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Abstract

A non-linear HIV-TB co-infection has been formulated and analyzed. The
positivity and invariant region has been established. The disease free equilib-
rium and its stability has been determined. The local stability was determined
and found to be stable under given conditions. The basic reproduction num-
ber was obtained and according to findings, co-infection diminishes when
this number is less than unity, and persists when the number is greater than
unity. The global stability of the endemic equilibrium was calculated. The
impact of HIV on TB was established as well as the impact of TB on HIV.
Numerical solution was also done and the findings indicate that when the rate
of HIV treatment increases the latent TB increases while the co-infected pop-
ulation decreases. When the rate of HIV treatment decreases the latent TB
population decreases and the co-infected population increases. Encouraging
communities to prioritize the consistent treatment of HIV infected individu-
als must be emphasized in order to reduce the scourge of HIV-TB co-infection.

Keywords
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1. Introduction

Tuberculosis is caused by Mycobacterium tuberculosis. It occurs in two strains,
the active and the latent strain. The active strain must be treated to avoid death
of individuals. It has, as its reservoir, one-third of human population [1]. It
mostly affects the lungs. The latent type becomes active when infected people
acquire HIV. On the other hand, Human immunodeficiency Virus (HIV) is a
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deadly virus which when not treated results to AIDS, which is incurable. It
damages body organs like, the kidney, heart, and the brain [2]. If treatment lacks,
the HIV patient has 9 - 11 years to live. It is impossible to eradicate the virus
during the life time of a host [3]. Usually HIV appears to be associated with oth-
er diseases [4]. It can be transmitted through blood transfusion, mother to child
during birth or by breastfeeding, different sexual relations. (WHO, 2008). The
HIV virus falls to low levels when treatment is adhered to, but when treatment is
withdrawn the viral load increases to the levels that existed before the admin-
istration.

Co-infection of HIV and TB refers to the existence of the two deadly patho-
gens, Human Immuno deficiency virus and Mycobacterium tuberculosis, in an
individual. Their interaction in epidemiological characteristics is similar [5].
According to reports from World Health Organization, a person with both HIV
and TB infections is 30 times more likely to develop TB illness than a person
with TB only. According to findings, coordinated care, adherence support and
drug interactions, play a great role in controlling and treating co-infection.
Healthcare providers as well as patients encounter a complex set of challenges as
they deal with co-infection. Therefore this study finds great need in investigating
the impact of inconsistent HIV treatment on the spread dynamics of the
co-infection of HIV and TB. In particular, inconsistent uptake of HIV medica-
tion is common in low income countries especially the sub saharan Africa region
[6].

World Health Organization (WHO) estimates that around 100 million people
are infected by TB worldwide. Every year 8.3 m new cases appear, worldwide,
and 1.8 m deaths occur of which 93 percent of deaths appear in developing
countries. [7]. Tuberculosis is among the top ten causes of death globally. WHO
has declared the end of TB strategy by end of 2035. Targeting 90 percent reduc-
tion of incidence rate [8]. There is a growing tuberculosis epidemic whose data is
scarce or insufficient to contain it in high HIV prevalence areas, especially
sub-Saharan Africa ([6]). In 2012 twenty percent of 2.8 million people, infected
with TB worldwide, were HIV positive, out of whom 42 percent were from
sub-Saharan Africa (WHO 2013). There was a positive skewness in the distribu-
tion of young people. More than half of this population was aged between 15 -
49 years. All these were infected with TB and developed active TB more fre-
quently [9] [10]. As such, this paper will develop a co-infection mathematical
model that will analyze the spread dynamics of HIV-TB co-infection to provide
possible control measures that can contain the spread of the two diseases.

Among people living with HIV, TB is the leading cause of death, since their
immune systems are already compromised and are unable to effectively fight off
the TB bacterium. It has become a major global challenge to public health sector.
In 2012 there were an estimated 8.6 million new cases of tuberculosis (TB), of
which 13 percent were HIV positive, globally ([11]). In 2015, only three fifths of
the 10.5 m people infected by TB were reported to the public health authorities
[12]. The co-occurrence of HIV and TB is known as TB/HIV co-infection. In
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middle and low-income countries there is a significant public health issue of
HIV/TB co-infection, where HIV and TB are prevalent. In countries with lim-
ited resources TB and HIV/AIDS make the main burden of infectious diseases
[13].

HIV and TB are several times referred to as a “deadly pair” [5]. Co-infection is
largely unknown but it is clear that every time an epidemic of HIV occurs, a se-
vere TB epidemic accompanies it. There is a high possibility of HIV patients to
develop TB infection and also activate latent to active TB ([14]). Adherence to
medication and ongoing monitoring and follow-up care is very critical for the
successful management of HIV and TB co-infection.

Co-infection of HIV and TB is associated with low lean body mass, in adults
[15]. After destroying the immune system, HIV renders it incapable of perform-
ing its protective functions to the human body. It destroys this system by de-
creasing the number of T-cells that are responsible for fighting infections [16]. It
reduces their number as it progresses in stages and hence the reason for calling it
a retrovirus. Tuberculosis brings about death of HIV infectives. It is actually the
leading factor of this mortality [17] [18].

It is recommended that the initiation of ART for any HIV infected individual
who develops TB should be done immediately after testing positive [19]. The
rate of recurrent TB is increased by HIV infection due to reinfection and not re-
lapse [20]. The two pathogens (M. tuberculosis and HIV) potentiate one another
and accelerate the deterioration of the immune functions in the body [13].

