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Abstract

This paper presents a nonlinear micropolar nonclassical continuum theory
(MPNCCT) for finite deformation, finite strain deformation physics of ther-
mosviscoelastic solid medium with memory (polymeric micropolar solids)
based on classical rotations @ and their rates. Contravariant second Piola-
Kirchhoff stress and moment tensors, in conjunction with finite deformation
measures derived by the authors in recent paper, are utilized in deriving the
conservation and balance laws and the constitutive theories based on conju-
gate pairs in entropy inequality and the representation theorem. This nonlin-
ear MPNCCT for TVES with rheology: 1) incorporates nonlinear ordered rate
dissipation mechanism based on Green’s strain rates up to order n; 2) also
incorporates an additional ordered rate dissipation mechanism due to micro-
constituents, the viscosity of the medium and the rates of the symmetric part
of the rotation gradient (of _® ) tensor up to order n, referred to as mi-
cropolar dissipation or micropolar viscous dissipation mechanism; 3) incor-
porates the primary mechanism of memory or rheology due to long chain
molecules of the polymer and the viscosity of the medium by using the con-
travaraint second Piola-Kirchhoff stress tensor and its rates up to order m,
resulting in a relaxation spectrum; 4) incorporates second mechanism of
memory or rheology due to nonclassical physics, interaction of microconstit-
uents with the viscous medium and long chain molecules by considering rates
of the contravariant second Piola-Kirchhoff moment tensor up to order m,
resulting in relaxation of second Piola-Kirchhoff moment tensor. This results
in another relaxation spectrum for the second Piola-Kirchhoff moment tensor
due to microconstituents, referred to as micropolar relaxation spectrum con-
sisting of micropolar relaxation time constants of the material. This nonlinear
MPNCCT for TVES with memory is thermodynamically and mathematically

DOI: 10.4236/am.2025.161006

Jan. 27, 2025

143 Applied Mathematics


https://www.scirp.org/journal/am
https://doi.org/10.4236/am.2025.161006
http://www.scirp.org
https://www.scirp.org/
https://doi.org/10.4236/am.2025.161006
http://creativecommons.org/licenses/by/4.0/

K. S. Surana, S. S. C. Mathi

consistent, and the mathematical model consisting of conservation and bal-
ance laws and the constitutive theories has closure and naturally reduces to
linear MPNCCT based on infinitesimal deformation assumption. BMM is the
essential balance law for all MPNCCT and is used in the present work as well.
In the absence of this balance law, a valid thermodynamically and mathemat-
ically consistent nonlinear MPNCCT is not possible. The nonlinear MPNCCT
based on rotations ( @+ ,®) and ,0 (ignoring .® ) is not considered
due to the fact that even the linear MPNCCT based on these rotations is inva-
lid and is thermodynamically and mathematically inconsistent MPNCCT.

Keywords

Nonclassical, Micropolar, Dissipation, Ordered Rate, Conservation and Balance
Laws, Representation Theorem, Microviscous Dissipation, Microdissipation,
Ordered Rate, Finite Deformation Theories, Finite Strain, Conservation and
Balance Laws

1. Introduction

In a recent paper, the authors presented derivation of deformation measure valid
for finite deformation, finite strain nonlinear 3M nonclassical continuum theo-
ries. Authors showed that the measures cannot be viewed as strain measures be-
cause the expression used in initiating their derivations clearly suggests against it.
It is only after deriving the entropy inequality that the conjugate pairs in it confirm
which measures are strain measures or can be made strain measures with minor
modifications. It was shown that only the linear MPNCCT based on classical ro-
tation (@ is thermodynamically and mathematically consistent when BMM is
used as a balance law in the mathematical model consisting of CBL, and the con-
stitutive theories are derived using representation theorem. This mathematical
model has closure. Authors showed all the other linear MPNCCT, such as those
based on (,®@+ ,0) or ,® (neglecting .@® ), is not valid linear MPNCCT re-
gardless of whether BMM is used as a balance law or not, and the mathematical
models in these theories do not have closure.

In another recent paper, the author presented a finite deformation, finite strain
nonlinear MPNCCT for compressible thermoelastic solid (TES) medium based
on classical rotations  ® . BMM was used as an additional balance law. The con-
travariant second Piola-Kirchhoff stress and moment tensors, in conjunction with
the nonlinear deformation measures and the conjugate pairs in the entropy ine-
quality, were used to derive the final form of the conservation and balance laws and
the constitutive theories. It was shown that the linear MPNCCT is a complete subset
of this nonlinear MPNCCT. This nonlinear MPNCCT is thermodynamically and
mathematically consistent, and the mathematical model has closure. The work was
extended by the authors for finite deformation, finite strain nonlinear MPNCCT for

compressible thermoviscoelastic solids without memory based on classical
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rotations @ . In this work also, as in all MPNCCT presented by Surana et al. [1]-
[23], BMM is an essential balance law; without this balance law, the resulting
MPNCCT will be thermodynamically as well as mathematically inconsistent, and
the mathematical model consisting of CBL and the constitutive theories will not
have closure. The final form of CBL is derived using second Piola-Kirchhoff stress
and moment tensors, and the constitutive theories are derived using conjugate
pairs in entropy inequality, the representation theorem, and the nonlinear defor-
mation measures derived. The nonlinear MPNCCT incorporates two nonlinear
dissipation mechanisms: 1) The first one, the primary mechanism, is based on
contravariant second Piola-Kirchhoff stress tensor and Green’s strain rates up to
order N, thusitisan ordered rate dissipation mechanism. 2) The second dissipa-
tion mechanism, the secondary dissipation mechanism, is due to microconstitu-
ents experiencing drag in the viscous medium; hence this mechanism is micropo-
lar dissipation mechanism or micropolar viscous dissipation mechanism and is
described by using contravariant second Piola-Kirchhoff moment tensor and rates
of the symmetric part of rotation ( ,® ) gradient tensor up to order n. Thus, this
dissipation mechanism is also ordered rate dissipation mechanism. It was shown
that corresponding linear MPNCCT for TVES is a complete subset of the nonlin-
ear MPNCCT for TVES.

