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Abstract 
This paper presents the work carried out to evaluate the dynamic perfor-
mance of the Hybrid Variable Reluctance Motor (HVRM). The fourth-order 
Runge-Kutta integration algorithm was employed to solve the equations of 
the dynamic model, in conjunction with the three-dimensional finite element 
method. The 3D numerical data was calculated using Comsol Multiphysics, 
which accounts for the nonlinearity of the ferromagnetic material and the 3D 
nature of the HVRM. The outcomes of this study are precise and accurately 
predict the dynamic behaviour of the HVRM in terms of rotor position re-
sponse, rotational speed and torque. The distinctive contribution of this work 
lies in the 3D numerical modelling of the HVRM and the subsequent evalua-
tion and analysis of its dynamic operation. Analytical and numerical 2D studies 
are less resource-intensive and time-consuming, and are more straightfor-
ward and rapid to analyse and interpret. However, they are constrained in their 
capacity to examine spatial, volumetric interactions and intricate dynamics 
such as flux studies where three 3D effects cannot be disregarded, winding 
end effects and the configuration and positioning of the interposed permanent 
magnet. 
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1. Introduction 

Hybrid stepper motors are most often used in drive systems where positioning 
and holding are required. These types of machines, which were previously less at-
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tractive due to torque ripples, are now experiencing an unexpected resurgence [1]. 
This renewed interest is due to their torque density, which is linked to the use of 
rare-Earth materials, as well as their high resolution compared with other types 
of motors. A number of research projects have been conducted with the objec-
tive of reducing or eliminating torque ripples through the implementation of var-
ious techniques and strategic controls [2]-[6]. 

In particular, the four-phase hybrid stepper motor represents an optimal solu-
tion for systems requiring high torque at low speed and high positional accuracy 
in comparison to two- or three-phase motors. 

The accurate prediction of the characteristics of hybrid stepper motors is a 
significant concern for researchers and manufacturers alike. It is evident that the 
technique of accounting for their structural characteristics and non-linearity re-
mains a crucial step in the analysis and optimisation of their parameters. 

A coupled analytical two-dimensional finite element method for the study and 
optimisation of hybrid stepper machine parameters, utilizing the numerical si-
mulation software outlined in [7], has been developed. However, this study does 
not consider the axial components of the physical quantities associated with the 
equivalent magnetic circuit.  

The equivalent magnetic circuit method was developed and applied to the anal-
ysis of stepper motors in [8]. Although this method is flexible and does not re-
quire a significant amount of storage space, it is not sufficiently accurate. 

In [8] and [9], the authors posit that the 3D Finite Element Method (MEF) 
represents a superior numerical simulation option, offering more accurate re-
sults. This is because the results of 3D finite element analysis take into account the 
non-linear characteristics, the small air gap of the motor and its three-dimensional 
nature. 

The objective of this paper is to present a three-dimensional dynamic study of 
the four-phase hybrid stepper machine. Prior to this study, a three-dimensional 
finite element analysis was conducted to calculate the magnetic field. Furthermore, 
this method considers the localised saturation of the ferromagnetic material and 
the complex geometry of the rotor/stator teeth. Consequently, the outcomes of 
the three-dimensional finite element analysis are integrated into the dynamic 
model of the hybrid stepper motor in order to evaluate its dynamic performance. 
The assessment of the performance of an electric machine represents a pivotal 
stage in the design process. The objective is to optimise the energy efficiency, re-
liability and durability of the machine. A comprehensive performance evaluation 
serves to guarantee the correct operation of a specific application. By understand-
ing and measuring the performance of the machine according to defined criteria 
and taking into account its intended use, it is possible to ensure that the machine 
meets the needs and requirements of the end user. Furthermore, this process 
enables any issues or constraints to be identified and rectified, thereby optimising 
the machine’s performance. The dynamic electrical and mechanical models coupled 
to MEF 3D are solved as a matrix of state quantities, including position, rotational 
speed, torque, and other quantities of the machine’s equivalent magnetic circuit. 
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The aforementioned state quantities are evaluated by considering two distinct types 
of tests, namely the no-load test and the load test. The specific test to be employed 
is dependent upon the value of the regulated electrical current, I, and the residual 
magnetism, Br. 

