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Abstract 
In this paper, we intend to consider a kind of nonlinear Klein-Gordon equa-
tion coupled with Born-Infeld theory. By using critical point theory and the 
method of Nehari manifold, we obtain two existing results of infinitely many 
high-energy radial solutions and a ground-state solution for this kind of system, 
which improve and generalize some related results in the literature. 
 

Keywords 
Klein-Gordon Equation, Born-Infeld Theory, Infinitely Many Solutions, 
Ground-State Solution, Critical Point Theory 

 

1. Introduction and Main Results 

In this paper, we intend to consider the following Klein-Gordon equation coupled 
with Born-Infeld theory: 

 
( ) ( ) ( )

( )
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2 , in ,
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u V x u u f u

u

ω φ φ

φ β φ ω φ

−∆ + − + =
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∆ + π+ ∆ =




 (1.1) 

where 0β > , 0ω > , u and φ  are unknowns, 3:V →   is a potential 
function and f satisfies some superlinear conditions. The Born-Infeld electro-
magnetic theory [1] [2] was first put up as a nonlinear correction of the Maxwell 
theory to solve the infiniteness issue in the classical electrodynamics of point par-
ticles (see [3]). The fundamental concept was to change classical theory simply, 
so that it adhered to the notion of finiteness and did not have physical quantities 
of infinities. Due to its importance in the theory of superstrings and membranes, 
Born-Infeld nonlinear electromagnetism has attracted a lot of attention from theo-
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retical physicists and mathematicians (see [4] [5]). For more physical applica-
tions, please refer to [6] [7]. 

In recent years, some researchers considered the Klein-Gordon equation coupled 
with Born-Infeld theory by using variational methods. We recall some of them 
as follows. 

In [8], d’Avenia and Pisani studied the following kind of Klein-Gordon equa-
tion coupled with Born-Infeld theory: 

 
( ) ( )

( )

22 2 3

2 3
4

2 , in ,

4 , in ,

pu m w u u u u

u

ω φ φ

φ β φ ω φ

−−∆ + − − + =

∆ + ∆ π= +





 (1.2) 

when ( )4,6p∈  and 0 mω< < , they obtained some existing results of infi-
nitely many radially symmetric solutions for system (1.2). After this, Mugnai [6] 

covered the range 2 4p< <  provided 0 1
2
pmω< < − . Replacing 2pu u−  

by 2 2 2pu u u u
∗− −+ , where *2 : 6=  is Sobolev exponent in 3 , Teng and Zhang 

[9] studied the following Klein-Gordon equation coupled with Born-Infeld theory 
with critical Sobolev exponent: 

 ( ) ( )
( )

2 2 22 2 3

2 3
4

2 , in ,

4 , in ,

pu m w u u u u u u

u

ω φ φ

φ β φ ω φ

∗− −−∆ + − − + = +

∆ + ∆ = π +





 (1.3) 

they admits a nontrivial solution for problem (1.3) when 0m ω> >  or  

2 21 1 1
2 2

m
p

ω
 

− > 
 

. 

Chen and Li [10] added a perturbation ( )h x  to the nonlinear term of prob-

lem (1.3) and removed the term 2 2u u
∗ − , by using critical point theory, they 

obtained two different solutions, under one of the following conditions: 

1) 0m ω> > , 4 6p< < ; 2) 1 0
2
p m ω− > > , 2 4p< ≤  

In [11], Chen and Song considered the case of nonlinear terms with concave 
and convex, and got the existence of multiple solutions for the following problem: 

( ) ( ) ( ) ( )
( )

2 2 3

2 3
4

2 , in ,

4 , in ,

q pu a x u u k x u u g x u

u

ω φ φ λ

φ β φ ω φ

− −−∆ + − + = +

∆ + ∆ π= +



  (1.4) 

where 1 2 6q p< < < < , a, k, and g satisfy some appropriate assumptions. 
In [12], He, Li, Chen and O’Regan investigated the following kind of Klein- 

Gordon equation coupled with Born-Infeld theory: 

 ( ) ( )
( )

2 2 22 2 3

2 3
4

2 , in ,

4 , in ,

pu m w u u u u u u

u

ω φ φ µ

φ β φ ω φ

∗− −−∆ + − − + = +

∆ + π+ ∆ =





 (1.5) 

they showed that problem (1.5) has at least a nontrivial radial ground-state solu-
tion, under one of the following conditions: 

1) ( )4,6p∈  and 0m ω> >  for 0µ > ; 
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2) ( ]3,4p∈  and 0m ω> >  for sufficient large 0µ > ; 
3) ( ]2,3p∈  and ( )( )2 4 0p p m ω− − > >  for sufficient large 0µ > . 
Wen, Tang and Chen [13] studied the following kind of Klein-Gordon equa-

tion coupled with Born-Infeld theory: 