HIV and TB co-infection remain a major threat to public health and a chal-
lenge to health systems in middle income and low income countries [21]. Cur-
rent strategies are not sufficient to contain the glowing tuberculosis (TB) epi-
demic in areas of high HIV prevalence, such as sub Saharan Africa. Testing and
treatment at community level is recommended ([22]).

In this study the main objective is to develop and analyze a HIV-TB confec-
tion mathematical model to investigate the impact of inconsistent treatment of
HIV on co-infection dynamics. The results were analyzed and conclusions made

to inform appropriate recommendations to alleviate the problem.

2. Model Formulation

In this model we have nine compartments: Susceptible(S), Infected by HIV (1, ),
those infected with Active TB ( I, ) those with latent TB ( L;, ), those treated for
TB (T, ), those who have recovered from TB R;, those who are co-infected by
the two diseases ( |, ) and those with clinical symptoms of AIDS ( A, ).

Humans join the Susceptible compartment(S) by natural descent or immigra-
tion, at the rate of A. When exposed they join the compartment L;, at the rate
of f,, through mass action. From (S) they can join those infected by HIV, in
the compartment (I, ), at the rate of ¢, through mass action.

From ( I, ) they join the compartment ( I ), as they get co-infected by the two
diseases, at the rate of 7. They can also join the compartment of ( A, ) at the

rate of y, by mass action, and hence get infected by AIDS.
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From the same compartment T,, they can get infected by Aids and join the
compartment A, at the rate of ¢ through mass action. When people are
co-infected they can easily move to the compartment ( A, ), at the rate of y,.
Thus they get AIDS. From this compartment, ( A, ) people die at the rate of o,
due to the disease.

People get co-infected when they are infected by TB and move from the com-
partment I, to the compartment |, at the rate of ¢_. Those with latent TB
move from the compartment L to the co-infection compartment (I at the
rate of ®,. Those with TB but are treated could also become co-infected, if ad-
herence to medication is not observed, or treatment wanes, and move to the
compartment ( I, at the rate of ®,, through mass action. They could also get
infected with TB when medication wanes, and from (T;, ) to |5 at the rate of
a,.

Those in this compartment, |5, die due to disease at the rate of o,. Those
who have recovered from TB move to the susceptible (S) compartment at the
rate of 77,, through mass action. Those treated for HIV can develop co-infection
and move from T, to the compartment ( I.), at the rate of «;, by mass action.
Those co-infected can die of the co-infection at the rate of o,.

Those infected with TB recover at the rate of x, and move from the com-
partment T, to R, .From every compartment the rate of natural death is .
These compartments and parameters are summarized in the illustrative model
drawn in Figure 1 below.

A summary of the parameters used to describe Figure 1 and their interpreta-

tion is given in Table 1 below.

2.1. Model Assumptions

The study has utilized the following model assumption

¢ There is no vertical transmission

Table 1. Co-infection transmission dynamics parameters.

Parameter Interpretation
A Recruitment rate
T, Rate of progression from HIV to coinfection
a, Progression rate from TB infection to coinfection
B, Progression rate from Latent TB to coinfection
w, Rate of progression from TB treatment to coinfection
@, Rate of progression from Treatment of HIV to Coinfection
Ve Rate of progression from coinfection to AIDS
o, Death due to coinfection
, Rate of progression from Latent TB to coinfection
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Figure 1. Model flow chart for HIV and TB co-infection spread dynamics.

* There is no immigration or emmigration
¢ There is free association among individuals.

* Susceptible humans are recruited at a constant rate

2.2. Model Equations for Coinfection

The model equations arising from the schematic model flow in Figure 1 are

given as.
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i—?:A—alslH = B,Slig = 7,Slg — S +17,Rpg

d(;—rzalSlH —(u+r +7+B)y

ddltHzmH AL —(u+d+ )Ty

dd;AtH:yllH + Ty +r ). —(u+o,+x) A,

CLI—::TCIH + 4Ty + 0T + Bl + e lig (1 + )1 (2.1)
d:i;B =B,Slig + @, Ly + @, Trg — (@ + 47, +0,) g

d;-IB =7,l5 + Loy —(a)c +K,+a, +y)TTB
%:yZSITB—(a)ﬁﬂﬁ{ﬁﬁﬂ)'—m

%:KZTTB_(ﬂ+UZ)RTB

3. Basic Properties of the Model
3.1. Positivity and Invariant Region for Co-Infection
The total population is represented by M 7) and is given by
N(t)=S(t)+ 1, (1) +T () + A (1) + 1 (t)+lg+Tg +Lg +Ry  (3.1)
dN _d_S+dI_H+dL+di+di+leB +dTTB +dLTB +dRTB

dN _ (3.2)
dt dt dt  dt  dt dt dt dt dt dt

dN

o = A8l = Bl — 7Sl — S +oRrg + (3.3)

Sl —(u+r +rn+ )y +nl, +dry +7 ) —(u+o +5) A+ (34)
1, +d.7, +a)CTTR+,BCLTB+05CITB—(y+ac)IC (3.5)

BoSlig + @,Lg + &, Trg — (g + 47, +0,) g (3.6)

Tl + @, L —(a)C +K,+a, +,u)TTB +7,5115 —(a)2 + B9, +,u)TTB + (3.7)
7:Slkg — (@, + B, + ¢, + 1) Ly + (3.8)

