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Abstract 
We present an eight component integrable Hamiltonian hierarchy, based on a 
reduced seventh order matrix spectral problem, with the aim of aiding the 
study and classification of multicomponent integrable models and their un-
derlying mathematical structures. The zero-curvature formulation is the tool 
to construct a recursion operator from the spatial matrix problem. The second 
and third set of integrable equations present integrable nonlinear Schrödinger 
and modified Korteweg-de Vries type equations, respectively. The trace iden-
tity is used to construct Hamiltonian structures, and the first three Hamilto-
nian functionals so generated are computed. 
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1. Introduction 

Multi-component integrable models are one class of nonlinear integrable PDE 
models which possess diversity and difficulty, with many physical applications. We 
aim to exploit an integrable Hamiltonian hierarchy with eight components, moti-
vated by a recent reduced matrix spectral problem [1], which provide novel inte-
grable nonlinear Schrodinger models and modified Korteweg-De Vries models. 
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Consider a partial differential equation (PDE): 

 ( ), , ,
xt x Nu u u uξ=   (1.1) 

where ( ),u x t  is a real or complex valued function. A PDE is called Lax-in- te-
grable if there exists a Lax pair, i.e., a pair of two linear ODEs, 

, .x tU Vψ ψ ψ ψ= =  
where U and V are n × n matrices depending on dependent and independent 
variables, such that the compatibility of the mixed derivatives t x x tψ ψ∂ = ∂  
holds. When a PDE possesses a Lax pair, it is quite common that it possesses an 
infinite number of conserved quantities and an infinite number of symmetries. 

Based on recursion operators associated with Lax pairs, integrable hierarchies 
could be presented, which consist of infinitely many Lax-integrable PDEs. In an 
integrable hierarchy, every element is characterized by an infinite number of 
conserved functionals that mutually commute when subjected to the correspond-
ing Poisson bracket [2] and infinitely many symmetries commuting under the 
Lie bracket of vector fields. 

In this work, Lax pairs associated with a reduced [1] seventh order spectral 
problem, are used to generate an eight component integrable hierarchy. Within 
the related matrix loop algebra, a pseudoregular element is selected to construct 
a spectral matrix. The characteristics of this pseudoregular element guarantee 
the existence of a Laurent series solution [ ]

0
ss

sW Wλ−
≥

= ∑  to the stationary 
zero curvature equation [ ],xW i U W=  and will lead to the formation of an in-
tegrable hierarchy via zero curvature equations: 

 [ ] [ ], 0, 0.
g

g g
t xU V i U V g − + = ≥   (1.2) 

The zero curvature equations are the compatibility conditions of the spatial 
and temporal matrix spectral problems: 

 [ ], , 0,
g

g
x ti U i V gψ ψ ψ ψ− = − = ≥  (1.3) 

with ψ  being an eigenfunction. 
The paper is structured as follows. Section 2 computes an eight component 

integrable hierarchy from a reduced seventh order matrix spectral problem. Sec-
tion 3 presents Hamiltonian structures for the eight component integrable hier-
archy. These structures are constructed using the trace identity [3] since the 
corresponding Lie algebra is semisimple. In particular, we compute the first 
three Hamiltonian functionals. The Hamiltonian structures establish a connec-
tion between symmetries and conserved quantities. The last section is devoted to 
a conclusion. 

2. An Eight Component Integrable Hierarchy 

Consider the following potential vector, with λ  being the spectral parameter: 

 ( ) ( )1 2 3 4 1 2 3 4, , , , , , , , .u u x t p p p p q q q q Τ= =  (2.1) 
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We first present the spatial matrix spectral problem as follows: 

 ( )

1 2 3 4 4

1 1

2 2

3 3

4 4

4 4

1 2 3 4 4

0
0 0 0 0 0
0 0 0 0 0

, , 0 0 0 0 0 ,
0 0 0 0 0
0 0 0 0 0

0

x

p p p p p
q p
q p

i U U u U q p
q p
q p

q q q q q

λ

ψ ψ λ

λ

 
 
 
 
 

− = = =  
 
 
 
 − 

 (2.2) 

We initially address the stationary zero curvature equation 

 [ ],xW i U W=  (2.3) 

by seeking a Laurent series solution: 

 [ ]