Surana et al. [1]-[23] have presented comprehensive literature review on linear
MPNCCT. More recently in references [20] [21] the works of Eringen et a/and
others [24]-[43] have been discussed in detail for clear understanding of the va-
lidity of the published theories and methodologies used in them from the point of
view of thermodynamic and mathematical consistency of the resulting MPNCCT
and the closure of the mathematical model consisting of conservation and balance
laws and the constitutive theories. It has been concluded in the works of Surana
etal. [20] [21] that only linear MPNCCT based on classical rotations @ is ther-

modynamically and mathematically consistent when BMM is used as a balance

c

law and when the constitutive theories are derived using entropy inequality, de-
formation measures and the representation theorem. Almost all published linear
MPNCCT (to our knowledge) do not use BMM balance law, and the constitutive
theories are rarely (if any) based on representation theorem; hence, these linear
MPNCCT cannot be thermodynamically and mathematically consistent.

From references [39] [40] and the other published works of Eringen and Er-
ingen et al. [24]-[38], we find that 3M nonlinear theories are included in the gen-
eral form of the derivations of NCCT presented in them. However, there are many
serious concerns regarding the approaches used and theories presented in these
works: 1) We have demonstrated in numerous papers (for example [20] [21]) that
a thermodynamically and mathematically consistent valid NCCT is not possible
without using BMM as a balance law [13] [14] [44]. In references [25] [43] and
other works of Eringen and Eringen et al, the BMM balance law is never used as
a balance law. 2) A nonsymmetric tensor cannot be used as a constitutive tensor

as done in [39] [40] and others. This violates representation theorem [45]-[56]. A
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constitutive theory that cannot be supported by representation theorem is in vio-
lation of mathematical consistency. Thus, all constitutive theories [39] [40] and
others using this approach are questionable constitutive theories. 3) Adding @,
rigid rotations of microconstituent to deformation gradient tensor that already

contains classical rigid rotations @ and defining this as a strain measure that is

¢
work conjugate to nonsymmetric Cauchy stress tensor is not supported by any
physics and mathematics. This approach only leads to erroneous constitutive the-
ories. 4) The use of polynomials or potentials in the argument tensors of the con-
stitutive tensor has no basis in any deformation physics. We point out that in de-
riving constitutive theories, the additive decompositions: o = 50'(0) + aO'(O) ,
S‘cJ'(O) = 20'(0) + SO'(O) are absolutely essential to address the deformation physics
correctly. This is never done in any of the works (to our knowledge). Thus, our
view is that a thermodynamically and mathematically consistent finite defor-
mation, finite strain nonlinear MPNCCT for compressible TVES matter with rhe-

ology is not available in the published works.

Details of Scope of Work

In this paper, we present a nonlinear MPNCCT for finite deformation, finite strain
deformation physics, addressing both volumetric and distortional deformation
physics of compressible thermoviscoelastic solid matter with memory ie., poly-
meric solids. The NCCT presented in this paper consists of modified conservation
and balance laws of CCM, additionally, it uses balance of moment of moments, a
balance law shown to be essential in 3M NCCT [13] [14] [21] and the constitutive
theories that are derived using entropy inequality and the representation theorem.
Contravariant second Piola-Kirchhoff stress and moment tensors o'*) and
m, in conjunction with finite deformation conjugate strain measures in the en-
tropy inequality that are supported by deformation measures derived for nonlin-
ear 3M NCCT, are used to derive the conservation and balance laws. Balance of
moment of moments balance law [13] [14] [44], shown to be an essential balance
law, is also a part of the CBL contained in this paper. Since the details of the deri-
vation of CBL have already been presented, only their final forms are summarized
in this paper for the sake of brevity. We must consider the additive decomposition
of &' to obtain suitable and valid constitutive tensors for describing volumet-
ric and distortional deformation physics and to avoid the constitutive theory for
o' asitis defined by BAM.

[0]

a

I C R R B G )

The constitutive theory for equilibrium stress tensor 20'[0] describes volumet-

ric deformation physics that remains the same as in references [57] [58]; hence,
e [0]
o

only the final form of the equations for |

is presented. Constitutive theories
for ‘:a[o] and m% address distortional physics as well as dissipation mecha-
nism and rheology. The rate of work conjugate pair o 8"[0] in the entropy in-
equality suggests that elasticity must be due to &) and dissipation mechanism

is due to é‘[O] =¢&y lLe, Green’s strain rate of order one. In the present work, we
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generalized the dissipation mechanism; hence we consider dissipation to be de-
pendent on Green’s strain rates of up to order n ie, &) i=1,2,---,n. Thus, at
this stage:

SG[O] :ga[o](g[o],g[i],ﬁ);i=l,2,-~~,n 2)
[0]

is valid. Since the material has rheology, the constitutive theory for o' must

be at least a first-order differential equation in time to describe rheology due to
d ;0]
o and

viscosity and long chain molecules. This requires that we must use |

20'[1] , leading to 20'[1] as a constitutive tensor with 20'[0] as its argument ten-
sor. Thus, now we have:

d
s

ol = 10" (g5, 40”,0);i=1,2,+,n (3)

If we generalize and assume that rheology depends on stress rates of up to order
m ie, SO'[J]; j=1,2,---,m, then ga[m] is the constitutive tensor, and

SO'[”; j=0,1,---,m—1 are its argument tensors. Thus, we finally have:
fol =16 (g, o, 0);i=01,+,n; j=1,2,+,m-1 @

ol

We use (4) and representation theorem to derive constitutive theory for
The other conjugate pair in entropy inequality, m and Ceé‘[ol , suggests that
m® and Ceg[o] are work conjugate. Microconstituent rotations in a viscous
medium result in secondary dissipation dependent on rotation rates of the micro-
constituents. If we generalize this to consider dissipation dependent on rotation
rates up to order n, then we can write the following for the constitutive tensor

mt.
ml°l =m[°](°®s[o], Ces[i],é’);i=1,2,---,n (5)

