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Abstract 
Foam structures have been attracting many scientists for a long time. How-
ever, the physics behind these structures is very complicated, and complete 
modeling has not yet been achieved. In this paper, a phase-field modeling of 
the rearrangement process of foam structures was proposed, and simulations 
were conducted to show its effectiveness. Adjacent foam cells were assumed 
to interact with each other through the pressure difference, and four different 
conditions were introduced. When the cells had identical inner pressures at 
the initial state, they were stabilized, keeping the initial volume. In contrast, a 
volumetric change occurred when the amount of the substance in the initial cells 
was provided. Other models to regenerate small-cell distribution were also 
proposed, and the foam structures observed in real liquid foam were success-
fully reproduced. 
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1. Introduction 

Various foam structures are prevalent in everyday life, and they are utilized in vari-
ous engineering fields. For example, porous metallic materials called metal foams 
have excellent advantages in terms of their light weight against normal metals and 
in terms of their strength against polymers [1]. Additionally, their cellular voids 
produce various functionalities such as sound absorption, thermal insulation, and 
vibration reduction [2]. These material properties depend not only on the species 
of the base material but also on its geometric characteristics, such as the shape and 
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size of each cell and their arrangement. Therefore, optimizing the microstructure 
of these materials is desirable to maximize their functionality. To make this possible, 
the relationship between functional properties and microstructures should be clar-
ified. However, even for ideal structures, such as regularly arranged homogeneous 
polyhedrons, making up cells artificially one by one is not realistic. Practically, solid 
foam materials are often processed from liquid foam, which can be observed in 
soap or beer: the foam is generated in the liquid base, and then solid porous ma-
terials are obtained through solidification processes, and the liquid foam struc-
ture is frozen into a solid foam material. Therefore, in these cases, the stabilizing 
process of each cell leading to the final cell distribution should be investigated [3] 
[4]. 

Many researchers, starting from Plateau in the late 19th century, have investigated 
the shape of the liquid foam; a translated octahedron, known as a Kelvin cell, is con-
sidered the most preferable shape [5]. However, real foam does not always consist 
of Kelvin cells but is usually made up of various shapes. Additionally, time-depend-
ent coarsening or destruction makes the problem more complicated, and the mod-
eling of foam structures is still under investigation [6]-[8]. Nevertheless, the micro-
structures of porous materials can be designed if the stabilized shape of each cell 
and its distribution in the whole structure are predicted. However, experimental 
observations have limitations in fully understanding these structures because of 
their complexity.  

In this regard, computer simulation has become a powerful and effective tool. 
For instance, Weaire and Phelan found a better form of the space-filling polyhedral 
model using computer simulations [9]. However, although such a geometrically 
optimum structure was obtained, the real foam structure could not be reproduced 
because various physical, chemical, and, sometimes, electromagnetic factors dom-
inated the structure [10]. For these complex problems, an ambiguous model is some-
times more useful. In this respect, previous studies reported a simulation model 
to represent the foam structure using a phase-field model [11]-[13], which repro-
duced the growth of cells from nuclei and the formation of the foam pattern. A sta-
bilized structure was also generated by applying the volume-control term, but the 
situation where the volume difference in the adjacent cell dominated the growth 
rate was unrealistic. Thus, in this paper, the volume-control term is substituted by 
the pressure-control term to improve the previous model. Four different types of 
models are introduced to the initiation of the cells, which allows for variation in the 
inner pressure, and the stabilized foam structure is discussed. 

2. Phase-Field Model and Fundamental Equations 
2.1. Multi-Phase-Field Model 

The conventional phase-field model expresses two different phases using a single 
phase-field variable, φ , which varies from 0 to 1 continuously but steeply in the 
interfacial region. The multi-phase-field model [14] [15] is modified to express 
multiple phases using iφ , where the suffix i represents the i-th phase and iφ  
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varies by maintaining 
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where N is the total number of phases considered. In this paper, the foam structure 
is considered as an assembly of multiple cells, and iφ  is assigned to the i-th foam 
cell. Then, the cell wall corresponds to the interface of the neighboring cells. 