1 2 3 4 4

1 1,2 1,3 1,4 1,4 1

2 1,2 2,3 2,4 2,4 2

3 1,3 2,3 3,4 3,4 3
0

4 1,4 2,4 3,4 4

4 1,4 2,4 3,4 4

1 2 3 4 4

0
0

0
0

0 0
0 0

0

ss

s

a b b b b b
c d d d d b
c d d d d b

W c d d d d b W
c d d d b
c d d d b

c c c c c a

λ−

≥

 
 
 
 −
 

= − − = 
 − − −
 

− − − 
 − 

∑  (2.4) 

 [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

1 2 3 4 4

1 1,2 1,3 1,4 1,4 1

2 1,2 2,3 2,4 2,4 2

3 1,3 2,3 3,4 3,4 3

4 1,4 2,4 3,4 4

4 1,4 2,4 3,4 4

1 2 3 4 4

0

0

0
= 0

0 0

0 0

0

s s s s s s

s s s s s s

s s s s s s

s s s s s s s

s s s s s

s s s s s

s s s s s s

a b b b b b

c d d d d b

c d d d d b
W c d d d d b

c d d d b

c d d d b

c c c c c a

 
 
 
 

− 
 

− − 
 − − − 
 − − −
 − 

.




 (2.5) 

Since 

 [ ] [ ]( )
7 7

, , ,jkU W U W
×

=  (2.6) 

where 

[ ] 1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 411, 2 2 ,U W b q b q b q b q c p c p c p c p= − − − − + + + +  

[ ] 1 1 1,2 2 1,3 3 1,4 412, 2 ,U W ap b d p d p d pλ= − + − − −  

[ ] 2 2 1,2 1 2,3 3 2,4 413, 2 ,U W ap b d p d p d pλ= − + + − −
 

[ ] 3 3 1,3 1 2,3 2 3,4 414, 2 ,U W ap b d p d p d pλ= − + + + −  

[ ] [ ] [ ]4 4 1,4 1 2,4 2 3,4 315 16 17, , , , = 0,U W U W ap b d p d p d p U Wλ= − + + + +
 

[ ] 1 1 1,2 2 1,3 3 1,4 421, 2 ,U W aq c d q d q d qλ= − − − −  

[ ] [ ] 1 2 2 1 1 2 2 122 23, 0, , ,U W U W b q b q c p c p= = − + +
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[ ] 1 3 3 1 1 3 3 124, ,U W b q b q c p c p= − + − +  