The interaction of the microconstituents with long chain molecules in a viscous
medium results in another mechanism of rheology. Upon cessation of an external
stimulus, the presence of long chain molecules inhibits microconstituents from
resuming their original state immediately. As long chain molecules relax, the mi-
croconstituents progressively approach their original undeformed position. This
mechanism of rheology is referred to as micropolar rheology, with a correspond-
ing micropolar relaxation time. This describes the relaxation phenomenon of the
second Piola-Kirchhoff moment tensor. This mechanism requires that the consti-
tutive theory for m® be a differential equation in time, which necessitates that
at the very minimum, m® and m® must be considered in deriving the consti-
tutive theory for the moment tensor. We generalize and assume that micropolar
rheology depends on rate of ml® uptoorder m ie, m[k]; k=1,2,---,m.Now,
mi™  can be considered constitutive tensor and m[k]; k=0,1,---,m-1 asitsar-

gument tensor. Thus, finally we have:
mi™ — m (CQg[i]’m[i],g); i=0,1,-,n;j=01,,m-1 (6)

We use (6) in conjunction with representation theorem to derive constitutive
theory for m!™ .
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The CBL and the constitutive theories for nonlinear MPNCCT expressed in
terms of ga[j]; j=0,1,---,m, m[k]; k=0.1,---,m, g[i]; i=01,---,n and

g J=0,1,--,n are a system of nonlinear partial differential equations in
spatial coordinates and time that have closure. The linear MPNCCT for TVES
with memory is a complete subset of the nonlinear MPNCCT for compressible

TVES with memory presented in this paper.

2. Consideration of Various Measures

Following the notations used in references [20] [21] [57] [58] we have the follow-

ing (see list of notations for description of variables)
= (—o\ —.5 (= \T =
P—(O‘ ) ~n,P—(O'(0)) -N (7)
__—(O)T—___— T _
M_(m ) ~n,M_<m(0)) -‘n (8)

Correspondence rule, contravariant first and second Piola-Kirchhoff stress and

moment tensors are as follows (compressible matter).
{dF} ={dF};{dM | ={dM}
[T =[] [ ] [m ] =po[m®] [0 ]
{dF} =[I]{dr}: {aM}=[3]{am};
[o]:| =IT [ :|T[JTj|71;|:m(0):|T:|J|[J]fl|:m(0):|T[JT:|’1

We remark that since ¢'” is not symmetric, o and o are nonsymmet-

&)

ric as well. However, when BMM is used as a balance law, m® is symmetric,
hence m(® is symmetric but m" is not symmetric.
Classical rotations  ® and its gradients, deformation gradient tensor, etc. are

c

given in the following:

c®=V><u=eixej%=€ijkek%
OX; X,
T e e e (10)
X, O OXy 0%, ox,  OX,
=€,(:0;)+8,(.0,)+e(.0;)
o{x}
J]= =[J]+[.3d 11
01 28] a
1

[91=5 (01T L 31=3{191-137) (12)
73] 202} 1]

ST M) e

Equations (7)-(14) are basic measures, definitions and relations that are used in

deriving the CBL and the constitutive theories.
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3. Conservation and Balance Laws

Surana et al have presented details of the derivation of conservation and balance
laws for nonlinear MPNCCT for compressible solid matter using o and m’
as stress and moment tensors. These CBL in their final form were expressed in
terms of o and m!®. we begin with CBL (Equations (47)-(52)) expressed in
terms of o and m’, which include: Conservation of mass (CM), balance of
linear momenta (BLM), balance of angular momenta (BAM), first law of thermo-

dynamics (FLT) and the second law of thermodynamics (SLT).

Ao () =]3]p(x.1) =
Po%—poF"—V"f*=0 (16

V-m +e:o +pm’=0 (17)

e, =0 (18)
PO%JrVq—a*:J—m*ZCQJ—CQ'(V'm*erOmb):O (19)

D® D) g-9 .. .04 g « b
—+n—|+—-0 J-m " J- 0 (V-m +pm’|<0 (20
pO(D’[ nDtj P c ( Po ) (20)

This mathematical model contains: u(3),0(9),m(6),q(3),6(1), a total of 22
dependent variables, but has only balance of linear momenta (3), balance of angular
momenta (3), first law of thermodynamics (1), seven partial differential equations.
Thus, additional 15 equations are needed for closure. These are provided by the

constitutive theories for stress tensor (6), moment tensor (6) and heat vector (3).
4., Constitutive Theories

Conjugate pairs %,0’* :J and m™:<®J in conjunction with axioms of con-

stitutive theory [57] [58] suggest the choice of ¢,0" and m” as constitutive
tensors with g,J and ¢®J as their argument tensors in addition to tempera-
ture 8. o ,m",J and °®J are all nonsymmetric tensors and J is not ob-

jective. Thus, the following do not hold, Ze.

o =0 (3,0) (21)
m*¢m*(°®J,0) (22)

but
a=9(9.0) (23)

is a valid choice. Intentionally, in the derivation of energy equation and entropy
inequality, we haveused o and m” for simplicity. At this stage, we transform
these to 61" and ml.
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From BAM, we have:
vV-m +pm’=—€:0" (24)
Using (24), the last term in (20) can be written as:
c®~(V-m*+p0mb):—c®-(e:a*) (25)
A simple calculation shows that
c@-(e:a*):aa*:\]':a*:aj (26)
Therefore,
O-(V-m"+ pm°)=-¢": J (27)

