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Abstract

In this paper we study optimal advertising problems that model the introduc-
tion of a new product into the market in the presence of carryover effects of
the advertisement and with memory effects in the level of goodwill. In partic-
ular, we let the dynamics of the product goodwill to depend on the past, and
also on past advertising efforts. We treat the problem by means of the sto-
chastic Pontryagin maximum principle, that here is considered for a class of
problems where in the state equation either the state or the control depend on
the past. Moreover the control acts on the martingale term and the space of
controls U can be chosen to be non-convex but now the space of controls U
can be chosen to be non-convex. The maximum principle is thus formulated
using a first-order adjoint Backward Stochastic Differential Equations (BSDEs),
which can be explicitly computed due to the specific characteristics of the
model, and a second-order adjoint relation.

Keywords
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1. Introduction

We consider a stochastic model for problems of optimal advertising under
uncertainty, so we have to study a stochastic version of advertising models. We
start from the stochastic model introduced in [1] (see also [2] and [3]): we
consider carryover effects of the advertising, which in the model reads as delay

in the control, and with memory effects of the level of goodwill, which in the
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model reads as delay in the state. We refer also to [4] for optimal advertising
problems with memory effects in the level of goodwill.

In our model the delay in the effect of advertising affects the martingale term
of the state equation, namely we consider, following [1], the controlled stochastic

differential equation in R with pointwise delay in the state and in the control
{dx(t) =[lbu(t) —apx(t)—a,x(t—d) |dt + o, x(t)dW,! + o,u (t —d )dW?,

x(7)=%(7), re[-d,0]. (1.1)

Following the usual notations, see e.g. [1], xis the level of goodwill, a, and a,
are factors related to the image deterioration in case of no advertising, b, is a
constant representing an advertising effectiveness factor. The diffusion term
o X(t)dW,' represents for the word of mouth communication, with o; >0 the
so-called “advertising volatility”; while the second diffusion term keeps track of
the delayed effect of the advertising effort u, and the constant o, >0 is the
effectiveness volatility of the communication. Besides, X,(0) is the initial
goodwill level, while X, (z’), Te [—d,O) is the history of the goodwill level
before the advertising campaign is started.

The functional to maximize, over all controls in U/, is the following profit,
defined on finite horizon:

— T
J (t,x,u):]EJ't (—c(u(s))+I(x(s)))ds+Er(x(T)), (1.2)

where ¢ is the cost of advertising, /is the current reward, and r is the reward
from the final goodwill. Our purpose is to derive a maximum principle for such
a problem with non convex control space U, extending the results already
present in the literature for the convex case, see e.g. [5], where the stochastic
maximum principle for control problems with pointwise delay in the state and
in the control is studied, see also [6] and [7] where more general models are
treated but the convexity of the control space U is still required. We underline
the fact that stochastic control problems with diffusion depending on the control
are difficult to treat; concerning problems related to advertising we mention the
recent paper [8], where the author solves the problem by means of the dynamic
programming approach, differently from here the case of pointwise delay cannot
be treated, moreover it is taken into account a diffusion depending linearly on
the control, but not on the delayed control. We stress that one novelty of this
paper is to handle the new difficulty coming form the non convexity of U: also in
the non delayed case the non convexity of U makes the approach based on
stochastic maximum principle more complicated. First we need to utilize the
spike variation of the control and introduce the second variation to handle the
control acting on the martingale term. We will therefore follow [9] to introduce
this additional step. Thanks to the specific characteristics of the state equation,
we can derive a quasi-explicit form for both the first adjoint, which results in an
anticipating backward equation, see [10], and the second adjoint, which is
written using the optimal cost and a simple auxiliary process. Note that the

specific case we address is not considered in [11] and does not completely fall
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within the hypotheses of [9], as we also consider the delay the control appearing
in the martingale term.

The structure of the paper is the following: in section 2 we present the
notation, the assumptions and the control problem. Section 3 is devoted to
collect the results on the first variation of the optimal state and also on the
second variation, which we have to study since the space of controls is not
convex. Section 4 concerns the first and second adjoint relations necessary to
formulate the stochastic maximum principle, which is stated and proved section
4.3.