[ ] [ ] 1 4 4 1 1 4 4 125 26, , ,U W U W b q b q c p c p= = − + − +
 

[ ] 1 1 1,2 2 1,3 3 1,4 427, 2 ,U W ap b d p d p d pλ= − + − − −
 

[ ] 2 2 1,2 1 2,3 3 2,4 431, 2 ,U W aq c d q d q d qλ= − + − −
 

[ ] 1 2 2 1 1 2 2 132, ,U W b q b q c p c p= − + −
 

[ ] [ ] 2 3 3 2 2 3 3 233 34, 0, , ,U W U W b q b q c p c p= = − + − +
 

[ ] [ ] 2 4 4 2 2 4 4 235 36, , ,U W U W b q b q c p c p= − = − + − +
 

[ ] 2 2 1,2 1 2,3 3 2,4 437, 2 ,U W ap b d p d p d pλ= − + + − −
 

[ ] 3 3 1,3 1 2,3 2 3,4 441, 2 ,U W aq c d q d q d qλ= − + + −  

[ ] 1 3 3 1 1 3 3 142, ,U W b q b q c p c p= − + −  

[ ] [ ]2 3 3 2 2 3 3 243 44, , , 0,U W b q b q c p c p U W= − + − = −
 

[ ] [ ] 3 4 4 3 3 4 4 345 46, , ,U W U W b q b q c p c p= = − + − +
 

[ ] 3 3 1,3 1 2,3 2 3,4 447, 2 ,U W ap b d p d p d pλ= − + + + −
 

[ ] [ ] 4 4 1,4 1 2,4 2 3,4 351 61, , ,U W U W aq c d q d q d qλ= = − + + +
 

[ ] [ ] 1 4 4 1 1 4 4 152 62, , ,U W U W b q b q c p c p= = − + −
 

[ ] [ ] 2 4 4 2 2 4 4 253 63, , ,U W U W b q b q c p c p= = − + −
 

[ ] [ ] 3 4 4 3 3 4 4 354 64, , ,U W U W b q b q c p c p= − = − + −
 

[ ] [ ]55 56, , 0,U W U W= =
 

[ ] [ ] 4 4 1,4 1 2,4 2 3,4 357 67, , ,U W U W ap b d p d p d pλ= = − + + + +
 

[ ] [ ] 1 1 1,2 2 1,3 3 1,4 471 72, 0, , 2 ,U W U W aq c d q d q d qλ= = − − − −
 

[ ] 2 2 1,2 1 2,3 3 2,4 473, 2 ,U W aq c d q d q d qλ= − + − −
 

[ ] 3 3 1,3 1 2,3 2 3,4 474, 2 ,U W aq c d q d q d qλ= − + + −
 

[ ] [ ] 4 4 1,4 1 2,4 2 3,4 375 76, , ,U W U W aq c d q d q d qλ= = − + + +
 

[ ] 4 4 1,4 1 2,4 2 3,4 377, ,U W ap b d p d p d pλ= − + + + +
 (2.7) 

The stationary zero curvature equation yields the ensuing recursion relations 
and initial conditions: 

 
[ ] [ ] [ ]

[ ] ( )( )( )( )( )( ){ }

0 0 0

0
, ,

0, 0, 0, 1 4,

0; , 1, 2 1,3 1,4 2,3 2,4 3,4
x j j

m n x

a b c j

d m n

 = = = ≤ ≤


= =
 (2.8) 
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[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

1
1 1, 1 1,2 2 1,3 3 1,4 4

1
2 2, 2 1,2 1 2,3 3 2,4 4

1
3 3, 3 1,3 1 2,3 2 3,4 4

1
4 4, 4 1,4 1 2,4 2 3,4 3

2

2

2

s s s s s s
x

s s s s s s
x

s s s s s s
x

s s s s s s
x

b ib a p d p d p d p

b ib a p d p d p d p

b ib a p d p d p d p

b ib a p d p d p d p

+

+

+

+

 = − + + + +

 = − + − + +


= − + − − +


= − + − − −

 (2.9) 

 

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

1
1 , 1 1,2 2 1,3 3 1,4 4

1
2 2, 2 1,2 1 2,3 3 2,4 4

1 3
3 3, 3 1,3 1 2,3 2 3,4 4

1
4 4, 4 1,4 1 2,4 2 3,4 3

2

2

2

s s s s s s
l x

s s s s s s
x

s s s s s
x

s s s s s s
x

c ic a q d q d q d q

c ic a q d q d q d q

c ic a q d q d q d q

c ic a q d q d q d q

+

+

+

+

 = + − − −

 = + + − −


= + + + −


= + + + +

 (2.10) 

[ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]

1 1 1 1 1
, ,

1 1 1 1 1 1 1 1 1
1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 42 2 ,

s s s s s
m n x m n n m m n n m

s s s s s s s s s
x

d i b q b q c p c p

a i b q b q b q b q c p c p c p c p

+ + + + +

+ + + + + + + + +

  = − + − +  


 = − − − − − − − −  

(2.11) 

with 0s ≥ . 
Subsequently, taking the following initial values, 

 [ ] [ ]0 0
,1, 0,m na d= =  (2.12) 

and setting the constants of integration to be zero, 
[ ] [ ]

,0 0
0, 0, 1,s s

m nu u
a d s

= =
= = ≥

 
we determine a unique solution W. Consequently, we can compute the first four 
sets of [ ] [ ] [ ], ,s s s

j ja b c  and [ ]
,

s
m nd  as follows: 

[ ] [ ]

[ ] [ ]

1 1

1 1
,

,

0, 0
j j j j

m n

b p c q

d a

 = =


= =  
[ ] [ ]

[ ] [ ]

2 2
, ,

2 2
, 1 1 2 2 3 3 4 4

, ,

2,
j j x j j x

m n m n n m

b ip c iq

d p q p q a p q p q p q p q

 = − =


= − + = − − − −  
[ ]

[ ]

[ ]

[ ]