Using (27), the entropy inequality (20) can be written as:

po(%+n%j+%—a*:‘j—m*:°®J+a*:aj <0 (28)
Consider ¢ :J term in (28)
ok_J.:(a*)T JT:(G*)T ;
(o) (3 +.9) -
=(7) 1 d+(07) 13
=(") 1 dvo:

3-(o™) +((D+W)-3+37(B-W))

_ J-(Sa[o]):ﬁ-J+%J-(Sa[°]):JT~5 (30)
+%J~(So-[°]):VV-J—%J~(so-[°]):JT W
_%J.(aam):5.J_%J.(aa[°1) 37D
_%J.(aa[O]):W-J +%J-(ao-[°]):JT-VV
We consider each term in (30)
%(J.(50[01));(54):%50[0]:(JT-L‘)-J):%SaM:é[O] (31)
%J.(Sa[o]):J.E:%Sa[(’]:(JT-IS-J):%SG[O]:‘?[O] (32)
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1 1 _
E(J~(sa[°])):JT~W:E(sa[ol):(JT~W-J):O (34)
—%(J .(aa["])): D-J =—% o%.37:D-J =—% .0%:(37-D-3)=0 (35)
—%J.Sa[‘”:JT-5:%(Sa[°]):(JT~5~J):0 (36)
= (o) (W-J):—%J o (37 WT):—%aa[ol:(JT~VVT~J) (37)
23,07 (3T W) =2 (3T W ) =2 (3T W )
2 21 i 2 (38)
=2 o0 (3TWT-J)
Substituting (31)-(38) in (30), we obtain
(a*)T 1 =014, (39)
Substituting from (39) into (29) we obtain
o =" gt (40)

Substituting from (40) into (28), and noting that &":,J term cancel, we ob-

tain the following form of entropy inequality:

o(%*ﬂ%‘f}r%_ o gm0 <0 )
We substitute
(m)" =3-(m) )
in the last term of (41).
m*;c(“)j:m[o].JT:C@J:m[O]Z(JT~(°®J)) (43)

Substituting (43) in (41), we obtain the final form of entropy inequality
Do D) q-9 [o] . . 0] .(1T (.03
po(ﬁ+77§)+7_ Nea .8[0]—m (-J ( \]))SO (44)

ol and ml

Thus, &) and J' ~(°®J) are rate of work conjugate to |

(symmetric). We should confirm the validity of the rate terms in (44) by compar-
ing them with the nonlinear deformation measures derived.

The nonlinear deformation measures for MPNCCT are:

[T ]-0T: [ 9 [ 23T [ (45)

OX

or in the notations of MPNCCT based on classical rotations ,® , we have

] [B1-D%: 9% 23] [9] (16)
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Based on (46) and rates used in (41), the choice of q,o[o] and ml% as consti-

tutive tensors is justified. Last term in (41) requires further considerations.
0] .17 (c©7))_ [0].1( T (.03 EAY )
m 3 () ) =mT =3 (T ) (7)) - 47
(37 (<3))=mlh: {37 («23)+(+3) (47)
Thus, now we can write entropy inequality (41) as:

DO D&Y qg-9 [0 . - .17 (.07 01\
al B oG (23)(49) 9]0 o

Similar changes can also be made in the energy equation.

If we use
AT T
(0' ) =J ~(0'[°]) (49)
and define
0 ) (.7 (.01 03\T
o= i = 37(°3)#(°3) ) (50)
Thus, the conservation and the balance laws (15)-(20) can be written as:
20 () =[3] 2y (x.1) ay
Dv b [, 37\ _
Py PoF —V-(a - )_o (52)
V-(m[°]~JT)+e:(a[o]-JT)+p0mb=0 (53)
Giji mi(jO) =0 (54)
De 0., _m.co, _
poFt+V-q—50' g My =0 (55)
DO Do) q-g [o] . . [0] .{ .0 -
Po (E'F?]Ej"r?— O .3[0] -m ( 3[0])£0 (56)
in which
o 0. 1.1 (e A
b = e[l]_E(J (03)+(°3) ~J) (57)
Remarks

(1) The linear MPNCCT for infinitesimal deformation is a complete subset of
the nonlinear MPNCCT described by CBL (51)-(57). In this case:

(58)

by =1 by = ¢
in which & is the linear strain measure and °®J is the symmetric part of the
classical rotation gradient tensor. Thus, (51)-(57) reduce to linear MPNCCT for
infinitesimal deformation.
(2) When O is not considered, the CBL (51)-(57) reduce to finite defor-
mation, finite strain CCM physics.
(3) When @ is a free field (ie, .® isnot described) and when the defor-

mation is infinitesimal, then [J]=[1] and |J|=1, and the CBL presented here
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automatically reduce to CBL for small deformation, small strain infinitesimal
physics.

(4) All conjugate pairs in the entropy inequality define constitutive tensors
and their argument tensors that are supported by the representation theorem,
hence would yield thermodynamically and mathematically consistent constitu-
tive theories.

[0

¢o!” equilibrium and ¢o'”, devia-

Additive decomposition of 50'[0] into

toric tensors is necessary to address volumetric deformation (constitutive theory
d

for 20'[0]) distortional deformation (constitutive theory for | o) physics that

are mutually exclusive.

ol =26l 4 46l (59)

Substituting (59) into entropy inequality (56)

DD DO) g9 ¢ [o.. d _[0]. . [0].(co.
p”(ﬁ”ﬁ}?‘ﬁ" =50 g - m (g ) <0 (60

Based on (60), choice of g, 20'[0] Scr[o] and ml” as constitutive tensor is sup-

ported by the axioms of constitutive theory [31] [32].

4.1. Constitutive Theory for Equilibrium Stress io-[o]

In our recent papers and also references [57] [58], details of constitutive theory

e
S

form of the constitutive equations. In compressible solids, density is deterministic

for ¢'® have been presented. We summarize it in this paper and give the final

in Lagrangian description from conservation of mass once J is known. Hence,

density p(x,t) cannot be a dependent variable in the mathematical model.

