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the Sierpinski gasket (SG). Our main result is that the harmonic function on
Received: December 17, 2024

Accepted: February 16, 2025
Published: February 19, 2025

SG satisfies a Holder inequality of order o = ln% \In2.

Copyright © 2025 by author(s) and Ke! ords

Scientific Research Publishing Inc. Holder Derivative, Harmonic Function, Sierpinski Gasket
This work is licensed under the Creative

Commons Attribution International
License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Introduction

The concept of harmonic function on fractals was first introduced and studied by
Kigami (see [1]-[3]) on Sierpinski gasket (SG). Since then, there have been various
studies of the harmonic functions. Kigami proved the effective resistances for har-
monic structures on p.c.f. semi-similar set (see [4]). Guariglia studied harmonic
Sierpinski gasket and some of its applications (see [5]). Cao and Qiu considered
boundary value problems for harmonic functions on domains in Sierpinski gas-
kets (see [6]). Very recently, Gopalakrishnan and Prasad investigated some har-
monic functions on Vicsek fractal (see [7]). Our goal in this paper is to study the
properties of harmonic functions on the Sierpinski gasket. By applying the meth-

ods we used in our recent work (see [8]), we will show that the harmonic function

on Sierpinski gasket satisfies a Holder inequality of order « = ln% \In2, namely,

the harmonic function has a Holder derivative of order o = ln% \In2. The order

of this paper is organized as follows: In Section 2, based on the harmonic function
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introduced by Kigami (see [1]), we apply the method of [8] to establish a sequence
of a priori estimates. In Section 3, we prove our main result that the harmonic func-

tion on SG satisfies a Holder inequality of order « = ln%\an .

2. Harmonic Functions on Sierpinski Gasket—Kagami’s
Definition
The initiator of Sierpinski gasket is an equilaternal triangle with sides of unit length,

ARRP,, Poz(%,gl, F=(0,0), P, =(1,0).Take

1 1 1 1

11
E)(p):EPo +=p,F(p)==FR, +—p,Fz(p)=5P2 TSP (2.1)

2 2 2

After successive iterations, the Sierpinski gasket is obtained.

Denote the three vertices of the initial triangle as ¥V, =(x,,»)={R,R,B}, the
six vertices of three triangles as V¥, ={F,,R,P,q,.4,.9,} > where B, =F,(R),
R=F(R), Bb=F(R), q=F(R)=FK(R), ¢ =FK(R)=F(R),

q, = F,(P)=F,(P,). In general, denote the set of vertices of 3" triangles result-

ing from m iterationof V, as V,,

V= {P=F, oo, (B)

“m

Denote
le o.”onm,l OFW(Pi) :Evl,---,wm (R)
le oo F on(qi)=le’w’Wm (ql.)

Win-1

W, W, , € {0, 1, 2} . Triangles with verticesin V, are called cells, more precisely
cells in level- i . For example, AFq,q,, APq,9,, APq,q, arelevel-1 cells.
Now, consider difference equations on V, . Assigna value u(g) toeach point

in V_, which can be considered as the discrete value of a function « . For each
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PeV ,let V , denote all neighboring points g of P. Since SG is a graph
consisting of points and line segments, functions defined on vertices of this graph
are called graph functions.

Harmonic function on ¥, is actually defined through the difference analog of

Laplace operator
u(x+h)+u(x—h)—u(x)
h2

on a lattice with pointsin V.

Without the denominator, Laplacian Au corresponds to
Z[u(xl. +h)+u(x, —h)—Zu(xl.)]
= Z[(u(xl +h)—u(x;))+(u(x, —h)—u(x,.)ﬂ

For x,=PeV,,if V, , denotes the set of all neighboring points, the difference

setof u on V, , canbe denoted as

H, () (P),,, = 2 (u(q)-u(P)), (22)