2. Stochastic Control Problem for Delay Equations
Appearing in Advertising Models

2.1. Assumptions and Preliminaries

Let W(t) be a 2 dimensional brownian motion defined on a complete
probability space (Q,F,P) and (%)_,

augmented in the usual way. We fix a finite time horizon T >0 and we set, for

the natural filtration generated by W,

every 21 and forevery 0<u<v<T, the following spaces:
L (Q x[u,v]; R ) = {X :Qx[u,v] - R*,( % )-progressive measurable} (2.1)

L‘}(Qx[u,v];R")

v " (2.2)
= {X :Qx[u,v] > R¥, (£ )-progr.meas., (EL |X (t)|q dt) < oo}

L% (Q;C([u,v];}Rk ))

tefuv]

Yq (2.3)
= {x :Qx[u,v] >R, (% )-progr.meas., (E sup |X (t)|qj < 00}

2.2. Formulation of the Problem

We recall the state equation we are interested in:

{dx(t) =[loyu(t) —a,x(t) —ayx(t—d ) dt + o, x(t)dW,! + ou (t —d ) dW?, 2.4

X(7) =%, (T), Te [—d ,O), X(O) =%, (0).

We assume the following on the coefficients:
Hypothesis 2.1
(i) a,.b,,0,,0,€cR;
(ii) the control strategy u, the advertisement in this case, belongs to the space

U={zel%(Qx[0,T],R):z(t)eU, P-as)]
where Ulis a bounded subset of R possibly non convex, in particular U can be

a bounded subset of N and this represents the realistic situation in which the

advertisement is multiple of a given quantity;
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(iii) d >0 is the delay with which the past of the state affects the system;
We recall that the purpose is to maximize, over all controls in U/, the

following profit, on finite horizon:
J(t,x,u) ]Ej ( s))+1(x(s )))ds+]Er(x(T)), (2.5)

Hypothesis 2.2 We assume the following:

(i) according to the literature, see e.g. [12], ¢:U — R is non linear, convex
and locally lipschitz;

(i) | :[O,T]x R — R represents the current reward, it is twice differentiable
with at most linear growth;

(iii) r:R— R represents the foreseen reward from the final goodwill and it
is twice differentiable and strictly increasing, with bounded second derivatives.

From now on, since we recall and apply the results in [9] where a mini-
mization problem is considered, we focus on the problem (equivalent to the
original one of maximizing the profit J given in (2.5) since J= -J ) of

minimizing, over all admissible control in U the cost functional
J(t,x,u) EI ( ))-1( x(s)))ds Er(x(T)), (2.6)
We are going to formulate necessary conditions for optimality.

3. First and Second Order Variations of the Optimal State
Equation

Since Uis not necessarily convex we use the spike variation method, see [13], see
also [9] for the case of delay equation.

Let (u,x) be an optimal couple: that is uz is an optimal control and x its
corresponding optimal trajectory, that is solution to Equation (2.4). The spike
variation works as follows: for £>0 we consider an interval V, c [O,T] , with

m(V, ) =&, where mis the Lebesgue measure. Let veU we set

t) te|0,T[\V,

We are going to derive a maximum principle for the control problem with
state Equation (2.4) and cost functional (2.6) in the case of non convex space of
controls. We will denote by X° the solution of (2.4) corresponding to u® and
Su the spike variation of the control, Ze. Su(t):= (u (t) —v) Iy, (t).

We can write the equation for the first order variation of the state:
{dyf (t)=[-a,y* (t) -,y (t—d)]dt+ o,y (1)dW, + o, 5u(t —d )dW? t e [0,T],
y°(0)=0, y*(r)=0, -d<r<0.
(3.2)
where Su°(t—d)=(u(t—d)-v)l, (t-d) and the second variation is, for
te[0,T],
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{dr(t){—aozs(t)—adf(t—d)]d“bo‘s“( Jdtr o2 (AW

25(0):0, Z‘g(r):O, —d<r<0.

It is well known that such equations are well posed in L% (Q;C ([O,T];R)) (see
e.g. [14] for a general theory on stochastic delay equations).