K Trg = (44 7,)Reg (3.9)

Simplifying we obtain the following,

dN
E(t):A—,uS—,uIH —uTy —(u+ o)Ay —(u+o,)l, —(u+0,) g (3.10)

In the absence of HIV, TB and Co-infection, We have,

T = A= a(S(0) 1 (T)+ Ty (0)+ A+ 1, (1)

dt (3.11)
+ g (T)+TTB (T)+ L (t)+ Ry (t)

Hence,
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dN (t)
dt

Integrating both sides, we have,

JO_f(a- an o)

=A—uN(t)

dt
Let ube=
A—uN(t)
du dN _
@
Hence,
an = [9Y
—u
This is the same as,
_ipdu_ -1y
TR
but,
u=A-uN (t)
Therefore,
_—1In(A—yN(t))=t
U
So,

In(A—,uN (t)):—,ut+c

We shall exponiate both sides to obtain,
eln(A—,uN(t)) — AeHie

So we have,
A-puN(t)=e*"*
Hence,
Ae
where
A=¢
We already have,

A-puN(t)=Ae™

AN(t) A Ae™

Yz H
N(t)= A _Agu
uop
But the initial condition is,
t=0

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)
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Therefore,
N (0) _AA (3.28)
Y7,
So,
A=A-uN(0) (3.29)
Since,
N(t)= A Agu (3.30)
Hou
and,
A=A-uN(0) (3.31)
Then,
A—uN(O
N (t) _A_AZuN(O) (3.32)
u u
As,
Ast — oo, (3.33)
A—uN(0
ANO) (3.34)
Y7
Hence,
N() < (3.35)
u
The region generated is positively invariant.
3.2. Disease Free Equilibrium for Co-Infection
From the model Equations,
ds
ot A—aSly = f,Slg = 7,Slg — 1S +17,Ryg
dl,
T:alSIH ~(u+r +n+ By
dT,
at =By A —(u+d+¢)T,
d
d;AtH:MIH + ATy + 7l —(u+o,+1) A,
dl.
FZTCIH +4.Ty + o T + Bl +a g _(/“"'O'c)lc
dITB
. BoSlg + @,Lpg + 0, Trg = + 47, +05) g
dT
T Tyl + Lo — (@, + 5, + 0ty + 1) Ty (3.36)
dLTB
e 725k —(a)2 +B.+¢, +ﬂ) Lre
dR
d;B =K,Trg _(,U +772)RTB
At DFE,
DOI: 10.4236/jamp.2024.125109 1751 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.125109

S. M. N. Mwangi et al.

l, =0T, =0A,=01=01,=0L,=0R,=0 (3.37)

Within any given time, %= 0 [23]. This implies that,

0=A,—Sl, —B,Sl;z — 7,8l — S +n,Ry (3.38)
0=a,Sl, —(u+z.+7+B)y (3.39)
0=L1y + A —(u+d +4,)T, (3.40)
O0=ply +AT, +7l. —(u+o,+x)A, (3.41)
0=7,ly +4,Ty + 0T + Bl + @ by — (1 +0,) 1, — 7.1, (3.42)
0=3,Slig + @y Lyg + Ty — (o, + p+ 7, +0,) Ig (3.43)
0="1,ltg +oLeg — (@, + 5, + 2, + 1) T (3.44)
0=y,5l4 —(a)z + 6.+, + ,u) Lig (3.45)
0=r,Trg —(1+7,)Reg (3.46)

We can write,
%=0 (3.47)

and,
0=A-puS (3.48)
Therefore,
s =2 (3.49)
U

This implies that,

(ST 1 To AL I s, L*TB,R;‘B)z[%,o,o,o,o,o,o,oj (3.50)

vl

Stability of DFE of Co-Infection

The jacobian matrix from the model equations is:

R R AT A AT A PR A
6s o, o1, O0A, od. ol 0Ty 0Ly ORg
o o o o A of of o o
oS o, o, oA, od. OJly 0Ty 0JLyy ORy
of, o, ofy ofy o, o o o o
oS o, o, oA, od. Ol 0Ty 0JLyy ORy
o of, o, o o o o o
oS o, o, oA, od. 0Jly 0Ty 0Ly ORy
of, ofy  of, ofy ofg oy o of o
s o, o, oA, od. ol 0Ty 0Ly ORy
ofg  ofg  ofg  ofg  ofg  ofg oy ofg  ofg
s o, or, oA, od. ol 0T, oJy OR

