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Abstract

In this paper, we consider the fear effect and gestation delay, and then establish
a delayed predator-prey model with cannibalism. Firstly, we prove the well-
posedness of the model. Secondly, the existence and stability of all equilibri-
ums of the system are studied. Thirdly, the Hopf bifurcation at the coexistence
equilibrium is investigated, and the conditions for the occurrence of Hopf bi-
furcation at the unique positive equilibrium point of the system with delay are
determined. Finally, the numerical simulation results show that as the time
delay increases, the equilibrium loses its stability, and the system has periodic
solution.
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1. Introduction

Predation serves as the primary determinant of prey mortality. During the course of
evolution, prey has developed a variety of sophisticated strategies, such as detecting,
eluding, or combating predators, while actively searching for new food sources
[1]-[3]. A growing body of research has demonstrated that the mere presence of
predators can exert a substantial influence on the physiological traits and behavioral
patterns of prey. In other words, the presence of a predator has a greater effect on
the prey than the predator directly hunting. Zanette et al [4] studied the effects of
predators on the reproductive habits of songbirds and found that the presence of
fear factors influenced the birth and survival rates of songbirds. Wang et al. [5] pro-
posed a specific mathematical model to characterize the role of the fear effect on

predator-prey systems:
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C:1—1::f(k,v)rou—du—au2 —g(u)v,
%=cg(u)v—mv,

where prey and predator density are denoted by #>0 and v>0, k reflects the
fear level of the prey due to perceiving the risk of predation, 7, is the natural birth
rate of prey in the absence of predators, f(k, v) is the cost of the antipredation
defense of the prey due to fear and it is monotonically decreasingin & and v,
d isthe natural death rate of prey, a is the density-dependent death rate of the
prey due to intraspecies competition, g (u) is the functional response function
which is independent of v,and m isthe predator death rate. It obtained some
results on how the fear effect affects the dynamic behavior of predator-prey models
through mathematical analysis and numerical simulations. For more related research,
see [6]-[10].

Certain predator populations are capable of consuming their own kind to gain
energy, enabling them to survive in the absence of prey. And we study such mod-
els by considering cannibalism. In some primates [11], fish [12], carnivorous
mammals [13] and spiders [14], cannibalism [15], also known as intraspecific pre-
dation, involves eating offspring or siblings. This phenomenon is sometimes re-
ferred to as the “lifeboat mechanism” because it prevents the extinction of pred-
ator communities. Depending on the rate of cannibalism, cannibalism can have a
positive or negative impact on the population. Many scholars have been inspired
to study and produce many remarkable research results. Therefore, for some pred-
ators, it makes more sense to include predators in a stage structure model as well.

Deng et al. [16] proposed a Lotka-Volterra prey-predator with predator cannibal-

du ( u)
—=ru|l—— |—auv,
dt K

dv v?
—=auv+by—cv——=—,
dt pv

ism:

where parameter r represents the intrinsic growth rate of the prey, K represents
the carrying capacity of the prey in the environment, «, represents the rate of pre-
dation, a, represents the rate at which prey biomass is converted into predator
birth, b, represents the rate at which cannibalism is converted into predator birth,
¢ represents the rate at which predators die, b, represents the rate at which can-
nibalism occurs within predator individuals, and B represents the cannibalism
half-saturation constant. The final term and the second term in the second equation
of the system represent the phenomena of cannibalism.

The existence of delay is common in ecosystem. In ecology, physics, biology and
other fields, delayed differential equations are more useful than conventional equa-
tions. In ecosystem, changes in growth and development, reproduction processes,
and environmental factors can produce time lags, and population conditions are

affected by time lags. Considering the time delay factor in the predator model can
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better reflect the actual situation of the ecosystem. In many current studies, the en-
ergy obtained by predators through food does not immediately affect the reproduc-
tion of predator groups, and this effect can be described by the Holling-type func-
tional response function, which often displays time delay. In the delayed predator-
captor model, delay may affect the stability or instability of prey density due to pre-
dation (see [17]-[20]). Due to new ecological evidence and theoretical advances,
researchers are making new advances in modeling various aspects of biological
interactions. Holling [21] proposed a more accurate point of view that has become
one of the most widely used ecologies. Hussien et al. [22] considered the existence
of cannibalism in the predator population, considered the pregnancy delay of the

predator population, and added the predator refuge constant to obtain the follow-

du ( uj a,uv
e P L
dr K) p+u
dv _au(t-7)v(t-7)
dr By +u(t—r)

ing model:

b, (1-m)v* M

,82+(1—m)v’