The following asymptotic behaviors hold, see ([9, Theorem 3.3]) for the
delayed system and the classic result in ([15, Theorem 4.4]),

sy (0f =0(e). Bl (0f -0(e) o
tefoT] (t)-y* (t)|2 - 0(52)’ (3.5)
ol X (t) = x(t) - y* (t)-2° (1) =o(&?), (3.6)

Moreover, Vp2=>1,

E sup

2 (t)] <40, (3.7)
te[fd,T]

‘()

te[fd ,T]

4. Maximum Principle for the Stochastic Delay Equation

In this Section, first we formulate the first order adjoint equation in 4.1, then we
pass to the second order adjoint in 4.2, and finally we formulate the stochastic

maximum principle in 4.3.

4.1. First Order Duality Relation

Following [9] we define the first order adjoint equation of (3.2), that is the

anticipated backward equation

p(t)=r (x(T))+], "I (x(s)) ds—aoj'T p(s ds—adjTEFSp(s+d)ds
+alftTEFSq (s+d) ds+J' q'( dW1+I q°(s)dw;

p(T-7)=0, forallze[-d,0),

ql(T—r):qZ(T—r):O a.e.fe[—d,O).

that admits a unique solution (p,q)e L’ (Q;C([O,T];R))x L2 (QX[O,T];RZ))

see e.g. [10] where we write q :(ql,qz).

(4.1)

Since Equation (4.1) is linear, in view of the future times conditions we have
an explicit, recursive, formulation for the solution ( p, q) :

Proposition 4.1 Assume Hypotheses 2.1 and 2.2. Define for every

and

P (t) p'[T ~(k+1)d)v0,(T-kd)] (t)

k.1
q ( ) q‘[T (k+1)d)v 0,(T—kd)]( ) (t) q| (T=(k+1)d)vO,(T-kd)] (t)

Then (pk,qk) solve:
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p° (t)=e VB (r, (x(T)))+Ef‘ fT e ®C 1 (x(s))ds, te[T-d,T],
q*(t)=e "I (1) j e K, (s,t)ds, forae.te[T-d,T],
q°2(t)=e "L, (1) _L e 2K, (s,t)ds, forae.te[T-d,T].
pk(t)=e TP (T —kd) - a, .[Tfkd e *CVE" p*(s+d)ds (42)
+o-lj e *CYUERG 2 (s+d) ds+j e g (s)dw!
+[Tert g2 (s)dw?, tel(T-(k+1)d)v0,(T —kd)] k :1,---,[1}
where L, and L, are given by:

ER (1, (X(T)))=E(r, (X (T)))+ [ L(s)dW*(s)+ || L,(s)dW(s).  (4.3)
and K, and K, are given by:

B (1,(5))=B(L(s)+ [ Ki(s,7)aW' (z)+ [ K, (s,7)dW?(z).  (44)
Proof. Notice that, to avoid trivialities, we are taking d <T .
Let us consider the first order adjoint Equation (4.1), (, , for te(T—d,T]: in

view of the fact that p(t)=qi(t)=0, i=12 for ae. te[T,T+d], for
te[T—d,T] itcan be rewritten as a linear BSDE

p(t)=r,(x(T))+ :Ix(x(s))ds—aoj:p ds+j q'( dW1+I q°(s)dw;
p(T -7)=0, forallz e[-d,0),
ql(T—z')zqz(T—z')zo a.e.z'e[—d,O),

(4.5)
and its solution for te[T —d,T], is given by
p°(t)=e*"r (x(T) +fT e 91 (x(s))ds

(4.6)
+J‘ eaostq01( dW1+J' eaosthZ( )dWSZ

Formula (4.2) is just the rearrangement of the variation of constant formula,

while (4.3) and (4.4) is an application of the Martingale Representation Theorem,

see also [16]. O
Using (3.2), (3.2) and (4.1), we deduce the first duality relation:

Proposition 4.2 Assume 2.1 and 2.2 then:

Ep(T)y*(T)=Er (X(T))yf(T)

:—EJ' [ +0°(s )éu(s—d)]ds @7
Ep(T)z*(T)=Er,(x (T))ZS(T)
(4.8)
=—E[ 1 ( (s)ds+E[, p(s)su(s)ds

Moreover the cost can be written as follows:

