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Abstract: The creep experiment and the quasi-static are carried out to learn the properties of honeycomb pa-
perboard roughly, the creep and hysteresis phenomena are important manifestations of honeycomb paper-
board viscoelastic properties. In addition to the static and quasi-static effects, the viscoelastic property also in-
fluences the dynamic properties of honeycomb paperboard. A linear differential equation is adopted to ac-
count for the complexity of honeycomb paperboard dynamic properties. Base on the Laplace transform, the
model for the honeycomb paperboard properties is formulated. The relaxation kernel is used to account for the
viscoelasticity, and it is expressed as the sum of complex exponentials. The free response of the mass loaded
honeycomb paperboard is analyzed based on the Laplace transform and substitution method, the free response
of the viscoelastic system have multiple vibration modals. The forced response of the mass loaded honey-
comb paperboard to general force function is analyzed based on the state-space approach. The simulation re-
sults indicates the viscoelasticity can provide more stiffness and damping forces than the equivalent single
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degree of freedom system.
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1. Introduction

Honeycomb paperboard is a kind of sandwich panel, in
recent years, because of the environment protection
concerns, it has been widely used in packaging as the
cushion material. However, much of the packaging de-
sign is based on experience from previous designs
without the benefit of a clear understanding of the prop-
erties of the honeycomb paperboard used in packaging.
The packaging designers have a strong need to learn and
characterize the quasi-static and dynamic properties of
the honeycomb paperboard. As reported in [1-5], the
researchers studied the honeycomb paperboard proper-
ties by experiments, the experiment results can be used
in packaging designs, but the designers still need accu-
rate models that can predict the behavior of honeycomb
paperboard.

During the transportation, the motion of the packages
varies in very short duration if excited by shock. It is
necessary to learn the dynamic response of packages
excited by the shock. In present work, a model is for-
mulated to account for the viscoelastic property of hon-
eycomb paperboard, the relaxation kernel is expressed as
the sum of complex exponentials. The mass loaded
honeycomb paperboard can be seen as a viscoelastic
system. Methods are developed to analyze the free and
forced response of mass loaded honeycomb paperboard
system excited by shock respectively. The simulations
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indicate the free response of the viscoelastic system have
multiple vibration modals, while in the forced response,
the viscoelasticity can provide more stiffness and damp-
ing forces comparing with the equivalent spring-dashpot
system.

2. Viscoelastic Model

Viscoelastic property is an important aspect of the dy-
namic behavior of honeycomb paperboard. Because of
the specific structure, honeycomb paperboard has a spe-
cial mechanical behavior. In contrast with many engi-
neering materials whose mechanical behavior depends
mainly on the value of the applied stress or strain. The
response of honeycomb paperboard is significantly in-
fluenced by the rate of loading. Roughly speaking, hon-
eycomb paperboard exhibit a combination of elastic and
viscous behavior. This property is usually called viscoe-
lastic property. The creep and hysteresis phenomena
under quasi-static load are important manifestations of
the viscoelasticity.

If a honeycomb paperboard sample is loaded with a
given mass, the compressive strain increases over time
from the initial value. A typical static creep measure-
ment for the honeycomb paperboard used in this study is
shown in Fig. 1. A constant loading 50kg was applied to
the 25cmx25cmx4cm honeycomb paperboard specimen,
and the resulting compression displacement was meas-
ured over a period of 96 hours. Although this creep be-
havior is similar to plasticity, the honeycomb paperboard
sample recover to its undeformed state once the loading
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is recovered, excluding possible extreme loading condi-
tions.

On the other hand, in the quasi-static experiment, the

honeycomb paperboard sample is compressed very
slowly(Imm/min), and then unloaded slowly, the sche-
matic of the experiment set-up and the imposed defor-
mation are shown in Fig. 2 and force-deformation curve
is shown in Fig. 3, it is easy to see that in the deforma-
tion cycle, the response force in the unloading phase is
less than that in the loading phase. This behavior has
been investigated in detail in previous research and is
considered as manifestation of the viscoelastic mem-
ory-like behavior[6,7].
In addition to these static and quasi-static effects, vis-
coelasticity also influences the behavior of honeycomb
paperboard under dynamic conditions. When subjected
to a dynamic excitation, a mass loaded honeycomb pa-
perboard system is seen to display additional dynamic
creep beyond its static equilibrium. It has also been
shown that the stiffness and damping characteristics of
honeycomb paperboard undergoing forced vibration
depend on the length of time that the material has been
exercised.
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Fig. 1 Typical static creep under constant loading
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Figure 2. Schematic of the experiment set-up and imposed
deofrmation
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Fig. 3 The Force-Deformation curve of the quasi-static
experiment