+by—cv-

where parameter b, represents the cannibalism coefficient of the predator pop-
ulation, f, represents the half-satiation constant of cannibalism, and m repre-
sents the predator refuge constant. The results show that reducing the cannibalism
rate will destroy the coexistence equilibrium point and make the system close to
periodic dynamics. On this basis, the Holling Type II functional response, based on
the traditional Lotka-Volterra model, is a function of increases, concave, smooths
out, and saturation at high prey numbers. Many authors have studied predator-prey
models that use this functional response function, both with and without time delay,
and even with spatial dependence (see [23] [24]).

In natural ecosystems, long-term monitoring of predator populations can re-
veal patterns related to cannibalism and density. Rudolf [25] studied dragonfly
predation models, providing the first experimental evidence for the indirect ef-
fects of cannibalism behavior and density constraints on prey. The study of bio-
logical populations and the analysis of related ecological phenomena have certain
relevance to the study of the relationship between cannibalism and density in fish
populations. To some extent, it shows the importance and significance of long-
term monitoring of predator populations in natural ecosystems. Meanwhile, prey
animals are not only affected by the immediate presence of predators (fear effect),
but predators also sometimes resort to cannibalism when resources are scarce.
Moreover, biological processes such as reproduction and development take time,
which is captured by the time-delay factor. The previous study did not couple
these parts in the same model to accurately describe how these factors interact
over time and affect the stability and dynamics of the predator-prey system.
Therefore, assuming that young individuals have density limitations due to their
dependence on nutritional or biological resources. We propose the following

model:
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dx  ax o) -2

Ez l+by_ x+m’
d_y:gozx(t—r)y(t—r)+(r_d)y_o._ﬁ’ (2)
dr x(t—z’)+m y+n
with the initial conditions
x(0)=x,(0)20,y(8)=y,(0)=0,0 €[7,0]. (3)

The rest of this paper is organized as follows. In Section 2, we establish the well-
posedness of solutions of system (2). In Section 3, we investigate the existence and
stability of equilibrium and the existence of Hopf bifurcation are investigated. In
Section 4, we analyze the stability of Hopf bifurcation. In Section 5, we conducted

some numerical simulations. Finally, a brief conclusion is given in Section 6.

2. Well-Posedness

In this section, we will prove the well-posedness of model (2) and obtain the follow-
ing theorem.

Theorem 1. For any initial value (x,y)eR?, system (2) has a unique solution
satisfying (3), which exists globally in (O, +oo) , is nonnegative, and remains bounded.

Moreover, the region
M= {(x,y)eRi,OSH(t)gg}

is both positively invariant and attractive for (3), where

9, (a+G)
H(t)=p,x+¢, F::4—, 0<G<r—d.
c

Proof. According to [26] (Lemma 4), we derive that every solution of (2) with
the initial condition (3) is positive, that is, any solutions remain positive when
Vt>0 intheregion R;.The following is a proof of well-posedness.

Firstly, similar to the Lyapunov function as in [22], let

H(t,7)=gux(1-7)+g,»(t),

where g,,g, are positive constants. After calculation, the

, gax(t-r) ) (8.0, -g0)x(t-7)y(t-7)
_ _ —d
H <_1+by 8cx (t T)+ x(t—z')+m +g2(l" )y
<g1ax(t—7)_glcx2(t—r)+(gz%_i(f(’lt)_xr()t;;)y(t_r)+g2(r—d)y.