~3(u)=E[, (~81(t)+b,p(t)su(t) - 0,07 (t)Su(t - d))dt

+%]E«rxx(x(T))(y‘(T)) +§E "1 (6 x(0) (v ()

(4.9)
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Proof. See ([9], Propositions 4.1 and 4.2). O

4.2. Second Order Duality Relation

Following ([9], Theorem 4.9]) we introduce the process 7, called P, in [9],
that in this simplified case can be explicitely defined by means of a auxiliary
process §°' (here sindicates the initial time and 1 is the initial condition) that

solves the following equation

{dy“(t)=(—aoys'l(t)—advs'l(t—d))dtwlvs'l(t)dw(t), te[sT],

(4.10)
y°*(s)=1 y(r)=0, -d<r<s.

By means of the solution process ' e L’ (Q;C ([O,T];R)) , the process P can
be now defined by

P(s)=E”r, (x(T))y**(T)* +E* jT L (£) 7 (1)’ dt. (4.11)

Also in this case, the solution §“° of Equation (4.10) can be explicitly
defined by recursion:

Proposition 4.3 Assume Hypotheses 2.1 and 2.2. Define

T

ok oSl . oo | —
y (t) a yl[(s+kd),(s+(k+l)d)AT] (t) > for every k:0, ’[d }

Then §* solves

70'712 _ 1wl
ag—(t-s)+oy (W(1)-W

)=e" 2 (S)),te[s,(s+d)/\T]
)=e @ DG (s kd)-a, [ e g (r-d)ds (4.12)

o T
+01_Lt+kdeﬁo(t )yk(s)dwsl, te[(s+kd),(s+(k+l)d)/\T]k=17...,[a}

Proof. Thanks to the initial condition in (25), we have that for every
te[s,s+dAT]:

dy*t (t) =—a,9°* (t)dt + o, §°* (t)dW}! 413)
ys,l (S) — 1’ .
- N st wi(s)
erefore § (t)— yl[s,(s+d)/\T] (t)_e . Then the general case

for t>s+d follows by the application of the constant variation formula on
any interval [(5+kd),(5+(k+1)d)/\T]. O
The expansion of the cost then becomes:

Proposition 4.4 Assume 2.1 and 2.2. Then following expansion holds true:
3(u)=3(u?)=E[ (~oc(s)+b,p(s)8u(s) - 0,07 (5)Su(s~d))(t)ds

a 2 (4.14)
5B, (2u(s=0))" P(s)dso(:)

Proof. The proof is in [9] [Proposition 4.9, Theorem 4.10, Theorem 4.11] and
is a consequence of an approximation procedure based on the regularization of

the dirac measure 6, and the well known reformulation of the delayed
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problem in infinite dimensions. U

4.3. The Stochastic Maximum Principle

We are now in the position to state our main result.
Theorem 4.5 Under assumptions 2.1 and 2.2, any optimal couple (X, u)

satisfies the following variational inequality:
By (0(6) ~v) p(1) - o (u(t) ~v) B (t+ ) - (c(u(t) ~c(v)

) 2 (4.15)
+Eo-2(u(t)—v) ERP(t+d)<0, VveU,ae.P-as.

Where (p,q)e [ (Q;C([O,T];R))x [ (QX[O,T];RZ) , is the solution of the
first order adjoint equation (16), and P is the second adjoint process given by
(4.11).

Proof. Let te[0,T],and V, =[t t+¢], then

3(u)=3(u) =B} (~6c(s) +byp(s)du(s) — o,0° () du(s —d))(t)ds
+ B[ of (su(s-d))" P(s)cs
= B[, (-[(c(u(s)) )+bop< )(u(s)-v) 1, (5)
- 0,0 (s)(u(s=d)~v)1,, (s—d))ds
+%Eﬂ"§(u(5—d)—V)zP(S)'vg(

= —Ej':w(c(u(s) ~V)l,, (s)=byp(s)(u(s)-v))ds

_EJ't”EFlazqz(s'+d)(u(s’)—v)ds (4.16)

s—d)ds

t+e

+= Ej EF‘UZZ(U(S’)—V)Z P(s'+d)ds".

Letting ¢ tends to 0, by standard arguments we deduce (4.15).
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