2.2. Fundamental Equations 

The fundamental equation of the multi-phase-field model in the following form is 
applied.  
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ij ij ij ij
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m f f f

t n
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= − + +
∂ ∑                  (2) 
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ijf  are respectively expressed as: 
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where ,  ,  ,  and ij ij ij ijm a w f∆  are the parameters depending on the combination 
of the i-th and j-th phases. The variation in iφ  is expressed in relation to the 
other phase field value iφ , where j is generally all cells excluding i itself but actually 
includes only j of the adjacent cells. In Equation (2), n is the total number of the 
effective phase fields out of the total number N. In a previous model [13], an addi-
tional term 

( ) 22 V V
ij ij j i i jf K V V φ φ= − ∇ ∇                   (4) 

was added, where iV  is the volume of the cell represented by iφ  and 
V
ijK  is the 

adjusting parameter. The volume is successfully controlled by this term, but the 
situation where the volume difference dominates the growth rate is not based on 
a physical standpoint. Instead, in this paper, this term is substituted by a pressure-
induced term in the following form: 

( ) 22 p p
ij ij j i i jf K p p φ φ= − ∇ ∇                  (5) 

where ip  is the internal pressure of the i-th cell and 
p

ijK  is the adjusting param-
eter. The pressure  ip  varies as volume changes. Assuming the state equation of 
the ideal gas, the following relation holds: 

i i ip n RT V=                         (6) 

where  in  is the amount of substance in the i-th cell, R is the gas constant, and 
T is the temperature. Considering the generation process of a foam cell, two 
cases are assumed: the initial pressure is constant or the initial amount of the sub-
stance is given. In this study, three different types are considered.  

Type 1: 0ip p=  for all cells. 
Type 2: 0  in n=  for all cells. 
Type 3: random for each cellin =  ( max min

0 0in n n> > ). 
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Following Equation (6), the pressure in a cell becomes infinitely large when the 
cell shrinks to vanish. A limit value thV  is set to avoid this. 

In addition, observing real foam, small cells sometimes stabilize at a certain size. 
To achieve this situation, 

( )  for ,  0 for i st i i st i stp k V V V V V V= −               (7) 

is used instead of Equation (6), expecting the shrinking cell to stabilize around the 
size of stV , and the result is presented as Type 4. This effect may be caused by the 
balance of the internal pressure and surface tension, although a detailed discus-
sion is left for future work. 

3. Model and Conditions 
3.1. Simulation Model 

The phase-field equation is differentiated in the three-dimensional space using the 
finite difference method. The simulation box was set to 100 × 100 × 20 in size, and 
periodic boundary conditions were applied in all directions. One direction (z) was 
set thin so that the change in shape and size of every cell was visible. Generally, 
phase-field simulation is possible for generating foam structures by simulating cell 
growth from small nuclei. However, in this study, only the morphological change 
starting from a given structure was focused on. Voronoi tessellation with random 
seeds was applied to make the initial configuration, and the divided pattern is shown 
in Figure 1. The colors indicate the identification numbers of the cells, which are 
randomly provided from 1 to N (=20), corresponding to i of iφ , where N is the 
total number of cells. 
 

 
Figure 1. Simulation model and the initially divided cell pattern. 

3.2. Parameters and Conditions 

The computational and phase-field parameters are listed in Table 1. All values are 
standardized nondimensional values. Conditional values such as 0p  and 0n  are 
varied, and typical results are presented in the following section. The parameters 
including the suffix ij generally depend on the combination of the phases i and j; 
however, in this study, identical values are used for all ij. The parameter Δ ijf  is the 
difference in the chemical potential of the phases and is effective for phase trans-
formation. In this study, this term is neglected as the initial state is assigned after 
the transformation is completed. 
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Table 1. Computational and phase-field parameters. 

Δx  Δt  ijm  ija  ijw  Δ ijf  

0.15 0.004 1.0 1.0 4.93 0.0 
p

ijK  thV  RT    

1.0 100 3Δx  1.0    

4. Results and Discussion 
4.1. Type 1 

Figure 2 represents the variation of the cell distribution using the conventional 
multi-phase-field model without Vf  or pf . At the early stage, from the initial 
step toward the 400th timestep, as shown in Figure 2(a) and Figure 2(b), sharp 
angles tended to broaden, and too-close junctions tended to separate, which is a nat-
ural behavior of the phase-field model. As time passed, larger cells grew larger and 
smaller cells shrank until they vanished, and the number of cells decreased. The in-
itially assigned 20 cells decreased to four cells at the 10000th timestep, as shown in 
Figure 2(f), leading to a single crystal if the calculation was continued.  

Figure 3 represents the result obtained when the additional term pf  and Type-
1 condition with 0 0.1p =  were applied. The initial volume of each cell was differ-
ent, but the pressure was set the same. Therefore, every cell changed its shape by 
maintaining its volume. In the early stage, as shown in Figure 3(a) and Figure 3(b), 
relaxation in sharp angles occurred, as in the case shown in Figure 2. Thereafter, 
only the change in shape occurred to form a hexagonal shape, and most intersec-
tions of the cells became triple junctions consisting of 120˚ angles, as shown in 
Figure 3(c). The whole structure reached a stable state, and no specific change was 
observed after the 2000th timestep, as shown in Figures 3(d)-(f). 
 

 
Figure 2. Variation of the cell shape using the conventional multi-phase-field model. 
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Figure 3. Variation of the cell shape under the Type-1 condition. 