Set g1:¢’zog2:(/’1’then
H’<wzax(t—r)—g)zcxz(t—r)+(ol(r—d)y.
Choose a constant G >0 such that
H'+GH < p,ax(t—1)—@,cx’ (t—7)+ ¢, (r—d) y + Go,x(t —7)+ Go,y (t)
:g02(a+G)x(t—T)—(o2cx2(t—r)+(01(r—d+G)y,
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take G<d-r,then H'+GH <@,(a+G)x(t—1)—pex’(1—7)=F(x(t-7)).
Since F"(x(t—7))=-2cp, <0, so that F(x(¢—7)) hasa maximum value of

2
¢, (a+G)
4c '
Applying differential inequality theory results, we obtain

0<H (t) Sg(l—e'G’)+H(x(O),y(O))e_G’, £20.

F
As t—>+o0,wehave 0<H (t)< e Therefore, all the solutions of system (2)
are confined in the region

M= {(x,y)eRi,()gH(t)gg}.
This completes the proof.

3. Equilibria and Its Stability

In this section, we will show all equilibrium of the model (2) and analyze its sta-
bility.

First, we can easily obtain the following results:

1) The trivial equilibrium point 4, (0, 0) ;

2) The predator-free point 4, (xl,O) , where x, = 4 always existin R’;
¢

(r—d)n

3) The prey-free point 4, (0,y,),where y, = ' existsif r—o<d<r;

4) The coexistence equilibrium point 4, (x3, y3) satisfying

ax ) X
3 —cx3—¢1 3)3 -0

1+by, X, +m
PV (), TP,
X, +m Py

By solving the above equations, we get
my3(0'—r+d)+mn(d—r)
(p,+r—d—c)y,+n(g,+r—-d)

L=
The equilibrium point exists only if r<d <@, —o+r and y, satisfies the
equation
Ay +By* +Cy+D =0,
where
A:am(d—r-i-a)((pz—d+r—0')—cm2[(d—r)2+2GJ—¢1¢2(d—r),
Bzamn(d—r-i—a)((pz—d+r)+mn(d—r)(g02—d+r—0)
~2em* (d —r)(d —0)—pn(d—r)(g, —d +1),
C:mnz(d—r)(goz—d+r)—cam2(d—r)2—(onz(d—r)((oz—d+r),
D=gn*(d—r)—cm*(d-r)".
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According to the Descartes rule of sign and % <0(d #r),we find that it exists

at least one positive root.
Next, we will discuss the stability of the equilibrium point. To study its local
stability, we linearize the system at equilibrium point (xi, y[) to obtain the Jaco-

bian matrix.

Let )_c(t) = x(t) —x,.,)_/(t) = y(t)—yl.,(i =0,1, 2,3) , and for simplicity, we still de-
note them as x(t), y(t) . The linearized system is
dx

Q& :Flox(t)"'F;ny(t)’

d
d_);: GO]Ox(t—T)+Glooy(t)+G00]y(t—T),
where
ISP ) ___abx __ o
O 14+ by, Corm) T (Leby) xm
(4)

v oyl +2noy, X;

G()l() :—¢2 ) ) Gmo :r_d_y’—zyl’ o1 = — ’

(x,.—i-m) (yi +n) Xp+m

Then, the characteristic equation of the above system at (xi, y,.) can be deter-

mined by
_ +Zcxl.+ o my; - abxi -+ DX
1+byi (x[+m) (]+by[) X, +m )
=0 5
2
) ‘42 ) )
_ (ozmyzzeflr ﬂ'f‘d—r"r‘o-yl + noz-yz_ (ﬂle efﬂ.r
(xl.+m) (yl.+n) X, tm

Theorem 2. The trivial equilibrium point 4, (0,0) is unstable forall 7>0.
Proof. Substitute 4, into the characteristic Equation (5) to obtain

‘l—a 0

— Y

0 A+d-r

and further derive the eigenvalues 4 =a>0,4, =r—d .Then,if r>d then 4,
isasource and if »<d then 4, isa saddle point. So, 4, isalways unstable for
all 720.