3 2 2 2 2
1 1, 1 1 2 1 3 1 4 1 1 2 2 1 3 3 1 4 4

3 2 2 2 2
2 2, 1 2 2 2 3 2 4 2 2 1 1 2 3 3 2 4 4

3 2 2 2 2
3 3, 1 3 2 3 3 3 4 3 3 1 1 3 2 2 3 4 4

3 2 2
4 4, 1 4 2 4

2 2 2 4

2 2 2 4

2 2 2 4

xx

xx

xx

xx

b p p q p q p q p q p p q p p q p p q

b p p q p q p q p q p p q p p q p p q

b p p q p q p q p q p p q p p q p p q

b p p q p q

= − − + + + − − −

= − + − + + − − −

= − + + − + − − −

= − + + + 2 2
3 4 4 4 4 1 1 4 2 2 4 3 32 2 2 2p q p q p p q p p q p p q








− − − −  
[ ]

[ ]

[ ]

[ ]

3 2 2 2 2
1 1, 1 1 1 2 1 3 1 4 1 2 2 1 3 3 1 4 4

3 2 2 2 2
2 2, 2 1 2 2 2 3 2 4 2 1 1 2 3 3 2 4 4

3 2 2 2 2
3 3, 3 1 3 2 3 3 3 4 3 1 1 3 2 2 3 4 4

3 2 2
4 4, 4 1 4 2

2 2 2 4

2 2 2 4

2 2 2 4

xx

xx

xx

xx

c q p q p q p q p q q p q q p q q p q

c q p q p q p q p q q p q q p q q p q

c q p q p q p q p q q p q q p q q p q

c q p q p q

= − − + + + − − −

= − + − + + − − −

= − + + − + − − −

= − + + + 2 2
4 3 4 4 4 1 1 4 2 2 4 3 32 2 2 2p q p q q p q q p q q p q








− − − −  
[ ]

[ ]

3
, , , , ,

3
1, 1 1 1, 2, 2 2 2, 3, 3 3 3, 4, 4 4 4,2 2

m n m n x m x n n m x n x m

x x x x x x x x

d i p q p q p q p q

a i p q p q p q p q p q p q p q p q

  = − + + −  


 = − + − + − + −    
and 
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[ ]

[ ]

4
1 1, 1 1, 1 2 2, 1 3 3, 1 4 4, 1 1, 2 2

1, 3 3 1, 4 4 1 2, 2 1 3 3 1 4, 4
4

2 2, 1 1, 2 2 2, 2 3 3, 2 4 4, 2 2, 1 1

2, 3 3 2, 4 4

3 3 3 6 3

3 6 3 3 6

3 3 3 6 3

3 6 3

xxx x x x x x

x x x x x

xxx x x x x x

x x

b i p p p q p p q p p q p p q p p q

p p q p p q p p q p p q p p q

b i p p p q p p q p p q p p q p p q

p p q p p q p

= + − − − +
+ + + + + 

= − + − − +
+ + +

[ ]

]
[ ]

2 1, 1 2 3, 3 2 4, 4
4

3 3, 1 1, 3 2 2, 3 3 3, 3 4 4 3 3 1 1

3, 2 2 3, 4 4 3 1, 1 3 2, 2 3 4 4
4

4 4, 1 1, 4 2 2 4 3 3, 4 4 4, 4 4, 1

3 6

3 3 3 6 3
3 6 3 3 6

3 3 3 6 3

x x x

xxx x x x x x

x x x x x

xxx x x x x x

p q p p q p p q

b i p p p q p p q P p q p p q p p q
p p q p p q p p q p p q p p q

b i p p p q p p q p p q p p q p p q

+ + 
= − − + − +

+ + + + +

= − − − + + 1

4, 2 2 4, 3 3 4 1, 1 4 2, 2 4 3, 33 3 3 3 3x x x x xp p q p p q p p q p p q p p q + + + + +












 






 

[ ]

[ ]