o, of, of, of of, of of o o
oS o, oT, O0A, o, Ol 0Ty 0Ly ORg

ofg ofy  ofg  ofg, o8 ofy oy ofy oy
s o, or, O0A, o, ol 0Ty 0Ly ORg

ofy ofy ofy  ofy oy oy ofy  ofy o
os o, oT, OA, O0A, O0A, 0Ty 0L ORg

(3.51)
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u _ah 0 0 0 _AB, Ay, 0 0 ",
u 7"
oA
0 &2y -p-r, 0 0 0 0 0 0 0
Y7
B M=~ Ky 0
i & KO0~ H Ve
0 Tc ¢c 0 —H— O o @ ﬁc 0
0 0 0 0 0 Aﬂz—,u—ac—oz—rz a, ®, 0
7
0 0 0 0 0 7, —K,—H— 0, — o, 0
0 0 0 0 0 Ary 0 B —p-d,-w, O
7
| 0 0 0 0 0 0 K, 0 —p=1, |
(3.52)
At DFE, the Jacobian matrix will be,
—u S 0 0 0 _AB, Ay, 0 0 7,
u 7"
0o E L, p-x 0 0 0 0 0 0 0
U
0 B M=~ Ky 0 0 0 0 0
0 7 ¢ K—o -l Y 0 0 0
0 Te ¢c 0 ~H—O; a; @ ﬁc 0
0 0 0 0 0 A—ﬁz—y—ac—az—rz a, , 0
Y7
0 0 0 0 0 7, K, —H— @, — o, 0
0 0 0 0 0 A7, 0 By~ -w, O
7,
o 0 0 0 0 0 K 0 —u-n, |
(3.53)
In this matrix, the eigenvalues of the first and last columns are negative. We
shall now work at the seven by seven matrix formed to determine whether the
eigenvalues will be negative.
A :
AR -y - B, 0 0 0 0 0 0
U
A —H—¢— ¢, K 0 0 0 0
N 23 Ko Tl Ve 0 0 0
Tc ¢c 0 ~H—C; a; @ ﬂc
A
0 0 0 0 ﬂz—y—ac—az—rz a, o,
0 0 0 0 T, —K,— -0, — 0, @,
A
0 0 0 0 Lz 0 By~ p—¢, -,
L H _
(3.54)

can be written as
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@A 0 0 o0 0 0 0
U
gk, x O 0 0 0
4 ¢ K7 0 0 0
0 -k
z.C ¢C 4 Aﬂac wc ﬁc (355)
0 0 0 O 2k a,
7
0 0 0 0 7, Kk ¢
0 o o o A o
L H J
whose trace is
a,\ A
AA ik —k, + Mk —k, (3.56)
u u
and determinant
(alA - ,Ukl)(Aaz7’2¢z + ALKk, + Ay Ko, + prak; T, — pkskgk, )(7cK1¢c —kyksk, + k4K1¢1) (3.57)
2 .

U
For local stability of DFE to be attained the trace must be must be greater than

zero while the determinant is less than zero. Since the trace is

%?—&—&—&—h+ﬁ?—&—%—&>0 (3.58)

We shall take all the positive values to the left hand side of the inequality and
the negative ones to the right of the inequality. We have,

%+A—ﬂ2>kl+k2+k3+k4+k5+k6+k7 (3.59)
H H
This Equation (3.59) is the first condition for local stability of the DFE of
co-infection of the TB and HIV spread transmission dynamics. Similarly the
second condition of local stability of the DFE of co-infection of TB and HIV can
be determined by taking the positive values of the determinant in Equation (3.57)
on the left hand side of the inequality and the negative values on the right hand
side of the inequality. We have,
(%A - ﬂk1)(Aa272¢2 + AB,Kek, + Ay, Ko, + pak,t, — ukgkek, )(Vc’f1¢c —koKsK, + k4K1¢1) >0 (3.60)
s '
(alA - ﬂkl)(Aa272¢z + A PoKeky + Ay Kew, + prak T, — pkskeks )(7cK1¢c —koksk, + k4’(1¢1) >0 (3.61)
(alA(Aa272¢z +ABokk; + Ay ke, + pask;z, ) — oy A uksksk, )
— uk, (Aazyzqﬁz + ABKK, + Ay K@, + ,uazk7z'2) (3.62)
+ ek, (uekskk, ))(7CK1¢C —kokak, +Kymidh ) > 0

a1A(7cK1¢c + k4K1¢1)(Aaz7z¢z + A Kk, + Ay, K, +,u0(2k72'2)

- alA(7CK1¢c )(ﬂk5k6k7 ) -k, (7CK1¢C + k4K1¢1)(Aa2}/2¢2 + A B,Ksk;
+ Ay, Ke, +,uot2k7z'2)+ kg (7cK1¢c + k4K1¢1)(ﬂk5k6k7)

— (Koksky ) (@A) (Aayyo8y + Aok + Ay ke, + pak;t,)

+ (Kokaky ) (oA ) (pekskeks ) + a2k (Kokak, ) (Acy 7,0, + A BoKk,

+ Ay ke, + pak;ty ) — gk, (Kokok, ) (2kskk, ) > 0

(3.63)
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alA(}/CK1¢C + k4K1¢1)(A0!2}/2¢2 +ABkk, + Ay,k o, + ya2k772)

+ uk; (7cK1¢c + k4Kl¢1)(,uk5k6k7 ) + (k2k3k4 )(alA)(yk5k6k7 )

+ 1k (K KsKy ) (A y o8y + A PyKsk; + Ay ks, + payk,t,) (3.64)
> o A (7 k8, ) (1kskeky ) + 1k (7 kit + Koy ) (A 7,8,

+ A Kok + Ay Ko, + ok ) + gk (kKoK ) (eksksk, )

(r.rd, + k4Kl¢1)[alA(Aa2;/2¢2 + A Boksk; + Ay ke, + nayk,,)

+ 12Ky (12kskeks ) |+ (Kokoky ) (M) (ksksks )

+ pk (A, + ABoKsk, + Ay ke, + payk,7,) (3.65)
> (7o, +Krodh )| oA (pekekeky ) + ik, (A, + A Brkek,

+ Ay ks, + paykot,) |+ kg (Kokak, ) (uksksks )

Equation (3.65) is the second condition for local stability of DFE of co-infection,
where K, =u+y+p +7,, Ky=u+éd+4., kK=x+0,+u, kK,=u+o,,
ke=pu+a,+o,+7,, ks=x,+u+o,+a,, k;=p,+u+¢,+o,. If the two
conditions are met then the DFE is locally asymptotically stable.