(d—r)(a+cm)

Theorem 3. Assume that @, < and
a
d— +
0<7r<r7'= ! arccos(( r)(a cm)} . Then, the predator-
2 (020

2
p,a
P4 _(d-
\/( a+ cm) (d=7)
free equilibrium point 4 (xl,O) is asymptotically stable.

Proof. Substitute 4, into the characteristic Equation (5) to obtain

x
A—a+2cx, abx, +-2h
X, +m
=0,
X
0 Avd—r-D o
X, +m
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a . . . .
where x, =—, after calculation, one eigenvalue is obtained as 4 =-a <0, and
c

the other eigenvalue is obtained from the following equation

Ard—r——22 e — g,

a+cm
d- +
For 7=0,itisobtained A, =r—d+ P.4 ,ifand only if ¢2<(r)(—acm))
a+cm a

the eigenvalue is negative, but when the previous assumption is not met, the ei-
genvalue 4, is positive and the equilibrium point 4, is the saddle point.

Now, when 7 >0, by [19] proposition 1, let u=d—-r,v= P , the eigen-
a+cm
value A, has a negative real part when u <v and
1 d-r)(la+cm
r<7'= arccos [Mj is satisfied. Otherwise,
P.a

R

the eigenvalue 4, has a positive real part.

(d—r)(a+cm)

Therefore, forany 72>0,if ¢, < , the predator-free equilibrium

point is locally asymptotically stable, while it is an unstable point for 0<7 <7’
when the assumption doesn’t hold.
This proves the theorem.

2
Theorem 4. Assume that b > amu_—pu

and r>d+ where

on (1+u)’

u= o-r+d > 0. Then, the prey-free equilibrium point 4, (O, yz) is locally as-
r—
ymptotically stable for all 7>0.

Proof. Substitute 4, into the characteristic Equation (5) to obtain

_ a + (01)’2 0
1+by, m
oy +2no =0 ©
N Y EY R L)
m (v, +n)
(r —d ) n o .
where y, = p—t The characteristic Equation (6) becomes

o-r

AP+ A+ B =0, (7)

after calculation, we get

2
A:d_r+0yz+2n02yz_ a_ o)
(y2+n) 1+by2 m

2
B=|d—ryT22*t2100 [— & +¢’1y2}
(y2+n) 1+by2 m

In order to obtain the presence of negative real parts in the eigenvalues, it holds
when 4>0 and B>0,thatis
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2
on
d—-r+o>

(7, +”)2 ,
P, 4
m  1+by,’

direct computation gives the following two expressions

2
amu” — @u ou
—(01 and r>d+

(Pln (1+u)

b> 7
o-r+d
_—>
r—d
Therefore, the prey-free equilibrium point 4, is locally asymptotically stable

where u= 0.

if the above assumptions hold.

This proves the theorem.

Theorem 5. The following results hold:

DIf C*+2B< 4> and B >D,or (C*+2B-4*) ~4(B*~D*)<0 holds,
then the equilibrium point 4, is locally asymptotically stable for any 7>0;

2) If C*+2B> A, B> > D? mm.(c2+2B—Aﬁ2—4U#—Lf)>o holds,
then the equilibrium point 4, islocally asymptotically stable for 7 € [0, 2'0] » A
is unstable when 7>7,;

3)If B*<D® or C*+2B> 4> and (C*+2B-A4*) =4(B*~D?) holds,
then the equilibrium point 4, islocally asymptotically stable for 7 e [0, 10] > A
is unstable when 7>7,.

Proof. Substitute 4, into the characteristic Equation (5) to obtain

Pmy, abx, LS

ﬂ' 2 2
(x3+m) (1+by3) X3 +m

- +2cxy +
1+ by,
=0.
__ Py, . oAt A+d—r+ oy; +2”02'y3 __PXs e
(x3+m) (y3+n) Xy +m

The above characteristic equation becomes

A’ +AA+B+(CA+D)e™* =0, (8)

where

2
+2

JOYRIOY 4 ey

(y3+n) 1+ by, (x3+m)

2
2
B=|d-r+257 no;y3 - +2cx3+¢)lLy32 ,
(y;+n) 1+by, (x5+m)
c=-5%
X, +m

A=d-

_ 2 P X3 abme, x;y,
1+ by, P x,+m (1+by3)2 (x3+m)2
For 7 =0, the characteristic equation is

A2 +(A4+C)A+B+D=0. 9)
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According to the Routh-Hurwitz criteria, if and only if 4+C>0,B+D >0,
Equation (9) has two roots and both of its real parts are negative. Hence, 4, is
locally asymptotically stable.