4
1 1, 1 1 1 2 2, 1 3 3, 1 4 4 1 1, 2 2

1, 3 3 1, 4 4 1 2 2 1 3, 3 1 4, 4
4

2 2, 2 1 1, 2 2 2, 2 3 3, 2 4 4, 2, 1 1

2, 3 3 2, 4 4 2

3 3 3 6 3

3 6 3 3 6

3 3 3 6 3

3 6 3

xxx x x x x

x x x x x

xxx x x x x x

x x

c i q q q p q q p q q p q q p q p q

q p q q p q q q p q q p q q p

c i q p q q p q q p q q p q q q p q

q p q q p q q

= − − + + + −
− − − − − 

= − + − + + −
− − −

[ ]

[ ]

1, 1 2 3, 3 2 4, 4
4

3 3, 3 1 1, 3 2 2, 3 3 3, 3 4 4 3 1 1

3 2 2 3, 4 4 3 1, 6 3 2, 2 3 4, 4
4

4 4, 4 1 1, 4 2 2, 4 3 3, 4 4 4, 4,

3 6

3 3 3 6 3

3 6 3 3 6

3 3 3 6 3

x x x

xxx x x x x x

x x x x x

xxx x x x x

q p q q p q q p

c i q p q q p q q p q q p q q q p q

q p q q p q q q p q q p q q p

c i q p q q p q q p q q p q q q

− − 
= − + + − + −

− − − − − 
= − + + + − − 1 1

4, 2 2 4, 3 3 4 1, 1 4 2, 2 4 3, 33 3 3 3 3
x

x x x x x

p q

q p q q p q q q p q q p q q p














 − + − − − 

 

[ ]

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

4
1, 1, 2, 2, 3, 3, 4, 4, 1 1, 1 1, 2 2, 2 2,

22 2
3 3, 3 3, 4 4, 4 4, 1 1 2 1 3 1

2 22 2 2 2
4 1 1 2 2 2 3 2 4 2 1 3

2 2 2
2 3 3 3 4 3

2
3 3 32 2
2 2 2

3 3 3 33 3
2 2 2 2

3 3 3
2 2

x x x x x x x x x xx xx xx

xx xx xx xx

a p q p q p q p q p q x q p p q q p

p q q p p q q p p q p q p q

p q p q p q p q p q p q

p q p q p q

= − − − − + + + +

+ + + + + − −

− − + − − −

− + − + ( ) ( )

( ) ( ) ( )
1 2 1 2 1 3 1 3

2 3 2 3 1 4 1 4 2 4 2 4 3 4 3 4

6 6

6 12 12 12

p p q q p p q q

p p q q p p q q p p q q p p q q

+

+ + + +  
[ ]

( ) ( )
[ ]

4 2 2
1,2 1 2 2 1 1 2 1 2 2 1 2 1 1 1 2 2 1 2

2 2
1 2 2 1 2 1 3 3 1 2 2 1 4 4 1 2 2 1

4 2 2
1,3 1, 3, 3, 1, 1 3, 1, 3 3, 1 3 1, 1 1 3 3 1 3

2
1 3 3 1

3 3
3 3 3 6

3 3
3 3

x x x x xx xx xx xx

x x x x xx xx xx xx

d p q p q p q p q p q p q p q q p q q
p p q p p q p q p q p q p q p q p q

d p q p q p q p q p q p q p q q p q q
p p q p p

= + − − − − + −

+ − + − + −

= + − − − − + −

+ − ( ) ( )
[ ]

( ) ( )
[ ]

2
3 1 2 2 1 3 3 1 4 4 1 3 3 1

4 2 2
1,4 1, 4, 4, 1, 1 4, 1, 4 4, 1 4 1, 1 1 4 4 1 4

2 2
1 4 4 1 4 1 2 2 1 4 4 1 3 3 1 4 4 1

4
2,3 2 3, 3, 2, 2 3, 2, 3 3,

3 6

3 6
6 3 3 3

x x x x xx xx xx xx

x x x x xx xx xx

q p q p q p q p q p q p q

d p q p q p q p q p q p q p q q p q q
p p q p p q p q p q p q p q p q p q

d p q p q p q p q p q

+ − + −

= + − − − − + −

+ − + − + −

= + − − −

( ) ( )
[ ]

( ) ( )