3.3. Basic Reproductive Number for Co-Infection

From the model equations given below

ds
E:A_aISIH = PoSlg = 72Slig — 1S +17,Ryg

dl
d_::alSIH _(,u"‘fc"‘?/l""ﬁl)lH

d
%:ﬁllH +i A _(;u+¢1+¢c)TH

d
d;AtH:MIH +a T, +7c|c_(/1+0'1+K1)AH

dl,
dt
dlg
dt
dT,,
dt
dLrg
dt
dRrg
dt

=70y + 4Ty + o Trg + Bl + g _(,u"'o'c)lc

= B,Slg + 0, Lg + T _(ac tu+7, +O—2) Ig

=7l + Lo — (@, + K, +ap + 1) Trg (3.66)

=7, _(a’z +B.+ ¢, +ﬂ) Lg

=i, Trg — (/U +1, ) Rrg

From the system of differential Equations (3.66), we shall take the infectious
compartments as X and the non-infectious as ¥"and write them down as follows;

- L, _
A,
X =g (3.67)
g
_TTB n
DOI: 10.4236/jamp.2024.125109 1755 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2024.125109

S. M. N. Mwangi et al.

T
Y= " (3.68)
I‘TB

RTB
Taking the parameters that bring in infection to X as £
Sl
A
f=| ¢T,+L.L; (3.69)
BoSlrg + @y Loy
¢2 LTB

and those taking out infection from xas v, given below we have,

[ (:u+Tc+71+ﬂl)|H

-7y —7/C|C+(,U+O'1+K1)AH
V=Tl —oTp —aly +(u+o,)l, (3.70)
—a, T +(0¢C +u+7, +0'2) l1g

-7, -i—(a)c +K,+a, +,u)TTB

Taking the equation of (3.69) as f, f,, f;,f, and f, respectively and ob-
taining their partial differentials, we have,

[of, of, of of of
oy oA Ol Ol 0Ty
of, of, of, of, O,
o, oA, dl, Ol 0Ty,
ofy, of, ofy ofy of,

i ol oA, a_Ic Olyg 0Ty G71
of, of, of, of, Oof,
m oA 8_Ic Olyg Oy
of, of, of, ofy ofs
ol oA, Al Ol 0Ty
Which is equal to
(S 0 0 0 O
n 00 0 O
0O 00 0 O (3.72)
0 00 pS O
10 00 0 O
At DFE Equation (3.72) becomes,
ah 00 0 O
7]
»nw 00 0 O
F=f 0 00 0 O (3.73)
0 00 ﬂzﬁ 0
7
| 0 00 0 0
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Similarly, solving for Vfrom Equation (3.70), we have,

v v v v
o, O0A, oI, o0l 0Ty
o, o
o, O0A, o, o0l 0Ty
oV oV oV. oV oV
v =2 = = 2 (3.74)
o, O0A, o, o0l 0Ty
Ky Ny Ny N OV
o, O0A, odl, 0Ol 0Ty
Ny Vg N5 Vg Vs
_alH oA, ol, Ol aTTB_
Which is equal to,
[ B +u+y +1, 0 0
N Kto+tu -y
V= -, 0 U+ O, —-a, ~, (3.75)
0 0 T,+0,+o, + U -a,
L 0 0 -7, Kyt U+, +a, |
We shall now obtain the inverse of V'here below,
A 0 0 0 0 |
(n+o)n+r.z, Al 7, (na, + Ao, +@,1,)7, Yoo+ o, +aya)
A(u+o)A, (n+o)A (n+0,)BA, (:”"'O'c)(ﬂz+A5H+A4a’c+(az+’(z)ac+(az+’Cz)O_2+’(272)Az
7, 0 (/t ‘o, )71 po, + Ao, +o,r, . o, i+ Ao, + a0,
(A)(u+o) (u+o.)B, (:“"'Uc)(/l +A3/”+A4wc+(a2+’(2)0‘c+(a2+’(z)az+’(272)
0 0 0 K+ U+ O+, a,
1 +B, W+ At (e, +0,) o, +(k, + o, ) A
0 0 7, T,+0,+a, + U

u+ A+ Asag + A, + Ao, + a,0,

where
A=p+u+y+z,
A=Kx+o+u
A=a,+ta,+Kk,+o,+0,+T,
A =r1,+0,+a,
A=x+0, +a,
A=1,+0,
B, = 1> + Au+ Aa, + Ak, + A, +a,0,
B,=Au+Ax,+ Ao, +(a, +0,)a,
B, =Au+Aa, + Ao, +1,(k, + @,)

We shall now multiply Fby the inverse of 'to obtain

/12+A3/1+&ac+&02+72(’(2+wc)

(3.76)
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aA

———— 0 0 0 0
B+ u+n+z)
—h oo 0 0
L | Bruinte
Fvo= 0 00 0 0
0 00 B, + i+, + ) BAa,

(,uz+(112+ac+K2+wc+az+rz)y+(rz+cz+11c)k2+(12+az+ac)wc+(ac+az)a2)y (y2+(a2+ac+Kz+wc+az+12),u+(ae+o—z)a2+(Kz+wc)(rz+o-z+ac))y