Now, when 7 >0, assuming A= ia)(a) > 0) is a root of Equation (8), substi-

tuting i into it yields
(ia))2 +A(iw)+ B +(C(ia)) +D)(c0sa)r —isinwr)=0,

then, by separating the real and imaginary parts of the above equation, it is ob-
tained that:

Cwsinwr + Dcoswr = &* — B, (10)
Cwcoswt — Dsin ot = —Aw.
By calculation, we obtain:
o' —-Eo* +F =0, (11)
where E=C?*+2B-4* and F=B>-D".
In the following, we will analyze the roots of Equation (11).
1) If C*+2B<4’ and B>>D?, or A =(C’ +2B—A2)2 -4(B-D%)<0
holds, then Equation (11) has no positive roots.
2) If C+2B>A4,B>D* and A,=(C*+2B-A4) ~4(B*~D*)>0

holds, then Equation (11) has two positive roots, which are @’ and @’, respec-

tively, where

o =%[cz +2B- A Jr\/(c2 +2B- 4) ~4(B* —DZ)},

af=%[C2+2B—A2—\/(cz+2B—A2)2—4(32—D2)}
3)If B<D’ or C’+2B>4> and A, =(C*+2B-A) —4(B~D*)=0

holds, then Equation (11) has a positive root about, which is

! :%[C2+2B—A2+\/(C2+28—A2)2—4(BZ—D2)}

In summary, it can be assumed that Equation (11) has two positive roots, de-

noted as o, (i =1, 2) , which can be substituted into the equation to obtain

. @’ —Dcosor—B
sinw,r = ,
Co,

(0~ B)—Chor
C’o+D*

CoOSM.T =

Then, 7, can be expressed as

D(w —B)—CAw’
rk:i(arccos (@ —B) 60,+2kn]’ i=12, k=0,1,2,--

10} C’w,+ D’

i

Denote

7, =minz,, k2=0.

This proves the theorem.
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4. Hopf Bifurcation Analysis

In this section, the possibility of occurrence of Hopf bifurcation at the coexistence
equilibrium point is discissed. Through the analyses in the preceding sections, we
have known that Hopf bifurcation will occur under the appropriate conditions.
According to Theorem (5), Equation (8) has a pair of purely imaginary roots i,
at 7 =r,, and all other roots have non-zero real parts. Therefore, let

/I(T) = p(z’)iia)(r) be the pair of complex conjugate roots of Equation (8) at
r=1,,where p(7,)=0,0(7,)=0,(i=12,k=0,1,2,-).

According to the stability theory of time-delay differential equations, it can be
concluded that when 7z <7, the system is stable and when 7 >z, the real part
of the eigenvalues of the linearized system is discussed.

Theorem 6. If 7 =r,, a Hopf bifurcation occur at the positive equilibrium
point 4.

Proof. Firstly, we will verify the transversality conditions. Take the derivative of

both sides of characteristic Equation (8) with respect to 7, we get

[2&+A+Ce’“—T(C/1+D)e’hJj—/l:A(C/1+D)e’“, (12)
T
Next,
(dgjl 24+ A+Ce* —7(CA+D)e "
dr) A(CA+D)e ™
_ 22+ 4 N C T
A(A’+42+B) (CA+D)2 2
Hence,

-1
rel [42(0) CRel__ 2A*A . C T
dr ) A(A+44+B) (CA+D)2 2

 Cof +(£C* +2D* )} + (4 ~2B) D}
[(A2 —ZB)an +B’w, +wgJ(C2a)2 +D2)

A=iay

=Re

(4°+8%)C
[(4*-2B) ) + B’a, + o) |(Ce” + D)

Clearly, R [[%J_ll 0
s e ar 0.