9V np

when m=0, Pel, and

(Hyu)(R) u(R)) (u(R)-u(R)+u(P)-u(FR)
Hu(P)=|(Hu)(R) |=H,|u(R) |=| u(R)-u(R)+u(h)-u(R)
() Lu(e)) (e)-ute)um)-ue))
u(R)+u(B)=2u(R)) (-2 1 1 u(Po)J u(R,)
=|u(R)+u(B)-2u(R)|=| 1 -2 1 u(R)|=H,|u(R)|
w(ryra(r)-2(2)) (1 1 2)u(z))  lu(r)
-2 1 1
where Hy=| 1 -2 1| and (H,u)(P) isthesecond order difference oflat-
1 1 =2
tice point ¥,. Hu(P) contains six pointsin V;: F,R,P,qy.4;,4, -
(Hlu)(R))
| ()
Hlu P2 I Pel,
(Hyu)(P) (Hu)(g,) ((Hlu)(q)qewj
(Hu)(a)
(Hu)(q,)

(2.4)
u(q,)+u(q,)-2u(R)
u(g,)+u(q,)—2u(R)

_ u(qo)+u(q)=2u(h)
u(R)+u(P)+u(q)+u(g,)—4u(q,)
u(PO)"‘”(PZ)+u(q0)+u(q2)—4u(q1)
u(Fy)+u(R)+u(qy)+u(q)-4u(g)
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2 0 0 0 1 1\ u(B)
0 2 0 1 0 1|u(B)
o 0o 2 1 1 0l u®B)
o1 1 411 {u(g)
1 0 1 1 -4 1|u(q)
110 1 1 —4)lu(g)

where
-2 0 0 011 -4 1 1
T={0 -2 01, J={1 0 1|, X=|1 -4 1
0o 0 =2 1 10 1 1 -4
Therefore,

and (H,f)(P) isthesecond difference on 7,.

In general, because of the self-similarity of SG, (H,u)(P) are similar on all
small triangles. Therefore, the discussion on each triangle will be similar to that with
H,.Thatis, (H,u)(P) isthe second difference on ¥, and

H,(u)(P)  Pel,
(H,u)(P) = {Hm ()(P)  PeV,\V,

For u tobeaharmonic function, u(g,),u(q,),u(q,) must satisfy respectively
the following average properties.
u(E)+u(P2)+u(q1)+u(q2)—4u(q0) 0
(Hlu)(q)qevlwo: u(B)+u(P)+u(qy)+u(q,)—4u(q) |=| 0|
u(PO)+u(Pl)+u(q0)+u(q1)—4u(q2) 0

Dueto H,(u)=0, or equivalently,
u(R)+u(P)+u(q)+u(a,)=4u(q),
u(By)+u(P,)+u(gy)+u(q,)=4u(q), (2.5)
u(R)+u(R)+u(qy)+u(q)=4u(q,).

That is, the sum of the second order difference of # on interior points is equal

to zero.

Combining the equations in (2.5) yields
u(PO)+u(Pl)+u(P2)=u(q0)+u(ql)+u(q2). (2.6)
Adding u(q,),u(q,),u(qg,) to the three equations in (2.5) respectively and ap-
plying (2.6), we have

u(R)+u(B)+u(qo)+u(a)+u(q,)
=u(R)+u(B)+u(R)+u(R)+u(R)=5u(q),
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u(B)+u(P)+u(g)+u(q)+u(q,)
u(R)+u(P)+u(R)+u(R)+u(P)=>5u(q),
(B)+u(B)+u(ge)+u(q)+u(g)
u(R)+u(P)+u(R)+u(R)+u(P)=>5u(q,).

<

Therefore,
u(qy,) 1 2 2\(u(R) 1 2 2\«
u(q,) =é 2 1 2|lu(B) % 2 1 2| B8] (2.7)
u(q,) 2 2 1){u(P) 2 2 1y
where a=u(R),B=u(R),y =u(P,),boundary values. (2.7), showing internal

»

valuesof u on ¢,,q,,q, determined by boundary values, is called “ é —% rule.

It is important to note that if (g, ),u(q,),u(g,) aredetermined by “ é —% ” rule,

(2.5) is automatically satisfied. That is, the harmonic condition is satisfied. The
valuesof » at q,,q,,q, istheaveragevalueof u atfour neighboring points,
which is one important property of an ordinary harmonic function. This helps us
better understand our new harmonic conditions.