There are several approaches to modeling the vis-
coelastic nature of honeycomb paperboard. The early
attempts of describing the viscoelastic effects consisted
in the use of simple mechanical models which exhibit
superposed elastic and viscous behavior. Such mechani-
cal models form the basis of the superposition principle
and lead to exponential laws for the description of re-
laxation and creep. These models include Maxwell
model, Voigt model, Kelvin model etc, which are shown
in Fig. 4. Different models of viscoelastic material are
discussed in [8]. These models are rather restrictive and
they are incapable of describing the mechanical behavior
of real viscoelastic materials. The constitutive relations
of the models shown in Fig. 4 can be expressed as dif-
ferential equation of the stress and strain, a further gen-
eralization of these models is the following linear dif-
ferential equation[9]

do d"o de d"e
ao“*"h;*’“'*’aw/W:bof*'blg*'“'*'bmr

6]

"
Assuming that at =0, the material was unstressed and
undeformed, we take the Laplace transformation of (1),
the following equation can be obtained:

- L

Fig. 4 Elementary models for viscoelasticity
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The overbar denotes the counterparts in Laplace domain.
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Assuming that M=N, (2) can be represented as a sum of
fractions, i.e.,
Yoa

F=EL-) %

Ts+a,

&
@)

Where E is the instantaneous Young’s modulus of the
material. Taking the inverse Laplace transform of (3),
one can obtain:

o=E[e— jﬂ’r(t—r)g(f)dr] )
The weight function I' (z7) is called the relaxation ker-
nel, and it is the sum of exponentials

Tit-7)= ‘ZV:al exp[-a, (t —7)]

Where a; and o, are real or complex conjugates.

In the packages, the product and honeycomb paper-
board forms a mass loaded viscoelastic system, a linear
viscous damping term is included in the model to ac-
count for the viscous losses in the material, according
to (4), the restoring force in the honeycomb paperboard
is assumed to possess the following form:

F=kx- jo I(t - 7)x(r)d7]

And the equation of motion of the mass loaded viscoe-
lastic system can be expressed as:

N
mx+cx+kx —kJ.;Za,e”"(H’x(f)dT = f(1)
(5)
Where m is the mass of the system, & is the stiffness co-
efficient, ¢ is the viscous damping coefficient, a; and «;,
i=1,2,...N are the N viscoelastic parameters, f(z) is the
force exerted to the mass.

3. Free Response of Viscoelastic System

At free response condition, in (5), f()=0, the motion
equation of the system is

N el _
mx+cx+ kx kjoga,e x(z)dr =0 ©)
the initial conditions are assumed to be:

x(0)=xo %(0) = %,
applying the Laplace transform to (5), one obtains:
m(x(0) + sx(0)) + cx(0) _ R(s)
4y T(s)

s?m+sc+ k(-
( ;era,.)

X=

Knowing the roots p; of the denominator, and assuming
they are distinct, one can obtain the solution to (6) in the
form[10]

N+2
- pit
~Sce

i=1

& R(pi) pit

N=S K

0 ;T'(p[)e @)

Equation (7) is substituted into (6), a parameters identi-
fication procedure is formulated in [5,11] based on the
Prony method, where the identification results indicated
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N=2 can account for the viscoelastic effects well, the
stiffness coefficient &, the damping coefficients ¢, the
viscoelastic parameters a; and «,(i=1,2) are function of
the weight of mass.

Substituting (7) into (6), one can obtain:

4a;

N
mp/2.+cp/+k—kz =0 j=12,---,N+2
i=1 p»,‘ +ai (8)
The initial conditions
4 4
ZC[ =x(0) Zcipi =x(0)
i=1 , it (9)

Assuming a; p=a,*ja,, a1,=0,jo;, One can rewrite (8) as

A, p* + A, p° + A,p° + A p+ A4, =0 (10)

Where

A, =m A, =2ma, +c 1 A4, =m‘a‘2+20ar+k '
4, =da|’ +2ka, - 2ka,, 4, = k(| —2a,a, +2a,2,)
Solve (10), pd(i=1,2,3,4) can be found, C; can be ob-
tained based on the relations in (9) and identified p;.

Substituting p; and C; into (7), we can obtain the free
response of the viscoelastic system.

Once knowing the stiffness coefficient &, the damping
coefficient ¢ and the viscoelastic parameters a; and o; in
(5), one can find the free response of the mass loaded
honeycomb paperboard system by implementing the
method outlined above. To verify this approach, a free
response experiment is carried out. A honeycomb pa-
perboard sample is loaded and compressed to a set value
X0, then the outer load is removed suddenly, the free re-
sponse of the mass loaded honeycomb paperboard sys-
tem is recorded, this free response is also simulated by
the approach outlined above, the parameters in (9) and
(10) have been identified in [5,11]. The experiment data
and the simulation results in Fig 5 have a good agree-
ment.