=19

—Re

Therefore, the transversality conditions are satisfied, that is, the system has
Hopf bifurcation at the positive equilibrium point 4, .

This proves the theorem.

Next, we will explore the properties of the Hopf bifurcation, including the di-
rection and stability. The direction of the periodic trajectory of the bifurcation of
the positive equilibrium point 4, at the critical of delay 7z, and the stable pe-
riodic solution will be given through the center manifold and normal form the-
ory.
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Theorem 7. The following statements hold:

DIf w, > 0( < 0) , then a supercritical (subcritical) Hopf bifurcation occurs
at 7,3

2) If 8, >0(p,<0), then the bifurcating periodic solution is asymptotically
stable (unstable);

NI T, > O(T2 < 0) , then the period of the bifurcating periodic solution in-
creases (decreases).

Proof. Linearizing the system (2) in C= C([O,l],Rf) , yields the following
time-delay differential equation:

U,':Lﬂ(u,)+F(,u,ut), (13)
where u(t)z(ul(t),uz(t))T,ut(9)214(1‘4—9),96[—1,0] and L, C—)Ri ,
F:RxC— R, with

Lu(¢)=(ro+ﬂ)(1?)° ::OJ(ZE ;}(T"“’[ Goro G(:OJ(Z 11]

—(r+ Fdt (0)+ Fogh (0) 6, (0)+ Fou (0)
F(u.¢)=(z, ﬂ)[ Gond? (=1)+ G2 (0)+ G, b (1), (— 1)J

where F,, F;,, G, Gy0- Gy are given in Equation (4),

10>~ 012 ~'100° ~ 010>
F'“: 2¢1my3—2C, F'lzz_ ab 2_ gﬁlm =
(x+m) (1+by) (x+m)
2ab*x @,my

22—

(1+by) " " (x+m)

20 20'y(y+2n)
G101:_ s
y+}’l (y+n)

»,m
G, 22—2, G, =0=G,, =0.
(x+m)

According to the Riesz representation theorem, there exists a bounded variation
function @ (0, y) in fe [—1, O] such that

=["da@(6.1)$(0). peC([-10].R?),

In fact, it can be chosen

w(g,#)z(wﬂ){[ﬁo & ao-( G(O’m]awm},

where O (9) is Dirac delta function and is defined as
0, =0,

5(0)=

1, 8=+0.

For ¢eC([-1,0],R}), define
49(0)
J(u)p(0)=1 40~
[*d@(1.6)p(0). 0=0,

0e[-1,0),
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and
0, de [—1,0),
K(u)g(0)=
90, %
Then, system (13) is equivalent to the following abstract operator equation:
u =J(u)u,+K(u)u, (14)
For ye C([—I,O],(Ri )) , the adjoint operator J* of J(x) isdefined as
. _d'//_(g)’ fe [_1,0)’
Ty(6)=1 ¢

[ aa" (mt)y (-1). &=0,
and define the bilinear inner product as
(w(£).6(0))=7(0)9(0)-[" [, 7 (s~ 0)dm (6) (), (15)
where @(0)=(0,0) and (y,J¢)=(Jy.¢), J=J(0) and J =J"(0) are

adjoint operators. The eigenvalue correspondingto J is tiw,z,. Itis easy to know
that +im,z, isalso the eigenvalue of the conjugate operator J".
Let

q(@):(ljﬂ)]— eitt)()‘rog and q* (5):(1’77*)T eia)orog”, 0,56[—1,0],

Gyo ™ * £y
_— n =-
oty —iayTy
100 T Gooi© Gy + Gy 1€

eigenvectors of J(0) and J"(0) to the eigenvalues iw,r, and —ie,z,, respec-

where 7= . q(0) and ¢ (&) are the

tively. Moreover, determine the parameter value of D, such that:
<q* (n),q(€)>=1 and <q*,§>=0. (16)
According to Equation (15), we have
(a"(m).a(9))
=D(L7")(Ln)" - ﬁ jfﬁ(l,ﬁ*)ef%fo(ﬁ*g)dw(l,q)T e
= 5[1 +n77 + 7,07 (Gyyo + 171Gy, )€™ J
Therefore, due to (16), it is obtained that
D=[1+77" + 17" (Gyo +1Gopr )€™ |
D=[1+77" + 77" (Gyo +71Gypy )™ | .