2 2
2 3 2, 2 2 3 3 2 3

2 2
2 3 3 2 3 2 1 1 2 3 3 2 4 4 2 3 3 2

4 2 2
2,4 2, 4, 4, 2, 2 4, 2, 4 4, 2 4 2, 2 2 4 4 2 4

2 2
2 4 4 2 4 2 1 1 2 4 4 2 3 3 2 4 4 2

3,4

3 3
3 3 3 6

3 6
6 3 3 3

xx

x x x x xx xx xx xx

p q p q q p q q
p p q p p q p q p q p q p q p q p q

d p q p q p q p q p q p q p q q p q q
p p q p p q p q p q p q p q p q p q

d

− + −

+ − + − + −

= + − − − − + −

+ − + − + −
[ ]

( ) ( )

4 2 2
3, 4, 4, 3, 3 4, 3, 4 4, 3 4 3, 3 3 4 4 3 4

2 2
3 4 4 3 4 3 1 1 3 4 4 3 2 2 3 4 4 3

3 6
6 3 3 3

x x x x xx xx xx xxp q p q p q p q p q p q p q q p q q
p p q p p q p q p q p q p q p q p q


















 = + − − − − + −
 + − + − + −

 

Next, we present the temporal matrix spectral problem: 

 [ ] [ ] ( ) [ ] [ ]( ) [ ]

0
, , , 0,

g
g g g g g ss

t
s

i V V u V W W gψ λ ψ λ λ −

+ =

− = = = = ≥∑  (2.13) 
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which is the complementary part of the Lax pair associated with the matrix spec-
tral problem. 

The compatibility conditions between the spatial (2.2) and temporal (2.13) 
matrix spectral problems, are represented by the zero curvature equation: 

 [ ] [ ], 0, 0
g

g g
t xU V i U V g − + = ≥   (2.14) 

and consequently generate the eight-component integrable hierarchy: 

[ ] [ ] [ ] [ ] [ ] [ ] [ ]( )T1 1 1 1 1 1 1 1
1 2 3 4 1 2 3 4, , , , , , , , 0

g

g g g g g g g g g
tu K ib ib ib ib ic ic ic ic g+ + + + + + + += = − − − − ≥  (2.15) 

or precisely, 

 [ ] [ ]1 1, , 0
t tg g

g g
j j j jp ib q ic g+ += = − ≥  (2.16) 

resulting in the nonlinear Schrodinger and Koreteweg-De Vries equations, which 
represent the initial two nonlinear examples in the above eight component inte-
grable hierarchy: 

2

2

2

2

2 2 2 2
1 1, 1 1 2 1 3 1 4 1 1 2 2 1 3 3 1 4 4

2 2 2 2
2 2 1 2 2 2 3 2 4 2 2 1 1 2 3 3 2 4 4

2 2 2 2
3 3, 1 3 2 3 3 3 4 3 3 1 1 3 2 2 3 4 4

2
4 4, 1 4

2 2 2 4

2 2 2 4

2 2 2 4

t

t

t

t

xx

xx

xx

xx

ip p p q p q p q p q p p q p p q p p q

ip p p q p q p q p q p p q p p q p p q

ip p p q p q p q p q p p q p p q p p q

ip p p q

= − + − − − + + +

= − − + − − + + +

= − − − + − + + +

= − −

2

2

2

2 2 2
2 4 3 4 4 4 4 1 1 4 2 2 4 3 3

2 2 2 2
1 1, 1 1 1 2 1 3 1 4 1 2 2 1 3 3 1 4 4

2 2 2 2
2 2, 2 1 2 2 2 3 2 4 2 1 1 2 3 3 2 4 4

2 2 2
3 3, 3 1 3 2 3 3 3

2 2 2 2

2 2 2 4

2 2 2 4

2

t

t

t

xx

xx

xx

p q p q p q p p q p p q p p q

iq q p q p q p q p q q p q q p q q p q

iq q p q p q p q p q q p q q p q q p q

iq q p q p q p q p q

− − + + + +

= − − + + + − − −

= − + − + + − − −

= − + + − +

2

2
4 3 1 1 3 2 2 3 4 4

2 2 2 2
4 4, 4 1 4 2 4 3 4 4 4 1 1 4 2 2 4 3 3

2 2 4

2 2 2 2
t xx

q p q q p q q p q

iq q p q p q p q p q q p q q p q q p q












 − − −
 = − + + + − − − +

(2.17) 