2 — — — - Simulation
Experiment data
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Fig. 5 Free response of the viscoelastic system
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4. Forced Response of Viscoelastic System

The forced response of the viscoelastic system should
satisfy the equation of motion with forcing function (5)
but with zero initial conditions, taking the Laplace
transform, we obtain:

(Ps* +Ps® + Bs” + Bs+ P)X = (s> +dys+d,) f (11)
where

Pb=m , P =2ma, +c Pz:m‘a‘z+2car+k )
Pl=c‘a‘2+2kar—2ka,, : Pozk(‘a‘z—Za,a,+2a,al.) )

d, =2a,,d, =‘a‘2-

The basic idea of the approach for solving the vis-
coelastic system is to find a first-order state-space model
that is equivalent to its Laplace domain equation (11).
One can then use the well-developed state-space algo-
rithms, such as the modal analysis, modal expansion
method or direct integration method to solve for the
forced response of the viscoelastic system expressed by
(11).

Let’s consider the following system,
4 3 2

RGBT R RS Rl
with zero initial conditions, i.e.,
#(0)=y '(0)=y "(0)=y"(0)=0
we may conclude that the forced response of the original
viscoelastic system with zero initial conditions can be
given as

x=doy+d,y+y (13)

This can be verified by taking Laplace transform of (12)
and (13),

s?+ds+d, -
Ps* +Ps® +Ps® + Ps+P, (14)

X=

Equation (14) is exactly the same as (11). This indicates
the forced response of the viscoelastic system can be
expressed as linear combinations of the state variables of
an auxiliary dynamic system described by (12). Equa-
tions (12) and (13) can then be cast into the state-space
format,

Y =AY +Bf
Y(0)=0
x=CY
where
0 1 0 0
A 0 0 1 ' ge d
0 0 0 1 0
|\-P /P, -PIP, -PIP, -PIP, 1/P,
y' 1C:[d01d11110]
Y: "
y
_y(3)
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By the state-space approach, the forced response of
the mass loaded honeycomb paperboard system with
viscoelastic property can be simulated. Assuming the
mass loaded honeycomb paperboard system is excited
by a rectangle impulse and a half-sine impulse. The du-
ration of the impulse is 0.02 seconds, the amplitude of
the impulse ' is 500N. Based on the earlier experimental
results[11], the parameters in (5) are chosen to be:

N=2, m=12kg,  k=9.32x10°N/m,  ¢=712Ns/m,
611'2=-217i].05i,061'2=204i].532i.

Applying the state-space approach outlined above to the
forced response problem, one can simulate the response
to the rectangle impulse in Fig. 6(a), where x denotes the
displacement of honeycomb paperboard specimen,
xgz=mglk. The forced response of the mass loaded hon-
eycomb paperboard system to the half-sine impulse is
also shown in Fig. 6(b). The forced response of equiva-
lent single degree of freedom system is also displayed in
Fig. 6 for comparison.

From Fig. 6, the response of the viscoelastic system to a
rectangle and half-sine impulse is quite different from

8 7
)

6

i

~
XIXgy

0 . . . 0 . . .
0 0.005 0.01 0.015 0.02 0 0.005 0.01 0.015 0.02
Time(second)

Time(second)
(a) Response to rectangle impulse (b) Response to half-sine impulse

Fig. 6. response to the impulse

that of the equivalent single degree of freedom system.
If we don’t take the viscoelastic property into account,
both the stiffness coefficient and the damping coefficient
will be underestimated. In other words, the viscoelastic
property can provide extra stiffness and damping force
in honeycomb paperboard.

5. Summary

In this paper, to learn the property of honeycomb pa-
perboard roughly, the creep experiment and the
quasi-static experiment are carried out. The creep and
hysteresis phenomena are manifestation of viscoelastic
property. The viscoelastic model is performed based on
the linear differential equation, the relaxation kernel is
used in the motion equation to account for the viscoelas-
tic property of honeycomb paperboard. The relaxation
kernel can be expressed as the sum of complex exponen-
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tials. The free response of the mass loaded honeycomb
paperboard is analyzed based on the Laplace transform
and the substitution method, while the forced response
of the system is analyzed by the use of state-space ap-
proach. From the analysis, because of the viscoelastic
property, in the free response, there are multiple modals,
while in the forced response, comparing with the
equivalent single degree of freedom system, the viscoe-
lastic property in the mass loaded honeycomb paper-
board system can provide more stiffness and damping
force.
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