( ) 1s cs θϕ −= , [ )0,1θ ∈ , 0c > . Then, the following results hold 
(i) If 0θ = , then the sequence ( ){ }, ,k k k kw x y λ=  converges in a finite num-

ber of steps. 

(ii) If 10,
2

θ  ∈  
, then there exists 1 0c >  and [ )0,1τ ∈  such that 

 ( ) ( )* * *
1, , , , .k

k k kx y x y cλ λ τ− ≤  

(iii) If 1 ,1
2

θ  ∈ 
 

, then there exists 2 0c >  such that 

 ( ) ( ) ( ) ( )1 2 1* * *
2, , , , .k k kx y x y c k θ θλ λ − −− ≤  

Proof: Firstly, consider the case that 0θ = , we have ( )s csϕ =  and  
( )s cϕ′ = . Proof by contradiction, suppose that ( ){ }, ,k k k kw x y λ=  does not 

converge in a finite number of steps, and then, the KL property at ( )* * *, ,x y λ  
yields ( )( )0, 1h

kc d wβ⋅ ∂ ≥  for any sufficiently large k , which is contrary to 
Lemma 3.1. 

Secondly, consider that 0θ >  and set 1Δk i i
i k

y y
+∞

+
=

= −∑  for 0k ≥ . By the 

triangle inequality, we derive that *Δk ky y≥ − , and hence it is able to estimate 

Δk . With these notations, it follows from (3.28) that 

 ( ) ( )( )*
1 1 1

2Δ Δ Δ .h h
k k k kw wβ β

ξ ϕ
δ+ + +≤ − + −

   

   

Invoking the KL property of ( )h
β ⋅  at ( )* * *, ,x y λ , we conclude that 

 ( ) ( )( ) ( )( )*
1 10, 1.h h h

k kw w d wβ β βϕ + +
′ − ∂ ≥

 

    

This can be taken to imply 

 ( ) ( )( ) ( ) ( )( )*
1 11 0, .h h h

k kw w c d w
θ

β β βθ+ +− ≤ ⋅ − ∂
 

    (3.35) 

According to Lemma 3.1, we get 

 ( )( ) ( )1 1 10, Δ Δ .h
k k k k kd w y yβ ξ ξ+ + +∂ ≤ − = −
    

  (3.36) 
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Combining (3.35) and (3.36), it follows that there exists 0γ >  such that 

 ( ) ( )( ) ( ) ( )( ) ( )( )1 1* *
1 1 1Δ Δ .h h h h

k k k kw w c w w
θ θ θ

β β β βϕ γ
− −

+ + +− = ⋅ − ≤ −
   

     

Therefore, 

 ( )( )1

1 1 1

2Δ Δ Δ Δ Δ .k k k k k

θ θξ γ
δ

−

+ + +≤ − + −
    

 

Sequences satisfying such inequalities have been studied in [33]. It is shown that 

• If 10,
2

θ  ∈  
, then there exists 1 0c >  and [ )0,1τ ∈ , such that 

 *
1 .k

ky y c τ− ≤  (3.37) 

• If 1 ,1
2

θ  ∈ 
 

, then there exists 2 0c > , such that 

 ( ) ( )1 2 1*
2 .ky y c k θ θ− −− ≤  (3.38) 

Recalling that 

 1 1 ,k k h k kLL y yλ λ+ +− ≤ −  

consequently, 

 * * .k h kLL y yλ λ− ≤ −  (3.39) 

Furthermore, from the relations 

 ( ) ( )( ) ( ) ( )( )1 1 ,k k k k k kh Ax b h y h Ax b h yλ λ αβ β− −= − ∇ − −∇ − − ∇ − −∇ −  

and 

 ( ) ( )* * 0,h Ax b h y∇ − −∇ − =  

it follows that 

 

( ) ( ) ( )( )
( ) ( )( ) ( ) ( )

( ) ( )( )

*

* * *
1

*
1

1

.

k

k k k

k

h Ax b h Ax b

h y h y

h y h y

α β

β λ λ λ λ

αβ

−

−

+ ∇ − −∇ −

= ∇ − −∇ − + − + −

+ ∇ − −∇ −

 

i.e., 

 

( ) ( )( )
( ) ( )( ) ( ) ( )

( ) ( ) ( ) ( )( )

*

* *
1

* *
1

1 1
1 1

1 .
1 1

k

k k

k k

h Ax b h Ax b

h y h y

h y h y

λ λ
α α β

αλ λ
α β α

−

−

∇ − −∇ −

= ∇ − −∇ − + −
+ +

+ − + ∇ − −∇ −
+ +

 

Subsequently, combining the 1-strong-convexity of ( )h ⋅  and above equality, 
it follows that 
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( ) ( )

( ) ( )

( ) ( ) ( ) ( )

* *

* *
1

* *
1

1

1 1 1
1 1

1
1 1

k k

k k

k k

x x h Ax b h Ax b
M

M

h y h y h y h y

λ λ λ λ
α β α β

α
α α

−

−

− ≤ ∇ − −∇ −


≤ − + − + +

+ ∇ − −∇ − + ∇ − −∇ − + + 

 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )
( )
( )

( )
( )

* *
1

* *
1

* *
1

* *
1

* *
1

1 1 1
1 1

1 1

1
1 1

1 1

11 .
1 1

k k

h h
k k

h h
k k

h h
k k

h h
k k

M

L L
y y y y

LL LL
y y y y

M

L L
y y y y

L L L L
y y y y

M

λ λ λ λ
α β α β

α
α β α β

α β α β

α
α β α β

α
α β α β

−

−

−

−

−


≤ − + − + +

+ − + −
+ +

≤ − + −













+ +

+ − + −
+ +

 + +
≤ − + −  + + 

 (3.40) 

The desired inequalities follow from (3.37)-(3.40) immediately.□ 

4. Conclusions 

In this paper, we proposed a symmetric Bregman ADMM, which can return to 
the symmetric ADMM, the Bregman ADMM and classical ADMM while circum-
venting the requirement for global Lipschitz continuity of the gradient when min-
imizing a linearly constrained nonconvex minimization problem whose objective 
function is the sum of two separable nonconvex functions. Moreover, we analyze 
its convergence, under certain assumptions and when the associated function sat-
isfies the Kurdyka-Lojasiewicz inequality, we prove that the iterative sequence 
generated by the symmetric Bregman ADMM converges to a critical point of the 
problem. Finally, we establish the convergence rate of the algorithm. 
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