Thus, in compressible solids, equation of state (a function of density and temper-

ature) is a consequence of density and temperature but is not needed to define

density. For deriving constitutive theory for 20'[0] , we must begin with CBL in

Eulerian description for compressible matter in which density is a dependent var-

iable. Using entropy inequality in Eulerian description and following references

[57] [58], we can derive constitutive theory for equilibrium contravariant Cauchy
stress tensor.

0P . oo 0D .
0" =-p*—6=p(p.0)s;9(p.0)=-p"—: Compressible  (61)
op op
0¥ =p(8)5; Incompressible (62)

e 10l

Using (61) and (62), we can obtain constitutive theories for

¢ 5l :|J|(J’l). p(plg).(J’l)T =[] p(p,e)(JT .J*l)(compressible) (63)
ol =]a)(37): p(g)(Jfl)T =[3]p(0)(3" ~J)_1 (incompressible)  (64)

and the reduced form of entropy inequality in Lagrangian description is given by:
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99 g 0., .0 .(c0,
5o g -m (44 ) <0 (65)

d
s

Constitutive theory for o

Sa[o] must address: (i) distortional deformation

The constitutive theory for
physics, (ii) dissipation mechanism and (iii) rheology.

(1) From the rate of work conjugate pairs Sa[o] 1€ in the reduced form of the

d

entropy inequality, we immediately conclude that | ol £l is the work conju-

gate pair. Thus, for elasticity (distortional deformation physics), & must be an
argument tensor of g ol
(2) An ordered rate dissipation mechanism dependent upon strain rates re-

quires that &,;i=1,2,---,n ofup to order N to be argument tensors of 20'[0] .
(3) Rheology, hence existence of relaxations or memory modulus requires that

d

. o' be a differential in time, necessitating use of

the constitutive theory for

¢ o!” aswellas ¢ ol Generalizing this concept and assuming that rheology de-

d
s

pends upon rates of Sa[o] up to order m ie, 0'[”; j=0,1,---,m must be

considered in the constitutive theory. Choice of o™ as constitutive tensor and
Sa[”; j=01,---;m-1 as argument tensors of Sa[m] are valid. Now, we can

write (including 6 as an argument tensor ga[m] ):

s

Lol = 201" (g, £, 20, 0) i =120 =12, -1 (66)

The constitutive tensor and its argument tensors are all symmetric tensors of
rank two except @, a tensor of rank zero.
Sa[m] using (66) and representa-

tion theorem [45]-[56]. Let °G';i=1,2,---, N be the combined generators of
[o

Now, we can derive constitutive theory for
the argument tensors of {o I in (66) that are symmetric tensors of rank two.
Then, 1,°G';i=1,2,---, N constitute the basis of the space of tensor ga[m] ,

46" using coeffi-

referred to as integrity. Thus, we can write the following for |

cients °¢';i=0,1,---,°N..
oN
go_[m]:aa0|+20ai(agi);aqi:qu(aljle> (67)
=
in which
“g' =" (71),0); j=1,2,, "M ;i=1,2,-,°N (68)

The material coefficients in (68) are determined by expanding
i qci ;i=0,1,---, “N in Taylor series in the combined invariants
711;j=1,2,---,°M and the temperature € about a known configuration Q
and retaining only up to linear terms in °1/; j=1,2,---, °M and temperature

0 (for simplicity of the resulting constitutive theory).

o i o i S aaqi ol ol aaqi .1 o
&= Q‘|n+,-z_;a<’|jﬂ( - lj|n)+ﬂﬂ(9_9|n)"=0’1""' N (©9)

Substituting for “¢° and “q';i=1,2,---, N from (69) into (67)
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o 0
(Jlj_alj|o)+aag

cTMad 0
a
ol =| g +Y =
~ o & poyl

j=1 ~ la

M anai

7N
o i Z
+|le[ ¢ |9+JZ:;66|~J' o

Collecting coefficients of |, Ulj l, ‘TQi, Ulj “Gi,<9—9|g) Ugi and
(0-dl,)1 in0) .

°M Ao 0
a [ _|o o “q
’ _[QL+§aﬂj

(Jlj_glj|n)+aag
B Q

o
Maoao

Q(_TL:)J' +,21 1],

o

M Ca i o1 o
+Z[ | zlaalj (_ ~ |Q)J G
e (71)
IN°M ao‘gi o i
332 (u1)¢]
‘INaaai i 8(76}0
+§1: - Q(e—0|ﬂ) Gl (0-6], )1
If we define
o _|eo  20(2) (vl ) - _o("e’)
0'|7_ g|9+§a(—”|j)g |~|Q , ~J_a(al,)9
TR Y:I (-3 AT (D
b= q|ﬂ+,z_16(”|~')ﬂ(_ LJ|Q), Gj a(glj)g (72)
. _aa‘al . | __aago
00|, Me e
then, using (72) in (71), we can write (71) in a more compact form.
°N ) oM °MN )
ozl 2 8 () (7€) 22 e (1))
) (73)

8 (001, )6 ) (e (0-0, )1

Equations (72) defines material coefficients that can be functions of
711;j=1,2,---,°M and temperature € in a known configuration Q. This

constitutive theory (73) is based on integrity Ze., complete basis of the space of
46! and has (2( N )+ ( 7N )(" M )+ M +1) material coefficients. Various

S
desired linear or nonlinear constitutive theories can be derived using (73) by re-
taining desired generators and the invariants. The most simplified yet more gen-
eral constitutive theory for ¢ gcr[m] is a linear function of

the components of the argument tensors in (66) This constitutive theory will con-

tain tensors &; &,;i=1,2,--.n; (o o™ 46l j=1,2,-. . m-1;
tr(g[o]);tr(g[l]a i=1,2,---,n; t(S [O]), (S [‘]),1:1,2,---,m and

o™ is one in which
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(0-4l,).