The remainder of the paper is organised as follows: Section 2 presents a de-
scription of a dynamic system with its different variables, the definition of the 
electrical and mechanical parameters of a variable reluctance machine, and the 
dynamics of a hybrid variable reluctance machine; the modelling results are pre-
sented in Section 3; finally, Section 4 presents the conclusion and perspectives of 
this work. 

2. Materials and Methods 
2.1. Materials 

The two armatures are constructed from soft iron, which exhibits no magnetic 
losses. The hybrid variable reluctance machine under investigation comprises two 
half-machines, which are assumed to be homopolar and just matched through a 
permanent magnet. The permanent magnet utilised is based on rare Earth, spe-
cifically neodymium-iron-boron. The rotor is composed of two half-rings, which 
are offset mechanically by half an electrical period. The machine under consid-
eration (Figure 1 is an exploded version of Figure 2) is a double salient hy-
brid variable reluctance motor. The rotor has 50 evenly spaced teeth, while the 
stator has 8 studs, each with 5 teeth. Figure 3 illustrates the outcome of the 
three-dimensional finite element analysis, which serves as the foundation for the 
dynamic model. 
 

 
Figure 1. Exploded 3D geometry of the HVRM. 

 

 
Figure 2. 3D geometry of the HVRM. 
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Figure 3. Magnetic map of the HVRM. 

2.2. Methods 

The fundamental principle of this method is the calculation of the phase fluxes 
utilising the three-dimensional finite element method. Subsequently, the results 
of the numerical calculation are integrated into the dynamic model in order to 
account for the non-linearity and local saturation of the ferromagnetic material. 

2.2.1. Description of a Dynamic System 
A dynamic system can be defined as a process that evolves over time. From an 
observer’s point of view, a process corresponds to a physical system considered 
in the context of the evaluation of exchanges with its environment [10]. 
Various variables can be identified in a process: 

- Control inputs, which are the external physical quantities whose variation 
contributes to the evolution of the system’s behaviour; 

- Disturbance inputs, which are generally uncontrollable by the user and which 
also act on the process; 

- State variables, internal variables of the system, whose action on the environ-
ment is not necessarily directly perceptible but whose evolution governs that of 
the process. 

The study of physical processes generally aims to: 
- Understand how the system works and predict its behaviour and performance 

in the face of variations in inputs; this is known as system analysis; 
- Seek to control the system’s output and performance by acting on the inputs; 
In this case, it is a matter of synthesising control laws. 
In order to analyse or synthesise control laws, it is often necessary to establish a 

model of the processes being studied. The process of modelling is primarily con-
cerned with the construction of a mathematical description of the behaviour of the 
physical system [10]-[14]. This description is based on the fundamental principles 
of mathematics and is expressed in a language that is accessible to both humans 
and computers. There are two main types of model: knowledge models and repre-
sentation and control models. It is crucial to acknowledge that the model is typical-
ly a mere abstraction of the phenomenon under investigation. 

In the context of our study, the state model is the most suitable for the analysis 
of dynamic behaviour. This model represents a relationship between the state va-
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riables x(t), which constitute the memory of the system, and the control input va-
riables u(t). This model is typically represented by a system of ordinary differential 
equations relating to the state, together with an observation equation. In this in-
stance, the dynamic system can be defined by the following equation of state: 

( ) ( )
( ) 0

, ,

0

x t f x t u

x x

=


=



                     (1) 

The system output is given by Equation (2): 

( ) ( ),y t g x u=                       (2) 

x: The state vector of components xi(.), 1,2, ,i n∀ =  , nu R∈ ; 
t: The time,  +∈t R ; 
u: The command vector, with components uj(.), 1,2, ,j m∀ =  , mx R∈ ; 
y: The output vector, components yi(.), 1,2, ,i l∀ =  , lx R∈ ; 
x : The derivative with respect to time of the state vector x; 
f(..): A vector function with components fi(..), 1,2, ,i n∀ =  ; 
g(.): A vector function with components gk(..), 1,2, ,k l∀ =  . 
Non-linearities in the model are expressed in terms of the f(.) and g(.) functions. 
The focus of this study is on complex continuous-time dynamic systems, as 

variable reluctance machines present complex and highly non-linear dynamic 
models, particularly when certain inherent phenomena in their operation are 
taken into account. 

A dynamic system is described as complex to express the difficulty of either 
describing it properly or studying some of its functional aspects. This difficulty is 
generally due to the system’s structure, which refers to the form of the relation-
ships between its various parts or attributes [10] [15]-[17]. 