 
( ) ( ) ( )

( )

3

2 3
4

2 , , in ,

4 , in ,

u V x u u f x u

u

ω φ φ

φ β φ ω φ

−∆ + − + =

∆ + ∆ π= +





 (1.6) 

they obtained infinitely many solutions and a least energy solution for problem 
(1.6) under different assumptions on V and f. In [14], Zhang and Liu proved the 
existence of infinitely many sign-changing solutions to the problem (1.2), when  

0m ω> > , 4 6p≤ <  or 1 0
2
p m ω− > > , 2 4p< < . Other related studies 

on the Klein-Gordon equation or Klein-Gordon-Maxwell equation can be seen 
in [15]-[28]. 

Motivated by the above works, in this paper, to certify the boundedness of Pa-
lais-Smale sequence for case of 2 6u< < , we use Pohožaev identity of (1.1). By 
applying the ideas employed by Ref. [12], we find a Palais-Smale sequence { }nu  
of energy functional of problem (1.1) at level 1c , where 1 0c >  is mountain 
pass level defined later by (1.1). Then, the boundedness of { }nu  can be certified 
by some delicate analyses. By using critical point theory and the method of Ne-
hari manifold, we obtain two existing results of infinitely many high-energy radial 
solutions and a ground-state solution (which is the solution with the smallest 
energy among all the solutions) for the system (1.1) and we have improved the 
range of ω , which improve and generalize some related results in the litera-
ture. 

In this paper, we make the following assumptions: 
(V1) ( )3 ,V C∈    is a radial function, which satisfies ( )30 inf 0

x
V V x

∈
= >



. 
And there is a constant 0r >  such that: 

( ){ }( )3lim meas : , 0, 0,
y

x x y r V x M M
→+∞

∈ − ≤ ≤ = ∀ >
 

where ( )meas ⋅  denotes the Lebesgue measure. 
(V2) ( )( ), 0V x x∇ ≥  for all 3x∈  and there exists [ )0,1θ ∈  such that 

( )( ) 2,
2

V x x
x
θ

∇ ≤  for all { }3 \ 0x∈ . 

(F1) ( )
5lim 0t

f t

t→∞ = . 

(F2) 
( )

0lim 0t

f t
t→ = . 

(F3) There exists 2µ >  such that ( ) ( ) 0f t t F tµ≥ ≥  for all t∈ , where 

( ) ( )
0

: d
t

F t f s s= ∫ . 

(F4) ( ) ( )f t f t− = − , for all t∈ . 
Now, we present two main results: 
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Theorem 1.1. Assume that (V1), (V2), (F1) - (F4) hold. If the following con-
dition holds: 

1) [ )3,6µ ∈ ; or 2) ( )2,3µ ∈  and ( )( ) ( )( )00, 2 4 3Vω µ µ µ∈ − − − , then, 

problem (1.1) possesses infinitely many solutions  
( ){ } ( )1,2 3,n n ru E Dφ ⊂ ×   satisfying: 

( ) ( )( )
( )

3

3 3 3

2 2

2 4

1 2 d
2

1 d d d .
8 16

u V x u x

x x F u x

ω φ φ

βφ φ
π

∇ + − +  

− ∇ − ∇ − →
π

∞

∫

∫ ∫ ∫



    
Theorem 1.2. Assume that (V1), (V2), (F1) - (F3) hold. If the following con-

dition holds: 

1) [ )3,6µ ∈ ; or 2) ( )2,3µ ∈  and ( )( ) ( )( )00, 2 4 3Vω µ µ µ∈ − − − , then, 

the problem (1.1) has a ground-state solution. 
Remark 1.3. We consider the variable potential V and generalized nonlinear-

ity f, which brings some difficulties such as the proof of boundedness of Pa-
lais-Smale sequence ((PS)-sequence for short). To conquer the boundedness of 
(PS)-sequence, we use some analytical methods. Besides, when [ )3,6µ ∈ , we do 
not need any restriction on ω , and when ( )2,3µ ∈ , we get a more delicate range 
for ω . Hence, Theorem 1.1 and Theorem 1.2 can be seen as improvements of 
the relative results in the literature. To the best of our knowledge, similar results 
for this kind of Klein-Gordon equation coupled with Born-Infeld theory by us-
ing analytical methods in this paper can not be found. 

The rest of this paper is organized as follows: in Section 2, some preliminaries 
are given; in Section 3, we give out the proofs of Theorem 1.1 and Theorem 1.2. 
We denote iC  as different positive constants. 

2. Preliminaries 

Henceforth, the following notations will be used. 
,     denote dual inner products between workspaces. 

     denote weak convergence. 
( ),dist x y    denote Euclidean distance between x and y. 

S∂     denote boundary of S. 
a.e.    almost everywhere. 