If we define new material coefficients, then (73) can be reduced to ( o =& )
o I N, (050K _ 0 ; ;
o™+ A (s o )— o |Q | +2us + Mrel + ) 2n.6; + YK (tre‘m) I
k=1 2 i1 i-1

+gaitr(ga[k])l ~a, (0-6],)1

in which °G' = &)’ G = &y); i=1,2,---,n. u and A are similar to Lame’s

(74)

coefficients in linear elasticity. 7, and «; are first and second viscosities corre-

sponding to strain rates s[i]; i=1,2,--,n. o and ¢, arethermal coefficients.
Aik=1,2,---,m is a spectrum of relaxation times associated with stress rates
Sa[k]; k=1,2,---,m and S, are material coefficients associated with

'[I‘(;j O'[k]); k=0,1,---,m. Thus, this constitutive theory has ordered rate mecha-

nisms of dissipation as well as relaxation or rheology.

4.2. Constitutive Theory for m!%

In this section, we present details of the constitutive theory for Contravariant sec-
ond Piola Kirchhoff moment tensor. Consider the rate of work conjugate pair
ml% : ( °®é'[0]) in the entropy inequality. We simplify °®é'[0] :
1 . AT
cO 4 — c® c®
&g —E(JT (3)+(<°9) -J)

(e 0303 (- 25) (94 0))

(75)
1 . . . .
=E(SJ (23)4(03) I =(,3-(c03)+ 23 J))
=J-83-.3-2]
Thus, we can write
80 = ey = J3+(23y )~ 3(99) (76)
Generalizing (76) to include rates of ©J and 9J up to orders N, we can
write:
“ay = (9 )= (29 i =120 (77)
and C®‘c"[O] = s‘] ' 5C®‘] - a‘] : cae‘] (78)

In deriving the constitutive theory for second Piola-Kirchhoff moment tensor,
we consider:

(1) Based on conjugate pair ml°l :(Ceé‘[o] ) , CGé[o] can be argument tensor of
the constitutive tensor ml(®,

(2) We consider dissipation mechanism between the microconstituent and the
viscous medium surrounding it. Rotation of the microconstituent must overcome
the viscous drag due to the surrounding medium. These viscous drag forces are

considered to be proportional to the rotation rates up to order n, thus the rates
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°®&"[k]; k=1,2,---,n are argument tensors of the moment constitutive tensor.
This viscous mechanism is micropolar dissipation or micropolar viscous dissipa-
tion mechanism.

(3) Since the microconstituents are present in a viscous medium with long
chain molecules, upon cessation of external stimulus, if the relaxation process of
long chain molecules interferes with the microconstituents, then microconstitu-
ents do not immediately return to their original state, but require some time in
doing so. This introduces relaxation phenomenon for the moment tensor that
may be dependent on the rates of the moment tensor up to order m. This re-
quires that we consider m® as well as its rates up to order m ie,

m[k]; k=1,2,---,m. Now, instead of ml® , we must choose ml™  as constitutive
tensor with m[k]; k=0,1,---,m—1 asits argument tensors.

For the constitutive tensor m(™, its argument tensors are now defined and we

can write:
ml™ =m[m](c®8[o], °®g[i],m[o],m[j],9); i=1,2,-,n;j=1,2,-,m-1 (79)

Equation (79) only contains symmetric tensor of rank two except for &, a ten-
sor of rank zero. We can now use (79) and representation theorem to derive con-
stitutive theory for m™ | Let "G';i=1,2,---, "N be the combined generators
of the argument tensors of m™ in (79) that are symmetric tensors of rank two,
then 1,"G';i=1,2,---, "N constitute integrity or complete basis of the space of

tensor m!™, hence we can express m(™ as a linear combination of the basis

using coefficients "g';i=0,1,---, "N in the current configuration.
m" ="a’1+3 "¢ ("G) (30)
=
in which
"g'="g'("17,60); j=1,2,+,"M ;i=0,1,--, "N (81)
where ™1J; j=1,2,---, "M are the combined invariants of the argument tensors

of m™ in (80). Material coefficients for the constitutive theory (80) are deter-
mined by considering Taylor series expansion of "¢';i=0,1,---, "N in

" ¥ j=1,2,---,"M and @ aboutaknown configuration Q (axiom of smooth
neighborhood) and retaining only up to linear terms in

" j=1,2,---,"M and 6 (for simplicity).

. Mamql . . amqi L

Substituting "@° and "g';i=1,2,---,"N from (82) in (80):

"™ Am 0 m_0
[m _ 0a i_mpil \, 02
mi™ — mqo|g+;amlj Q(mlj_m|~l|g)+ 50 0(9_9|9) |
- - (83)
m i "'Mamqi myj myj amqi mei
* q|ﬂ+;amljg( - lJ|g)+ 00 9(6—0|Q) ¢
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Collecting coefficients (defined in Q)of I, ™11, "G', "I "G',
(9—9|Q) "G' and (49— 6’|Q) I in (83), we can write (83) as follows:

-, B (|3
== 6( ! )Q - j=L 6( ] )
+mN mqi| +mMa(mQt') (_m!j)‘ ng!
i=1 Q lzla(mlj)g o
mN MM a(mql) o
+|1§a(mll)g( lj)( Cj)
mNa(mgl) . amgo
+'=1 00 (9_0|Q) ¢+ 00 9(6_9|Q)|
2 Q

If we define

ng 0"
~1 amljg
m m i mMamqi myj
bu— 2 Q+J-Z:;6m|jg(_ INJ)‘Q
. 0("e')
",
" g g’
T 0| T ae
Q Q

then, using (85) in (84), we can write (84) in more compact form.