2.2.2. Definition of Electrical and Mechanical Parameters 
Table 1 shows electrical and mechanical parameters employed during the no-load 
and load tests. 
 
Table 1. Type electrical and mechanical parameters. 

Designation Symbol Value 

Resistance per phase R 33 Ω 

Moment of inertia of the machine J 3.10−6 kg·m2 

Power supply control frequency f 10 Hz 

Current reference to be set Iref 0.55 A 

Reverse voltage of zener diodes Vz 3 V 

DC bus voltage U 60 V 

Load torque ΓL 0.0045 N·m 

Viscous friction coefficient fv 0.006 N·m/rad/s 
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2.2.3. Dynamics of a Hybrid Variable Reluctance Machine 
In a hybrid variable reluctance machine, the state variables undergo changes in 
response to various parameters, including the position of the rotor and the cur-
rents in the windings. Over time, these variables can fluctuate in response to op-
erating conditions and control commands, as well as due to the permanent mag-
net. As the machine operates, the position of the rotor can influence the distri-
bution of magnetic flux, which in turn affects the electromagnetic characteristics 
of the machine. Furthermore, the currents in the windings may fluctuate in ac-
cordance with the load requirements and the control frequency, which also af-
fects the machine’s performance. It is of interest to ascertain the dynamic model 
of this machine. By means of a simulation of the model, it is possible to predict 
the machine’s behaviour over time in accordance with specific operating condi-
tions. The order of supply of the phases is as follows: The sequence of supply is 
as follows: 4-3-2-1. 

1) Electrical dynamics 
The electrical dynamics of an HVRM are characterised by its ability to re-

spond when voltages are applied across the coils to generate a magnetic field 
and move the rotor precisely, although this compromises speed and torque. 
Upon the application of a voltage U across the coil of a phase of an HVRM, an 
electric current is created within the coil. This current generates a magnetic field 
that interacts with the permanent magnet to produce electromagnetic torque, 
which in turn causes the rotor to move. This phenomenon is governed by Eq-
uation (3): 

d
d

U Ri
t
Ψ

= +                       (3) 

U: Applied voltage; 
i: Current in the coil; 
R: Phase resistance; 
ψ: Phase magnetic flux. Given that the phenomenon of saturation of the mag-

netic circuit is considered, the phase magnetic flux is a non-linear function of 
the electric current and the rotor position, and can therefore be written as ψ(θ, 
i). Consequently, Equation (3) can be expressed as a partial differential equation 
(Equation (4)): 

( ) ( ), ,d d 
d d

i iiU Ri
i t t
θ θ θ

θ
∂Ψ ∂Ψ

= + +
∂ ∂

              (4) 

Assuming that the four phases of the machine are identical, the generalised elec-
trical dynamics for a phase j can be expressed by Equation (5): 

( ) ( )1
, ,d d

d d
j jj

j j
j

i ii
U Ri

t i t
θ θ θ

θ

−
   ∂Ψ ∂Ψ
   = + + −
   ∂ ∂   

       (5) 

( ),θ∂Ψ

∂
j

j

i

i
: Represents the incremental inductance, which is a measure of the 

variation of the inductance of a coil as a function of the position of the rotor; 
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( ), jiθ

θ

∂Ψ

∂
: Represents the back electromotive force per unit speed or back 

electromotive voltage per unit speed. 
2) Mechanical dynamics 
The mechanical dynamics of an HVRM can be modelled by the equations of 

rotor position (Equation (6)) and speed (Equation (7)). This model enables the 
understanding of the reaction of the system (machine) to the forces and torques 
applied to it, as well as to external load conditions. An understanding of these 
dynamics allows for the prediction of the machine’s behaviour and the envisag-
ing of precise control as a function of the situation. 

d  
dt
θ
= Ω                            (6) 

( )d 1 ,
d e r vT i C f

t J
θΩ

= − − Ω                      (7) 

Cr: Load torque; 
fv: Coefficient of viscous friction; 
J: Moment of inertia;  
Te: Total electromagnetic torque (sum of the torque produced by the three 

phases). 

3. Results and Discussions 

Figure 4 illustrates the temporal evolution of the current in phase 4, wherein all 
phases exhibit identical characteristics. The figure demonstrates that the current 
curves in a phase are superimposable when the machine is running at no load 
(Cr = 0 N·m) or at load (Cr = 0.0045 N·m). From this figure, it can be concluded 
that no additional adjustments are required to the power supply device in order 
to drive a predefined load. 
 