According to the theory in [27], we can obtain the property of Hopf bifurcation.
Calculating the direction of the Hopf bifurcation and the stability coefficient of

the periodic solution at the positive equilibrium point 4, :

25 =2D1, |:Fu +NF, 47 (Ueizmoro Gy +1°Gyy +e "Gy, )J:

8 :570 [2E1 +(77+77)F12 +’7* (2G011 +2n17 Gy, +(77+’7)G111)]s
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8o = 2570 |:E1 +iE, + 77* (ﬁezmﬂme +772G101 +62iworoGo11 )}

8n = 252'0 |:E2 (77['111 (0)4’%77}120 (O)+%H20 (O)+H11 (O)j}
+ 25To [Fil (Hzo (O)+2H11 (0))+ 7 (Qle +0,G +0:Gy,, )]’

where

0= %ﬁHzo (—1)eiworo +nH,, (—l)e*mom +H,, (—l)e*iworo +%H20 (_1)61‘%10 ’

0, =nH)y (0)+277H11 (O)’
O, = H,y(-1)e™™ +2H,, (1),

with
ig20 ity igoz — iayrod 2iwytol
H 0)=-22> 0 7o _602 0 T M 000’
() onon( )e +3woro77( )e +M,e
H (0) == n (0 4+ KL (0) " 4 o,
and

. -1
M= 2w, — Fy, —Fy, nk, +F,
b ~Goyoe” ™™ i, — (GIOO + Gy e ) e VNG + Gy +e NG, )

M, - (F ~Fo )M 25, +(n+7) J

_Gom _(Gloo +G001 2G011 +27777G101 +(77+77)G111

Based on the above analysis and the expressions for g,,,g,,,g, and g,,,we

get the following values:

20,7, 3 2 " _m’
Im{C, (0)}+ 4 Im{2'(z,)}

WDyTy

. 2
G (0) = [gzogn —2|g“|2 _MJ+&,

B, =2Re{C,(0)}, T,=-
The above parameters determine the Hopf bifurcation.

5. Numerical Simulation

In this section, we will show some numerical simulation results to support the
above research.
For this purpose, we choose the initial value condition (xo, yo) = (1,1.5) and

refer to some parameters in [22] to obtain the following parameters
a=0.6,b=0.05,c=0.5¢ =035m=0.5,

. \ (17)
0, =03,r=02,d=03,0" =0.1,n" =2.

In this case, there is a unique coexistence equilibrium point (0.4056,1.0468) ,
and 7,=1.402.
Firstly, fixed parameter (17), we obtained the solution and phase diagram of the
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positive equilibrium point, as well as the Hopf bifurcation diagram, as shown be-

low.

Bifurcation Diagram of x
055

0.45

0.4

x Steady States

031

0.25 L 1 I L

Figure 1. The Hopf bifurcation diagram.

The state trajectories of x and y

2.5

Value

08} |

Figure 2. Solution and phase diagram of system.

y Steady States

0.95

0.9

0.85

0.8

Bifurcation Diagram of y

0.5 1 1.5 2 25 3

Phase diagram

0.8

0.6 -

0.4

From Figure 1, we can find that the system has a Hopf bifurcation as the pa-

rameter 7 passing the bifurcation point 7, =1.402 (see Figure 1). From Figure

2, the solution of the system is approached to the coexistence equilibrium point
4, = (0.4056,1.0468) starting from the initial point (see Figure 2).

Next, we analyze the impact of the parameters o and » on the system.