Now, substituting wu(q,), u(g,), u(g;) determined by (2.7) into
(Hou)(P)PE[/0 , we obtain

() rula)-20(B)) (u(B)+u(R)-2u()
(o) +ulas) ~2u(R) | =2 u(B) +u(B) -2u(R)
(a0) +u(g)-2u(p)) \u(B)+u(R)-2u(R)

(2.8)

H,, (u)(P)

- Z{Ol 2}{[u(fm (@) +u(F, 1 (0:)-2u(F, (R))]
Hul(Z,1(92)+u(Z,1(4))-2(%,,(R))]
#[u(F0(90))+u(Fn (a0) 267, (B))]
+[u(F (R) +u( B (B)+u(F (@) +u(F (02)) -4 (1 (a0))]
+ [”(}-m—l (B))+u(F, (B)+u(F (g0)) +u(Fi (a:) —4u( 7, (g, ))]
[ul(F,(B)+u(F, (B)+u(F, (a0) +u(F, (a)~4u( 5, ()]

It follows from the harmonic condition the following average value properties
[u(Z1 () +u(F, (B)) +u(F, o (@) +u(F (02) -4 ( 0 (40)) ] =0
[”(fm—l (PO))+u(]-'m4 (Pz))+u(}'m4 (%))Jr”(fmfl (%))_4”(-7'—»14 (¢, ))] =0(2.9)

[u(f;n—l (P()))_{—u(fm—l (Pl))+u(f;n—l (% ))+”(~7:m4 (‘]l ))_4u(~7:nH (%))] =0
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which shows H, (#)(P),., ,, =0 and the average value properties are equiva-
lent. Therefore, the average value properties can also be used to define a harmonic

function.
(2.9) implies the “ %—% ” rule
(%, (4,)) 12 2\(u(%.(B))
21 2||lu
2 2 1)y

u(F () | = (Fi(P)) |- (2.10)
”(-7:,"4 (%))

| —

<« 1 2 » . . .
From the - rule, we can obtain the extreme value principle

min u(F (P]))Su(F (ql.))ﬁ maxu(l”wl,_wm (P,)), i=0,1,2.

j=0,1,2 W W Wt W j=0,1,2 /

Notice that (2.9) and (2.10) hold for any integer m >0.
Now, the other terms of H,, (u)(P),

H,(u)(P),

= 3 (uEa @)l B (@) -2 E L (R))]

Wy w1 €{0,1,2)
[ Fs(@2)) Pl B ()~ 20( 7 (R))]
Hu(F (@) +u(F () -2 (B)) ]}

Applying (2.10), we have
I:u(f;n—I (%))"'”(-7':”4 (‘]2)) _214(-7';171 (

v
~—
~—

5
That is,
”(]';H (‘h))"‘ u(f'm—l (qz))_zu(]:m—l (Po))
u(fm—l (% ))+”(-7:m—1 (% ))_2”(]':”—1 (Pl ))
”(]:m—l (% ))+u(}—m4 (% ))_2”(-7'—,,,71 (Pz))
) ”(]';14 (qz))+ ”(}-mfz (‘I1 ))_2”(]:%2 (Po))
= g ”(j:m—z (%))"'”(}—m—z (% ))_2”(]:»«—2 (Pl ))
”(}—m—z (%))"‘”(Fm—z (% ))_2”(}—1-2 (Pz ))
Therefore,
Hy () =2 (0)(P) =[] () ()

DOI: 10.4236/jamp.2025.132025 470 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2025.132025

G.J.Yang, P. Wang

3

alled the renormalization factor, which plays an important role

— isc
5

in our later discussions.

The factor

From

Thus,

S HE )l E ()27 (R))]

Wi—1€{0,1,2}

Hul(Z (R)+u( 7,0 (R))-2u(%, (R))]
[u(F (B))+u(F (R)-26(F,4 (R)]

H, (u)(P),

)]

))+u(F,Fy (B))-2u(F, R (R))]
+u(F, L5 (B))-2u(F,LF (R))]

vu( 7, (B))-2u(%, 55 (R))]]
cu(F A (B)-2u(F,LE (R))]]

+u(F, L (B))-2u(F,LE (R))]
)+u(F,Fy (B))=2u(F, o F (

> [z A

wmfle{(),l,z}
u (-7:m—2F2 (Pl)
u( 7,5 (R)
u (-7:m—2F2 (Po )

u(F, ,F(R)
[u(F,.F (R,

))-2u(F, . (B))]

+u(F, ,F(R))-2u(F,F, (Pz))]

B

)+ u (-mezE) (

—

L LT T e

u(F, ,F (R)