0 00 0 0
(3.77)

The eigenvalues will be
- 0 -
0
0
B, + u+ o, +ay) (3.78)
2
(o +a,+x,+o,+0,+7, ) u+(t,+0, +a, )i, + (1, + 0, + ) o, +(a, +0,)a, ) 1
oy A
i u(Bi+pu+y+z,) |
The most dominant eigenvalue will be,
LMK, + u+o, +a
2K 2

R, = ( s ) (3.79)

(,uz+(a2+ac+K2+a)c+0'2+rz),u+(r2 +0,+a, )k, +(1,+0, +ac)a)c+(ac+0'2)az),u

Equation (3.79) is the basic reproduction number of the co-infection spread
dynamics. When R, is greater than 1 the co-infection persist in the population

while when R, is less than one the co-infection dies down.

4. Global Stability of the Endemic Equilibrium

In order to determine the global stability we shall use Lypanov’s method.

F e ——— *k

L(S™ 17 T AT T T L )

:(s-s”—s*’*ln% +(IH —I:—I:In:—H]+[TH -T.) —T:In-_ll—_ij

H

- o AT SR b o e |
+[AH -AT A InA—jJ{IC—IC —17In-= +(|TB—|TB—|TB |nﬂ]

ITB

o oy T w o Lo w o Ry
+[TTB T —Trs InLJ+[LTB —Ls— L Inﬂ\J_'_(RTB —Rrg =Ry InR_TBJ

B

dTTB +[ LTB — I-:a j dLTB +{ RTB — R‘FI; j dRTB
Leg dt

Differentiating we have,
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dL S
d_:( _J (A=a;Sl = B,Slig +7,Slrg — S +1,Rp5)
t S

+ :—Hj alsl ,U+71+7/1+ﬂ1) )
H
T

" TL] By + A — (,U+¢1+¢C)TH)
H

11 %J Nl + T, +7lc ('u+61+’(1)AH)

+ ILJ Nl + 6Ty + 0T + Bolog + ol — (14 0,) |, )
1

+ 1—|T_B (ﬁ2S|TB+szTB +O‘2TTB_(0‘C+IU+TZ+O-2)ITB)
T8
T

+ 1_-|—T_B (TZLTB+¢2LTB+(wc+K2+a2+ﬂ)TTB)
TB
L

+ 1_% (7She = (@, + B, + ¢+ 1) s )
T8

" _R_TB (KZTTB_(”+772)RTB)

TB

Opening the brackets and simplifying we obtain the following values,

dL s - -~
at =A—aSly = f,Sltg = 7,5l — 1S +17,Ryg _A?"'als Iy + /5,5 g

ok

S -
+7,8 lig + 18 —1,Reg S ——taSly —(ut+z +y+ )y —aSly

+(ﬂ+Tc+71+ﬂ1)|:+ﬁ1|H+K1A|4 (/1+¢1+¢c)T -4l Hi

*k

T -
— KAy TL+(/1+¢1+¢C)TH +rly +4T + 7l _(/u+o-l+’(l)AH
H

>k

Ay
A,
+o T + B Ly ol _(,U+¢c) I _(TCTH -4y —oTrg — Bl

— by +(u+0C) 1] + B,Slg + @y Leg + oy Ty +(at + p+ 7, +0,) g

>k

-y _¢1TH%_7clc%+(ﬂ+o'1+K1)Arj+fclH +4.Ty

- I** I** -
= B,Slg —w, — = aZTTB | +(0‘ tu+r, +02) [ +(T2|TB +é, L
B B
- .
—(@, + Ky 0y + ) Tg )~ Tyl — =+ (@, + i, + 0ty + 1) Ty + 7,5l
T8

>k >k

L R
_(a)z + 5.+ ¢, +ﬂ) Lig — 7,55 %"'KZTTB _(ﬂ+772)RTB _KZTTBl

B TB
+(p+1,)Rrg

Expanding by using parameter values we have,
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dL
dt

(A+772RTB +a4S y + B,S g + 7,8 g + Sy + (it 47+ B) 1Y

+ A1y A, +(ﬂ+¢1+¢c)T:+71IH +aTy +7c|c+(ﬂ+o-l+Kl)A:
+rly +4Ty + o Tp + B Ly +(ﬂ+¢c) ':* +B,Slg +o,Lg +a,Tig
+(ac+z'2+0'2)|TB+(ac+,u+z'2+0'2)|T*; +12|T*; + 7,150, L1g +(a)2+K2
ta, +1u)TT:+7SITB +(a’2 + 5.+, +/“) L:I;KZTTB +(,U+772)RT*; ""/USH)

*k *k

S S
_(alSIH + ,Slig + 7Sl + 1S +A?+772RTB ?+(ﬂ+fc 1+ B

*k >k

T T
+(;u+¢1+¢c)TH + By TL""QAH TL“‘(,U"‘OE""Q)AH

H H

+ Sl

A, L2 (gt o)1, 42Ty + 0T + Bl g

+ 7l K+¢1TH %J’_}/{: c A

*k *k

T
T TB
+(a)2 Ky + 0y + 1) T + 7, g ==

o |
)
+ B,Slg + @, L +a, Ty —
8

B T8

L** R™
(a)2+ﬂc+¢c+:u)LTB+7/ZSITB L (ﬂ+772)RTB+K2TTB RTBJ

L
+ gL
ZTBT -

TB TB

where
T=A+mRp+a,S" 1, +A,S" H(ut+r v+ B
+ B, + A, +(ﬂ+¢1+¢c)TH +yly T, +rl +H(u+o +x5)A;
+1 0y + 4Ty + 0T + Bl +(u+8,) 1.+ B,Sly + 0, + 2, Ty
g +7,+0,) g +(ag + f+7, +0,) Iig + T lig + Tl pd L + (@, + 1,