4.2. Type 2 

Figure 4 represents the variation in cell distribution using the Type-2 condition 
with 8.4in = . In this case, the same amount of substance was assumed to be con-
tained in every cell, corresponding to high pressure in small cells and low pressure 
inlarge cells. Because of the effect of the term pf  on Equation (2), alternation in 
volume occurred to make the pressure of the adjacent cells equal. A typical differ-
ence between Types 1 and 2 was observed in a cell depicted in red and indicated 
by an arrow in Figure 4(a). The cell remained small in Type 1, as shown in Figure 
3. In contrast, the cell grew larger in Type 2, as shown in Figure 4. At the same 
time, with volume change, the adjustment in shape progressed, and the cell became 
hexagonal. Its edge lengths were also adjusted, and the final form was close to that 
of a regular hexagon, as shown in Figure 4(f). All cells behaved similarly, and it 
finally reached a stable state. Note that several other shapes were retained because 
of the restriction by the periodic boundary. 

The variations of the cell size and pressure are shown in Figure 5(a) and Figure 
5(b), respectively. The blue and red lines are the results for Types 1 and 2, respec-
tively, and the solid and dashed lines are the maximum and minimum values in 
cell size or pressure, respectively. The difference in the maximum and minimum 
cell sizes was small for Type 2, which denoted that most cells had almost equal 
sizes, whereas various cell sizes were distributed in Type 1. As the initial condition, 
the pressure was set to be the same for Type 1 but varied for Type 2. In Figure 
5(b), the difference in the maximum and minimum values was larger in Type 
1 than in Type 2. This was because the term pf  worked in cooperation with the 
other terms in Equation (2). As the native tendency of the phase field, the cell size 
moved to separate, as shown in Figure 2. Thus, the balanced size of each cell was 
slightly different depending on the shape or state of the adjacent cells. In any case, 
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variation occurred in the early stage, and stable states were accomplished by the 
effect of pf . 
 

 
Figure 4. Variation of the cell shape under the Type-2 condition. 

 

 
Figure 5. Variation of the cell size and pressure for Types 1 and 2. 

4.3. Type 3 

The Type-3 condition was basically the same as Type 2, but the amount of substance 
in each cell was provided randomly. Figure 6 represents the result for Type 3 with 

min
0 0.42n =  and max

0 3.16n = . Depending on the initial contents of the sub-
stance, the internal pressure varied for every cell. Consequently, variously sized 
cells were distributed in the stable state, as shown in Figure 6(f). The shape was 
mostly hexagonal, whereas the ratio of other shapes, such as pentagons or seven- 
or eight-sided shapes, increased compared with that in Figure 4. 
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Figure 6. Variation of the cell shape under the Ttype-3 condition. 

4.4. Type 4 

The Type-4 condition was intended to prevent reduced cells from vanishing com-
pletely. The simulation result for 310.0,  500Δstk V x= =  is presented in Figure 7. 
Initially, small cells started shrinking at first, as shown in Figure 7(a) and Figure 
7(b). However, the shrunk cells, such as the cell denoted by the arrow, did not fur-
ther shrink and remained afterward, as shown in Figures 7(c)-(f). Other dimin-
ishing cells also stopped shrinking and remained at a certain size. Consequently, 
small cells remained without disappearing, as shown in Figure 7(f). A similar pat-
tern is often observed in real liquid foam, and the model is considered to reflect 
real phenomena. 
 

 
Figure 7. Variation of the cell shape under the Ttype-4 condition. 
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5. Conclusions 

In this paper, the phase-field modeling of the rearrangement process of foam struc-
tures was presented. Adjacent foam cells were assumed to interact with each other 
through pressure difference. Simulations were conducted under different condi-
tions, and the following results were obtained. When the cells had identical inner 
pressures at the initial state, they stabilized and maintained their initial volume. In 
contrast, a volumetric change occurred when the amount of the substance in the 
cells was provided. Another model to regenerate the small cell distribution was also 
proposed, and the foam structure observed in real liquid foam was reproduced.  

The model presented in this study was very simplified to capture specific features. 
As a next-step work, physical consideration using thermodynamics and fluid dy-
namics for the liquid form should be accounted for. Phase transformation from 
liquid to solid is also required for applying the model to metal foam processing 
because solidification contraction might induce deformation or destruction. Val-
idation of parameters and comparison of the results with experimental data are 
also necessary for more precise evaluation of the model. The author has developed 
another computational model to investigate the stable shape of polyhedral nano-
particles [16]. The application of such an evaluation of polyhedral shapes is also a 
prospective consideration. Nevertheless, this model may be applied to a wide va-
riety of phenomena because of its simplicity and expandability. 
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