1) Taking o =0.05< 0", other parameters are the same as in (17), the numer-

ical simulations are as follows.
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5 The state trajectories of x and y 5 Phase diagram
: : : T T T : T
X
1.8} 1 18+ |
16 1 16- |
1.4 b 14l |
1.2
% | 1.2 1
< 11l >
s ) 1 ,
0.8
Il W T 08 ,
06 \HH\HHH\ ‘\‘H‘Hm‘\ ‘HH‘HHH“H‘ HH
- ‘ \‘ ‘HH ‘H\ ” |
| ‘H‘ WM‘ | ‘\\ ‘ “ i \ ‘\\ “\M | oaf ]
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Time

(a)

Figure 3. The system solution and phase diagrams of cannibalism rate in small-parameter predator individuals.

The state trajectories of x and y Phase diagram

We can see from Figure 3 that the cannibalism rate o of the rate at which canni-
balism occurs within predator individuals below a specific value destabilizes the co-
existence equilibrium point and the system has periodic solution (see Figure 3).

2) Taking n=2.5>n", other parameters are the same as in (17), the numerical

simulations are as follows.

1.8 T

167

147

1.2

Value

0.8

0.6 M H\\ \M\‘\HPU\\F\MMHHH‘\\\MHW\M
I O

“‘\H‘M‘Uhd‘\\\\‘\w\‘HHH‘

0. H
|
ool 11 U\HWWHH‘\‘

'S

I
\H\

T 2 T

VR
‘\JHM‘\M“MM“\M\M‘ “H“‘H““UHMM‘M ‘“

0 500 1000 1500
Time

(a)

2000 2500 3000 0 0.2 0.4 0.6 0.8 1 1.2

(b)

Figure 4. The system solution and phase diagrams of cannibalism rate in big-parameter predator individuals.

From Figure 4, we know that increase the conversion rate causes destabilizing
the coexistence equilibrium point and the system has a stable limit cycle (see Fig-
ure 4).

Finally, we analyze the impact of the time delay r on the model, fixed parameter
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in (17), we get the following results:

1) Taking 7=139¢ [O, ro] , the numerical simulations are as follows.

The state trajectories of x and y Phase diagram

Value

0.8

0.6

. . . . 0.2 . . . .
0 500 1000 1500 2000 2500 3000 0 0.2 0.4 0.6 0.8 1

Time X

(a) (b)

Figure 5. Solution and phase diagram of model when 7 =1.39.

2) Taking 7 =2.5>7,, the numerical simulations are as follows.

The state trajectories of x and y Phase diagram

1.8

16} 1

147 b

1.2 1

Value

I

0.6Lu M 4
11
\‘“\\MH”M“\

T
(ALY
[
|

0.

~

Yyvy

0 i L 1 1 1 )
0 500 1000 1500 2000 2500 3000 0 0.2 0.4 0.6 0.8 1 1.2

Time X

(a) (b)

Figure 6. Solution and phase diagram of model when 7=2.5.

We can see from Figure 6 that when the pregnancy delay parameter is greater

than 7, =1.402, the system has a Hopf bifurcation (see Figure 5 and Figure 6).

6. Conclusions

This paper proposes a predator-prey model that considers the existence of the fear
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effect and the gestation delay, as well as cannibalism. Firstly, we prove the positiv-
ity and boundedness of the system (2). Secondly, it is obtained that the system (2)
has four possible non-negative equilibrium points. The local stability of them is stud-
ied for 7 >0, and the stability conditions are determined. The existence of Hopf
bifurcation as a function of 7z is proved. The stability and direction of the bifur-
cated periodic dynamics are investigated using the center manifold and normal form
theory. Finally, numerical simulation results present the influence of different model
parameters on the dynamics of system.

The research results indicate that cannibalism and delay pregnancy in predator
populations have significant impacts on population dynamics. The final state and
stability of a population mainly depend on predation behavior and parameter con-
figuration. The research findings provide a new perspective for understanding pop-
ulation interactions in ecosystems, emphasizing the crucial role of cannibalism and
delayed pregnancy of predator populations in ecosystem stability and population
dynamics. Future research can further explore the dynamic characteristics of pop-
ulation models under different predation relationships, which provide insight into

species interactions and stability in ecosystems.
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