+a, +,U)TT: +7Slg +(‘02 +B.+4, +,U) L?BKZTTB +(ﬂ+772)RT*; +uS”

lrg +7,S lg +Sly

and

*k *k

S S
Q =Sl + B,Slg + 7,8l + 1S +A?+772RTB ?"'(ﬂ"‘fc +71+ﬁ1) Iy

>k *k

T T
+(ﬂ+¢1+¢c)TH + 81y TL+K1AH TL+(/1+61+K1)AH

H H

+aSl;

>k >k

+nl al +aTy i4'7’c|c%+(/‘“‘o'c)lc"’TcTH +o Ty + fileg + g

.
A Ay
e T
+,Slig + @, Ly B+ 2, Trg B4 (0, + K, + 0 + 1) Trg + 7, by ==
8 B 8
- L** R;;
+o Ll — (a’z+ﬁ +4, +/”)LTB+7ZSITB (ﬂ+’72)RTB+KzTTB
B T8 B

Therefore for global stability of the Endemic equilibrium to be attained Q

dL
must be greater than 7, that is, Q>T since E:T —Q. When Q>T then
dL . : . . .
— <0 because the basic reproduction R, is greater than 1 hence the co-infection

of HIV-TB persists in the population.
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5. Impact of HIV on TB

Considering the basic reproduction number of HIV given below

a, A
Ron —_ L (5.1)
M (utB)u

making u the subject in (5.1) above we have

_ _ROH ﬂl + \/RjH 12 + 4R0H alAl
u= R (5.2)
oH

which can be further simplified to get

JR.., B2 +da, A
_ﬁ+ B+ A (5.3)
2 2Ron

Considering the basic reproduction number of TB given by

B,
Ry = (5.4)
’ /U((O'z"'/l“‘fz)_fzaz)

and substituting the value of in Equation (5.3) in Equation (5.4) we have

) 28R (C)

L= 5.5
" 2A(C) R (€) +|Ru (C)(A(C)) + A (C) o

where
A= —% (5.6)
A = 4o (5.7)
B, = B,A, (5.8)
B, =7,a, (5.9)

Cc= 2A Ry —2B,\[Ryy +27,Ryy +20,4Ryyy ++ RoHﬂlZ +A, (5.10)
2\Ryy, .

6. Impact of TB on HIV

Considering the basic reproduction number of TB given below,

B,
Ry = (6.1)
’ ,U((Gz +ﬂ+72)_72a2)

making u the subject in (6.1) above we obtained

\/ROT ((—a2r2 +7,+0, )2 Ror + 4ﬂ2A2) + (azfz 7= 0, ) Ror

7] (6.2)
2Ry
Now considering the basic reproduction number of HIV given below
Ry =201 (6.3)
(1+ )
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and substituting the value of u given by Equation (6.2) in Equation (6.3) we got

2
R, = 4oy AR (6.4)

(—\/RoT (AR, +4B,,) + RoTAZ)(—\/RoT (AR, +4B8,A,) + Ry (A —2,31))

where

A =-a,r,+17,+0,

Numerical Simulations

In the following section we explored the spread dynamics of the HIV-TB
co-infection in a population. From the model parameters we have obtained the
values used to draw the following graphs. The initial conditions used for the
graphs were as follows: S (O) =98999, I, (O) =1000, T, (O) =1000,
A;(0)=100, 1.(0)=100, 1(0)=1000, T (0)=100, L (0)=100,
Ris(0)=2000. The graphs were drawn using maple software which utilized
rungekutta order four method. The values of the parameters and their corre-
sponding reference sources are summarized in Table 2 below.

The general population increases gradually within the given time at a constant
rate. Close to this general population is the susceptible population, which drops
at a small rate an d then levels off. The treatment HIV population rises from zero
to around 700 and then falls to around 200 and keeps dropping in value to al-
most an insignificant one at the end of the period of study. The infected HIV
population rises from zero to around 100 and then falls to a very small value un-

til it goes to zero, for this period. The AIDS population is almost insignificant

Table 2. Co-infection transmission dynamics parameters.

Parameter Interpretation Value Reference
A Recruitment rate 1650 [24]
T, Rate of progression from HIV to coinfection 0.000004 [5]
Progression rate from TB infection to

a, A 0.004 [24]
coinfection
Progression rate from Latent TB to

B o 0.00000001 [18]
coinfection
Rate of progression from TB treatment to

o, e 0.0001 [18]
coinfection
Rate of progression from Treatment of HIV

&, P 0.00000000127399  [5]
to Coinfection
Rate of progression from coinfection to

7. 0.01 (5] [24]
AIDs

o, Death due to coinfection 0.033 [5]
Rate of progression from Latent TB to

w, 0.0011375 (18]

coinfection
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and remains quite low until the end of the study period. The infectious TB rises
from zero to around eight hundred and then levels off. It lies very close to the
treated population. The co-infected population is quite low from the very begin-
ning but exits in the population until the end of this period of study. The latent
population exists at low levels of about 100 people from the beginning rises to
around 150 and is steady until the end of the study. The recovered population
increases from zero to around 1000 and then levels off until the end of the study
period as illustrated in Figure 2.