and 

3

3

1 1, 1 1, 1 2 2, 1 3 3 1 4 4 1 1, 2 2

1, 3 3 1, 4 4 1 2, 2 1 3, 3 1 4, 4

2 2, 1 1, 2 2 2, 2 3 3, 2 4 4, 2 2, 1 1

2, 3 3 2, 4 4 2 1,

3 3 3 6 3

3 6 3 3 6
3 3 3 6 3

3 6 3

t

t

xxx x x x x x

x x x x x

xxx x x x x x

x x x

p p p p q p p q p p q p q q p p q

p p q p p q p p q p p q p p q
p p p p q p p q p p q p p q p p q

p p q p p q p p

= − − + + + −

− − − − −
= − + − + + −

− − −

3

3

1 2 3, 3 2 4, 4

3 3, 1 1, 3 2 2, 3 3 3, 3 4 4, 3 3, 1 1

3, 2 2 3, 4 4 3 1, 1 3 2, 2 3 4, 4

4 4, 1 1, 4 2 2, 4 3 3, 4 4 4, 4 4, 1 1

4

3 6
3 3 3 6 3

3 6 3 3 6
3 3 3 6 3

3

t

t

x x

xxx x x x x x

x x x x x

xxx x x x x x

q p p q p p q
p p p p q p p q p p q p p q p p q

p p q p p q p p q p p q p p q
p p p p q p p q p p q p p q p p q

p

− −
= − + + − + −

− − − − −
= − + + + − −

−

3

3

, 2 2 4, 3 3 4 1, 1 4 2, 2 4 3, 3

1 1, 1 1, 1 2 2, 1 3 3, 1 4 4, 1 1, 2 2

1, 3 3 1, 4 4 1 2, 2 1 3, 3 1 4, 4

2 2, 2 1 1, 2 2 2, 2 3 3,

3 3 3 3
3 3 3 6 3

3 6 3 3 6
3 3 3

t

t

x x x x x

xxx x x x x x

x x x x x

xxx x x x

p q p p q p p q p p q p p q
q q q q p q q p q q p q q p q p q

q p q q p q q q p q q p q q p
q q p q q p q q p q q

− − − −
= − − + + + −

− − − − −
= − + − +

3

3

2 4 4, 2, 1 1

2, 3 3 2, 4 4 2 1, 1 2 3, 3 2 4, 4

3 3, 3 1 1, 3 2 2, 3 3 3, 3 4 4, 3, 1 1
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3 3 3 6 3
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3

t

t
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q p q q p q q q p q q p q q p
q q p q q p q q p q q p q q q p q

q p q q p q q q p q q p q q p
q q p q

+ −

− − − − −
= − + + − + −

− − − − −
= − + 4 2 2, 4 3 3, 4 4 4, 4, 1 1
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 (2.18) 

https://doi.org/10.4236/jamp.2024.126128


S. Muthanna, W.-X. Ma 
 

 

DOI: 10.4236/jamp.2024.126128 2109 Journal of Applied Mathematics and Physics 
 

3. Hamiltonian Structures 

To formulate Hamiltonian structures for the integrable equations in (2.14), we 
apply the trace identity 

tr d tr ,U UW x W
u u

α αδ λ λ
δ λ λ

−∂ ∂ ∂   =   ∂ ∂ ∂   ∫
 

where α  is a constant. Further, we have 

( )T
1 2 3 4 1 2 3 4tr 2 , tr 2 ,2 ,2 ,4 ,2 ,2 ,2 ,4U UW a W c c c c b b b b

uλ
∂ ∂   = =   ∂ ∂     

and thus, we obtain 

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]( )T11
1 2 3 4 1 2 3 4d , , , 2 , , , , 2 , 0.s s s s s s s s ss sa x c c c c b b b b s

u
α αδ λ λ λ

δ λ
+− − − −∂

= ≥
∂∫ (3.1) 

For 2s = , with 0α = , we obtain: 

 [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]( )T

1 2 3 4 1 2 3 4d , , , 2 , , , , 2 ,s s s s s s s s sH x c c c c b b b b
u
δ
δ

=∫  (3.2) 

with the Hamiltonian functionals determined by: 

 [ ]
[ ]1

d , 1,
s

s aH x s
s

+

= − ≥∫  (3.3) 

of which the first three functionals are: 
[ ]

[ ]