 
Figure 4. Evolution of currents in the phases. 

 

Upon initial startup, the phase currents exhibit a rapid increase in amplitude 
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for a period Δt1 = 0.25 ms before reaching a stable equilibrium value (0.55 A) for 
the remainder of the supply period of a phase. Subsequently, the phase currents 
decrease for a period Δt2 = 0.25 ms before cancelling out. It can be concluded 
that, regardless of whether the machine is operating at no load or under load, a 
current of 0.55 A is drawn in order to provide the torque required on the output 
shaft to drive a load of 0.0045 N·m. Furthermore, it can be demonstrated that the 
current in one phase only cancels out when the current in the next phase reaches 
its maximum value (Δt1 = Δt2). 

Figure 5 presents a comparison of the rotor positions during the elementary 
step-by-step movements between the no-load and loaded tests. The figure illu-
strates that there is a discrepancy in angular position between the elementary 
steps at no load and at load, with a difference of approximately 0.0075 rad. It is 
evident that the reduction in the elementary pitch under load is a consequence 
of the intensity of the load to be driven. However, the position response time for 
the loaded machine is greater than that for the unloaded machine. It is observed 
that at no load, the position response is quasi-stable at 5 ms before the commence-
ment of a new step, whereas there are minor fluctuations that persist until the 
conclusion of the step for the machine under load. 
 

 
Figure 5. Rotor positions under load and at no load. 

 
Figure 6 presents a comparison of the rotational speeds. Figure 6 illustrates 

that the reduction in the elementary step of rotor displacement, as depicted in 
Figure 4, exerts an influence on the speed for the same test. In fact, the speed of 
rotation for the machine under load is reduced in comparison to that of the ma-
chine running at no load. It can be observed that the speed of the machine oper-
ating without a load stabilises before the conclusion of the control period, whe-
reas the fluctuations only subside when the machine is in motion and driving a 
load. 

Figure 7 presents a comparison of the electromagnetic torques developed by 
the machine during the no-load and load tests. From this figure, it can be ob-
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served that the average torque at no load is zero, which is in accordance with 
Equation (6). Given that the machine is supplied with direct current, it can be 
demonstrated that the torque is inversely proportional to the speed of rotation. 
Consequently, the torque displayed in Figure 7 increases during the load test, 
thereby corroborating the fact that the speed has decreased during the same test, 
as evidenced by the results presented in Figure 6. It can be stated that the aver-
age torque supplied to the output shaft of this machine under load, as shown in 
Figure 7, is necessary to maintain the predefined load.  
 

 
Figure 6. Evolution of rotation speeds. 

 

 
Figure 7. Evolution of electromagnetic torque. 

 
Figure 8 illustrates the phase portraits, which depict the speed of rotation as a 

function of the displacement of the moving armature. This phase illustrates the 
periodicity of the rotor’s movement around the stable equilibrium position with-
out any hindrance. It is observed that under load, the oscillations persist around 
the equilibrium position, as evidenced by a strengthening of the line at the cen-
tres of the trajectories described by the rotor in Figure 8. 
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Figure 8. Phase portraits. 

4. Conclusions and Outlook 

This paper presents the dynamic performance of the HVRM with a stator mag-
net. The aforementioned performances are evaluated utilising data derived from 
the 3D finite element calculation integrated into the dynamic model. The com-
bination of the aforementioned method of calculating dynamic performance with 
the finite element method yielded satisfactory results. The model accounts for 
the non-linearity and three-dimensional nature of the MRVH. The evaluation of 
this machine in this study is complete and accurate, as it incorporates the full range 
of relevant factors, including geometric complexity, winding end effects and per-
manent magnet configuration. The machine under investigation is capable of pro-
viding the torque required to hold a load of 0.0045 N·m. It may therefore be con-
sidered a potential candidate for use in a drive system with a load not exceeding 
the predicted value. Nevertheless, should the load be increased, the machine will 
become slower and may exhibit a different behaviour. 

As a prospective outcome of this research, we intend to propose a methodol-
ogy for the reduction of ripples in the characteristic quantities of an HVRM, con-
duct an experimental validation of the structure and perform a chaotic control of 
the dynamics of the MRVH in order to optimise the strange behaviour observed. 
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