From the graph in Figure 3 above the infected HIV population rises from
around 1500 to around 3000, then decreases gradually to around 500 and falls to
almost zero in the duration of five hundred days. The AIDS population is
around 2500 at the beginning of the study period. It then drops to around 1000,
and continues dropping gradually until zero within 250 days. The treatment
HIV population starts from 2500 people, rises to around 9000 and starts declin-
ing gradually to around 1000 and levels off until the end of the six hundred days
of study. The latent TB population starts from zero and rises to around 1000, in-
creases to around 1500 and then levels off until the end of this 600 days. The re-
covered TB population starts from around 1000, increases steadily to around
12,000 and then levels off until the end of this study period. The co-infected
population starts from zero and increases to around 700 and continues to in-
crease at a small rate to around 800 and levels off until the end of the study pe-

riod.

TB - HIV Coinfection Spread dynamics
120000

100000

800001

Population 60000 -

40000+

200004
| S
0 100 20 300 400 500 600

time in days

Susceptible Population Infected HIV population
Treatment HIV population AIDS population
Infectious TB population Coinfected Population
Treatment TB population Latent TB population
Recovered TB population Total Population

Figure 2. The general graph for HIV-TB coinfection spread dynamics.
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Coinfected population Treatment TB population
Latet TB population Recovered TB population

Figure 3. The general graph for HIV-TB coinfection spread dynamics for
s Ay Ty Lego bigs Io o Trg and Ry

From the graph in Figure 4 above, when “beta”, the rate at which infected
HIV patients go for treatment, is 0.075, the co-infected population increases
steadily until the value of around 1200, in a period of 600 days. When the value
of “beta” decreases to 0.0075, the co-infected population increases from around
150 to around 50 and keeps very low (to around 20) until the end of the study
period. When “beta” is 0.75, the co-infected population increases from around
100 to around 1200 and levels off until the end of the 600 days.

In this Figure 5, we observe that when “alpha” the rate at which susceptible
population acquires HIV, is 0.0000010411591, the latent population increases
steadily from around 300 to around 2800 and levels off until the end of the study
period. When “alpha” increases to 0.00000121411591, the latent population in-
creases steadily from around 350 to around 500 decreases a bit to around 490. It
then increases steadily to around 1100 at the end of the study period. When “al-
pha” increases to 0.00000141411591 this latent population increases from 100 to
around 300, then decreases to around 200 and continues to decrease steadily to
around 100 at the end of the study period, which is 600 days.

7. Discussion

As we noted from the numerical simulation from the model above, when the
rate of infection of HIV increases, latent TB is activated and hence increasing the
risk of co-infection. We also realized that when the value of f, the rate at which
people infected with HIV go for treatment, increases the HIV population reduc-
es. We also observe from the model that, as the rate of activation of latent TB to

active TB increases, the infectious TB population increases.
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Figure 4. Infected compartment at different values of S.
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—— 0, =0.00000141411591

Figure 5. Latent TB population at different values of HIV infection rate (ai).

Latent TB increases when q, the rate at which the susceptible population in
the model gets infected by HIV, increases. This condition then predisposes the
general susceptible population to co-infection. When f, the rate at which infect-
ed HIV patients go for treatment, increases, the HIV population reduces, hence
reducing the activation of latent to active TB. The community, therefore, has a
responsibility to ensure that the HIV-infected population initiates treatment for
HIV, and goes for it consistently, for this will help decrease the viral load in our

communities. Since the susceptible population is among the community mem-
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bers, a lot of effort must be put in ensuring that this population is tested and
those infected must go for treatment consistently, without fail. Inconsistent
treatment will cause high levels of infectious HIV population among community

members, which causes a great risk of co-infection.

8. Conclusions and Recommendations

8.1. Conclusion

A mathematical model for co-infection has been developed. The corresponding
differential equations were formulated and analyzed. The positive and invariant
region was found to be bounded for the co-infection model. Through numerical
simulation, it was found that, when the rate of HIV treatment g increases the
HIV population decreases. Consequently it was found that when this population
decreases, activation of latent TB decreases. Conversely, when the rate of treat-
ment of HIV, f, decreases the population of HIV increases and the population of
latent TB decreases suggesting that the high level of HIV infections leads to ac-
tivation of latent TB to active TB. Therefore, for co-infection to be dealt with ef-
fectively, those infected with HIV must be encouraged by all means to go for

treatment consistently.

8.2. Recommendations

The study recommends that communities in collaboration with public health of-
ficials, must take responsibility of identifying those infected with HIV and en-
suring that they go for treatment consistently. Every available opportunity must
be used to inform the population about the danger imposed by coinfection. All
public gatherings, including religious meetings, should be used as avenues of
passing this important information. This information must be passed on to vul-
nerable youth who might underrate the importance of going for HIV treatment
consistently, in order to reduce the levels of co-infection. This approach will re-
duce the impact of HIV-TB coinfection in the communities. Further research
can be done on reversing the conversion of RNA of the HIV virus to DNA to

reduce impact of HIV virus on the immune system of patients.
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