[ ] (

1
1 1 2 2 3 3 4 4

2
1, 1 1 1, 2, 2 2 2, 3, 3 3 3, 4, 4 4 4,

3
1, 1, 2, 2, 3, 3, 4, 4, 1 1, 1 1, 2 2, 2 2,

3 3, 3 3, 4 4,

2 d

2 2 d
2

1 2
3

2 2

x x x x x x x x

x x x x x x x x xx xx xx xx

xx xx xx

H p q p q p q p q x
iH p q p q p q p q p q p q p q p q x

H p q p q p q p q p q q p p q q p

p q q p p q

= + + +

 = − − + − + − + − 

= + + + − − − −

− − − −

∫

∫

∫

) (
)

2 2 2 2 2 2 2 2
4 4, 1 1 2 1 3 1 4 1

2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
1 2 2 2 3 2 4 2 1 3 2 3 3 3 4 3 1 2 1 2

1 3 1 3 2 2 3 2 3 1 4 1 4 2 4 2 4 3 4 3 4

1
2

2

2 4 4 4 d

xxq p p q p q p q p q

p q p q p q p q p q p q p q p q p p q q

p p q q q p p q q p p q q p p q q p p q q x

− − + + +

+ − + + + + − + −

− − − − − 

(3.4) 

Following these equivalences, we can then establish Hamiltonian structures 
for the integrable hierarchy (2.14): 

[ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]( )
[ ]1T1 1 1 1 1 1 1 1

1 2 3 4 1 2 3 4, , , , , , ,
g

g
g g g g g g g g g

t
Hu K ib ib ib ib ic ic ic ic J

u
δ
δ

+
+ + + + + + + += = − − − − =

 
where J, the Hamiltonian operator: 

 

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0 2

,
0 0 0 0 0 0 0

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 2 0 0 0 0

i
i

i
i

J
i

i
i

i

 
 
 
 
 
 =  −
 

− 
 − 

−  

 (3.5) 
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and [ ]rH  defined by (3.3), form the Hamiltonian framework, which establishes 
a connection between symmetries and conserved quantities. 

Innumerably many mutually commuting symmetries: 

 ( ) ( )
1 2 1 2 2 1 1 2, 0, , 0.,r r r r r rK K K u K K u K r r      ′ ′= − = ≥        (3.6) 

are guaranteed by a Lax operator: 
[ ] ( ] [ ] ( ) [ ] [ ] ( ) [ ] [ ] [ ]1 2 1 2 2 1 1 2

1 2, , 0, , 0,r r r r r r r rV V V u K V u K V V r r′ ′        = − + = ≥         (3.7) 

This relationship arises as an outcome of the isospectral zero curvature equa-
tion [4]. 

Based on the skew-symmetric nature of the Hamiltonian operator J and the 
recursion relation of the hierarchy, the conserved functionals commute under 
the Poisson bracket [3]: 

 [ ] [ ]{ }
[ ] [ ]1 2

1 2

T

1 2, d 0, , 0.
r r

r r

J

H HH H J x r r
u u

δ δ
δ δ

= = ≥∫  (3.8) 

Finally, a bi-Hamiltomian structure [5] can also be constructed by combining 
J with a recursion relation for Ks derived from (2.16) [6]. 

4. Conclusion 

An eight component integrable hierarchy has been introduced from a reduced 
seventh order matrix spectral problem that is related to a special Lie algebra [7] 
of the general linear algebra [8]. Hamiltonian structures have been constructed 
for the hierarchy and the first three Hamiltonian functionals have been intro-
duced. The difficulty is a repeat of the fourth pair of potentials and such an ex-
ploration will help one gain a deeper discernment of their mathematical struc-
tures. Exploring the structure of solitons in the resulting integrable systems, with 
the inverse scattering transform [9] [10], Hirota’s direct method or backlund trans-
formations [6] would be highly significant. 

The exploration of integrable equations constitutes a dynamic and stimulating 
realm of research, with the capacity to unveil insights into diverse physical phe-
nomena, such as nonlinear optics, plasma physics, Bose-Einstein Condensates 
and shallow water waves. There is still much to learn about these intriguing 
mathematical systems. The methods employed to investigate their mathematical 
structures will remain a vibrant area of research for the foreseeable future. 
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