[u(7,.F, (R,

—
S T T T T e

~—~ - O~ — O~ — ~—

N e N e N e

~—~ —\ N — /N~~~
N = =~ =~

_ O~ ~— ~— o ~— ~—~ ~
—_ O~ ~— ~—  ~— ~— ~—

—_— N~ N — A/~ /N~
— A~/ e~ A~/ o~

I~ ~— ~— ~— ~— ~— ~— ~—

S~ — ~— ~— ~— ~— ~—

Journal of Applied Mathematics and Physics

471

DOI: 10.4236/jamp.2025.132025


https://doi.org/10.4236/jamp.2025.132025

G.J.Yang, P. Wang

_ 3 %{[“(-7:”,-2 (qz))+u(]:m_2 (q]))—zu(fm—z (R)))]

Wy wy -1 €40,1,2)

Hu(F (@) +u(Fs () -2u(F, 2 (R))]
Hlu(Fs (@) +u(F o (a))-2u(5 (B)]}
For i,j€{0,1,2}, we have
[u(%, () -u(%.(,))
< (7 (R)-u( (R)) + (£ (R)-u(%.(R))
Hu(7 (R)-u (% (R))}

Thus,

max
i,je{0,1,2}

”(}—m(%))_”(fm(qj))

and successfully

max }‘u (.7-',” (g, )) —u(i’:m (‘Ij ))

i,jef0,1,2

3 m 3 "
=3 ) — V<2
< (5) [,jrg{éafz}‘u(fi) u(p,)|< (5) C (2.11)
where constant C is determined by boundary values. It is now possible to prove

that harmonic function on SG satisfies Holder inequality with o = lng\an .

3. Main Result

1 m
Theorem 3.1 Suppose p,q on SG satisty | p— q| < (E) . Then, harmonic func-
tion u satisty the following inequality

lu(p)-u(q)<Clp-q|. (3.1)

where C, isaconstand a= lng/ In2.

1 m-1
Proof. Suppose | p- q| > (E} , we proceed in two cases:

1) p,q belong to some small cells at level- »: .
2) p.q belong to different cells with a common vertex F, (P).
Since all points in SG are iterations from three boundary points {F,R,P,},in

case 1),
p=F, . (B)=F, . (x)
q=F, ... (P)=F,. . ()

with the same iteration mapping up to level . Therefore,

ju(p)=u(@)]=[u(F..., () =2(F,..., ()

m m—1 (m-1)a
S(E] czi(éj czi(lj c
5 5.5 5\2

a3
S|p—q| EC.
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As for case 2), since

[u(p)=u(q)=|u(F, ., ()~

+ ‘u (le,.u,wm (P )) —u (le o y))

<
—_
=
—~
)
SN
e

a 6
S|p—q| ~§C.

We proved (3.1).

Kigami and others successfully established Laplace equation without the de-
nominator in the differential on SG, obtaining important average value property
and extreme value principle. But for other equations such as the Poisson equation
Au = ¢, the denominator in the differentials can not be ignored. It is difficult to
discuss the Laplace operator or the Green’s formula. In fact, function u(x) on
SG and Cantor function are “internal function”, just like Koch curve. Since Holder
inequalities are satisfied, their derivatives should be « -order Holder derivatives.

4. Conclusion

Based on the harmonic function introduced by Kigami, we apply the method we

developed earlier to establish a sequence of a priori estimates with which we
proved our main result that the harmonic function on SG satisfies a Holder ine-

quality of order o = lng\an. The significance of the derivative of a harmonic

function is that it directly relates to Laplace’s equation. It signifies any distribution
with no local “peaks” or “valleys”. This property is crucial in various fields like phys-
ics, where it models phenomena like electric potential or steady-state temperature
distribution.

5. Future Work

It is reasonable to consider related differential equations as those involving « -
order Holder derivatives. The method used in this work involves heavily the ana-
lytic expression of SD fractal. Since we have also obtained the analytic expressions
of other fractals, we believe in our future study, we could investigate Holder deriv-
ative of harmonic functions on other fractals, such as Koch curve, Cantor set, etc.
Of course, the future work would present different challenges as the structures and
expressions of other fractals are entirely different. How we establish necessary a
priori estimates for different fractals will not be the same and what obstacles ahead

are yet to be seen.
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