"™ "N "N™M
[m] _ .0 m, myj mp mei m. mpj mei
m=t=m Q|+Z; a; |~|+Zl: b "G'+> > ¢ 1I'7G
Q i -

i=1 j=1

_Zhj‘ "d(0-6],) 8"~ "t (0], )1

(84)

(85)

(86)

In this constitutive theory (86) for ml™ | the material coefficients are defined

by (85). The material coefficients can be functions of p| o ,9| o and

mlj

o0 i=1,2,---, "M . This constitutive theory requires

(2( "N ) + ( "M )( "N ) +"™™ +1) material coefficients. Simplified forms of (86)

can be obtained by retaining desired generators and invariants in (86). A simpli-

fied, yet general constitutive theory resulting from (86) would be one in which

m(™ is a linear function of the components of the argument tensors. The consti-

tutive theory will contain:
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<O

&) °®6‘[i]; i=1,2,---,n; ml; mbl =12, m

) i c® ci_
tr( e[o]),tr( &‘[i]),l—l,Z, ,n (87)
tr(m[o]); tr(m[k]); k=1,2,---,m-1
If we define new material coefficients, then (86) can be written as to:

m[m] + Z mj’k m[k]
k=1

- m°|Q I +2(m/:z)(°®g[o])+ m/jtr(ceem)l +22(mrzi)(°®g[i]) (88)

in which

mglzc(ag[o]; mgi+1:c®g[i];i:1’2'...,0 (89)

"u, ™) are similar to Lame’s constants but for the moment tensor. "7, "x;

are first and second viscosities for micropolar dissipation corresponding to rota-

m

tion gradient rates of order i. "¢, isthermal coefficient. ™2, is a spectrum
of relaxation times associated with m[k]; k=1,2,---,m. We refer to these as mi-
cropolar relaxation times. This constitutive theory has ordered rate mechanism of
two dissipation physics (medium and micropolar) and similarly ordered rate

mechanism of two relaxation or rheology physics (medium and micropolar).

4.3. Constitutive Theory for (

Considering
q9=4a(9,9) (90)

and following references [57] [58] we can derive the following constitutive theory

for  using representation theorem.
q=-xg-%(9-9)9-,(0-6],)9 (o1)

k,k; and &, are material coefficients. These can be functions of (g- g)|Q
and ¢9| o- 9-0 isinvariant of argument tensor ¢ . Simplified form of (91), the

Fourier heat conduction law is given by

q=-xg (92)

5. Complete Mathematical Model

Complete mathematical model consisting of CBL (including BMM balance law)
and the constitutive theories that are linear in the components of the argument
tensors are given in the following using ol and ml® as stress and moment

tensors.

po () =[3|p(x.t) (93)

DOI: 10.4236/am.2025.161006

159 Applied Mathematics


https://doi.org/10.4236/am.2025.161006

K. S. Surana, S. S. C. Mathi

Dv b .37 =
Po g~ PoF -v-(a™-37)=0 (94)
V~<m[o]-JT)+e:(a[0]~JT)+p0mb:0 (95)
em” =0 (96)

De . o
poa'f—v q- ] :8[0] _m[o] . Og[o] =0 (97)

9-9 . Ry .

Vi ol LEpg) — m(°l ( @8[0]) <0; (Reduced form) (98)
0~ o, Gl (99)
ol =26l 4 461 (100)

Constitutive theories:

2o =|3|p(p.0)(37-J )_1 ; compressible

S

(101)
=[9]p(0)(3" -J)_l; incompressible

p(@) or p( p,t9) is known mechanical or thermodynamic pressure, equa-

tions of state.

Solm+ 2 (26M)=0"|, 1+ 2usiy + Atreg 1 + 228
= (102)

Z;, i (tre, )I+Ztr( N1 -a,,(0-0],)1

in which °G'=¢_,; °G'™* =gii=12,n

[0]
miml +g ”%km[k] :mo|g I +2(”‘H)<693[0])+(m/~1)”(°®€[o])'

m-1

+3 "ptr(mt) 1= ra (0-6] )1
k=0 -

in which "G' = c®£[0]; "G = .9[], i=1,2,-
g=v-0 (104)
P (105)

Du
= 106
ot (106)

The mathematical model (93)-(106) are a system of twenty two partial differ-
ential equations: BLM(3), BAM(3), FLT(1), constitutive theories for SO'[O] (6),
ml%(6), q(3) in twenty two variables: u(3), o'¥(6), ,0”(3), m%(s),

9(1) and q(3). Thus, this mathematical model consisting of conservation and

balance laws (including BMM balance law) and constitutive theories has closure.
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6. Summary and Conclusions

We have presented a finite deformation, finite strain nonlinear MPNCCT for a
compressible thermoviscoelastic solid medium with dissipation and rheology
based on classical rotations. The complete mathematical model consists of con-
servation and the balance laws (in Lagrangian description), including balance of
moment of moments balance law, a new balance law necessary for all MPNCCT,
and the constitutive theories derived using conjugate pairs in entropy inequality
and the representation theorem. A summary of the work presented in this paper
and some conclusions drawn from it are given in the following:

(1) Finite strain, finite deformation measures derived for 3M NCCT have been
used in the derivation of the CBL and the constitutive theories as necessitated by
the conjugate pairs in the entropy inequality.

(2) As pointed out in our recent papers, we distinguish between the defor-
mation/strain measures and rigid rotations in the derivation of the constitutive
theories. In MPNCCT, the microconstituents can only experience rigid rotations
(evident from the deformation measures derived). These rotations (if considered
as unknown dofs at a material point) cannot be added to the strain measures as
done in Ref. [29]. This results in an incorrect strain tensor and invalid constitutive
theories based on this strain tensor.

(3) The importance of additive decompositions ol = ScJ'[O] + aa[o] and

e

ol = S0'[0] + ga[o] has been pointed out in this paper as well as in References

s
[58]. These are necessary to ensure that volumetric and distortional deformations
are addressed correctly in the constitutive theories and that aa[o] is not part of
the constitutive tensor.

(4) Deformation measures derived clearly point out that in linear or nonlinear
MPNCCT, rigid rotations of the microconstituents must be incorporated in the
®
already exist at the material and constitute a free field in the absence of microcon-
stituents. Surana et al [18] [20] [21] have presented details of linear MPNCCT

based on classical rotations @ in the presence of microconstituents. This

development of the theory. We must keep in mind that classical rotations |

MPNCCT is thermodynamically and mathematically consistent and has closure
when BMM is used as a balance law. Surana et al [20] [21] have shown that the
linear MPNCCT based on rotations ( ,® + ,© ) at the material points and a linear
MPNCCT based on ,® at the material points (ignoring ,® ) are thermody-
namically and mathematically inconsistent and suffer from lack of closure, hence
are not considered here.

(5) Use of BMM balance law (Yang et al. [44], Surana et al. [13] [14]) is shown
to be essential in linear MPNCCT. This is also true in case of nonlinear MPNCCT.
In the absence of this balance law, the nonlinear MPNCCT is also nonphysical
and suffers from lack of closure.

(6) All constitutive theories are derived using conjugate pairs in the entropy
inequality and the representation theorem, hence they are mathematically con-

sistent.
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(7) The nonlinear MPNCCT for TVES with memory presented in this paper
incorporates two nonlinear dissipation mechanisms: (a) The first one is due to
viscosity of the medium, regular viscous dissipation. This is major source of
damping in the TVE polymeric solids (b) The second dissipation mechanism is
micropolar dissipation. This is due to interaction of the microconstituents with
the viscous medium of the polymer. Both dissipation mechanisms are ordered rate
mechanisms that consider dissipation mechanism to be dependent on rates of
strain tensor up to order n and rates of rotation gradients tensor up to order n.
The theory provides a spectrum of viscosities for the medium as well as for the
micropolar dissipation.

(8) The nonlinear MPNCCT presented in this paper also incorporates two
mechanisms of rheology or memory, the first one is due to long chain polymer
molecules and their Brownian motion in the viscous medium and the second one
is due to interaction of microconstituents with the viscous medium and long chain
polymer molecules, micropolar rheology or micropolar memory. Both rheology
mechanisms are ordered rate mechanisms, thus providing a spectrum of relaxa-

¢ ol as well as for the moment tensor m!.

tion times for the stress tensor

(9) Appearance of deformation measures for nonlinear 3M NCCT as conjugate
to 20'[0] and m® confirm their validity of derivation as well as consistency of
derivation of the nonlinear MPNCCT presented in this paper for TVES with rhe-
ology.

(10) It is straight forward to confirm that a linear MPNCCT for TVES with
memory is a subset of the nonlinear MPNCCT presented in this paper.

(11) Model problem studies using the nonlinear MPNCCT presented here for
TVES with memory and comparison with the nonlinear classical continuum mod-

els for TVES with memory will be presented in a follow-up paper.
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Appendix
Nomenclature

X, X, {X}:deformed Coordinates

X, ¥, {x}:undeformed Coordinates

P, : reference density

p : density in Lagrangian description

p : density in Eulerian description

n : specific entropy in Lagrangian description

77 : specific entropy in Eulerian description

€ : specific internal energy in Lagrangian description
€: specific internal energy in Eulerian description
i@, 0, {;

O} : internal or classical rotations in Lagrangian description

.0, .0, {,0}:external or Cosserat or microrotations in Lagrangian description
@, 0, {,0}:total rotations in Lagrangian description

J : deformation gradient tensor in Lagrangian description

J : symmetric part of deformation gradient tensor in Lagrangian description

.J : skew-symmetric part of deformation gradient tensor in Lagrangian description
7 : displacement gradient tensor in Lagrangian description

¢J : symmetric part of displacement gradient tensor in Lagrangian description
47 : skew-symmetric part of displacement gradient tensor in Lagrangian description
©J : rotation gradient tensor in Lagrangian description

¢®J : internal rotation gradient tensor in Lagrangian description

¢®J : symmetric part of internal rotation gradient tensor in Lagrangian description
¢?J : skew-symmetric part of internal rotation gradient tensor in Lagrangian de-
scription

E?J_ : symmetric part of gradient of internal rotation rate tensor in Eulerian de-
scription

¢?J : rate of symmetric part of gradient of internal rotation tensor in Lagrangian
description

'@ : internal rotation rate tensor in Eulerian description

c ® : internal rotation rate tensor in Lagrangian description

g, 0, {q}:heat vector in Lagrangian description

0, G, {q}:heatvector in Eulerian description

<

» Vi, {v}: velocities in Lagrangian description
V, V;, {V}:velocities in Eulerian description

U, U;, {u}:displacements in Lagrangian description
U, 0, {u}:displacements in Eulerian description
P : average stress in Lagrangian description

P: average stress in Eulerian description

M : average moment in Lagrangian description

M : average moment in Eulerian description

O, O,

;> [o]: Cauchy stress tensor in Lagrangian description
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9I

;> [&]: Cauchy stress tensor in Eulerian description

: symmetric part of Cauchy stress tensor tensor

»

9 9 q

: anti-symmetric part of Cauchy stress tensor tensor

: deviatoric part of the symmetric Cauchy stress tensor tensor

wo o o

)

: equilibrium part of the symmetric Cauchy stress tensor tensor
: temperature in Lagrangian description

: temperature in Eulerian description

7\—%|Q5

: thermal conductivity in Lagrangian

: thermodynamic or Mechanical Pressure in Lagrangian description
: thermodynamic or Mechanical Pressure in Eulerian description

» 0i» {g}:temperature gradient tensor in Lagrangian description
, 0;» {g}:temperature gradient tensor in Eulerian description

: velocity gradient tensor in Eulerian description

O rie @ o o

: symmetric part of velocity gradient tensor in Eulerian description

Abbreviations
CBL Conservation and Balance Laws
CCM Classical Continuum Mechanics
CCT Classical Continuum Theory

NCCT Nonclassical Continuum Theory

NCCM Nonclassical Continuum Mechanics
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