N     denote N-dimensional Euclidean space. 
:X Y=    denote define X as Y. 

1 2, , ,C C C    denote various positive constants. 

( ) { }: :rB x y y x r= ∈ − < , ( )1 Nu H∀ ∈  , 0r > . 

( ) ( ):tu x u x t= , ( ) { }1 \ 0Nu H∀ ∈  , 0t > . 

( )3D   denote the complete space of ( )3
0C∞  . 

( ) ( ) ( ) ( ){ }3 3: :rD u D u x u x= ∈ =  . 

( ) ( ) ( ){ }1,2 3 6 3 2 3: :D u L u L= ∈ ∇ ∈   . 
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( ) ( ) ( ) ( ){ }1,2 3 1,2 3: :rD u D u x u x= ∈ =  . 

( ) ( ) ( ){ }1 3 2 3 2 3: :H u L u L= ∈ ∇ ∈   . 

( ) ( ) ( ) ( ){ }1 3 1 3: :rH u H u x u x= ∈ =  . 

( ) ( )3 3

1 1
2 42 4d dDu u x u x= ∇ + ∇∫ ∫ 

. 

( )1,2 3

1
2 2d

rDu u x= ∇∫


. 

( )1dN

ss
su u x= ∫ , 1 s< < ∞ . 

We define: 

( ) ( )( )
3

21 3 2: : d .rE u H u V x u x
  = ∈ ∇ + < ∞ 
  

∫


  

Then, E is a Hilbert space with the inner product: 

( ) ( )
3

, dEu v u v V x uv x= ∇ ∇ +  ∫


 

and the norm ( )1 2: , EEu u u u= = . By (V1), (V2) and Poincaré inequality, we 
see that E  ↪ ( )1 3

rH   is continuous. Then, for [ ]2,6p∈ , there exists 0pr >  
such that: 

 
3

1

: d , .p

p
p

pL Eu u x r u u E
 

= ≤ ∈  
 
∫


 (2.1) 

Apparently, we know that a solution ( ) ( )1,2 3, ru E Dφ ∈ ×   for the system 

(1.1) is a critical point of the energy functional ( ) ( )1,2 3: , rJ u E Dφ ∈ × →   

defined as: 

 
( ) ( ) ( ) ( )

3 3

3 3

2 2 2

2 4

1, 2 d d
2

1 d d .
8 16

J u u V x u u x F u x

x x

φ ω φ φ

βφ φ

 = ∇ + − + −

π



− ∇ −
π

∇

∫ ∫

∫ ∫

 

 

 (2.2) 

We need the following lemma to reduce the functional J in the only variable u. 
Lemma 2.1. [12] For any ( )1 3u H∈  , we have: 
1) There exists a unique ( )3

u Dφ φ= ∈  , which solves equation: 

( ) 2
4 4 ;uφ β φ ω φπ∆ + ∆ = +  

2) 0uω φ− ≤ ≤  on the set ( ){ }: 0x u x ≠ ; 
3) If u is radially symmetric, then uφ  is also radially symmetric; 
4) nu u  in ( )1 3H  ,then 

nu uφ φ  in ( )3
rD  . 

From the second equation in system (1.1), we get: 

 ( )
3 3 3

2 4 2 21 d d d .
4 4 u ux x u xβφ φ ωφ φ∇ + ∇ = − +
π π∫ ∫ ∫

  

 (2.3) 

From Lemma 2.1, we rewrite ( ),J u φ  as the functional ( ) :I u E →   as  
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follows: 

 
( ) ( ) ( ) ( )

3 3

3 3

2 2 2

2 4

1 2 d d
2

1 d d .
8 16

u u

u u

I u u V x u u x F u x

x x

ω φ φ

βφ φ

 = ∇ + − + − 

− ∇ −
π π

∇

∫ ∫

∫ ∫

 

 

 (2.4) 

By (2.3) and (2.4), we obtain: 

 

( ) ( ) ( )

( )

( )

( )

( ) ( )

3 3

3 3 3

3 3

3 3

3 3 3

2 2 2 2 2 2

2 4

22 2 2 2

4

42 2 2

1 d d
2

1 d d d
8 16

1 1d d
2 8

3 d d
16

1 d d d .
2 16

u u u

u u

u u

u

u u

I u u V x u u x u x

x x F u x

u V x u u x x

x F u x

u V x u u x x F u x

φ ωφ φ

βφ φ

φ φ

β φ

βωφ φ

 = ∇ + + − + 

− ∇ − ∇ −

 = ∇ + + + ∇ 

+ ∇ −

 = ∇ + − + ∇ −

π π

π

π

π

∫ ∫

∫ ∫ ∫

∫ ∫

∫ ∫

∫ ∫ ∫

 

  

 

 

  

 (2.5) 

For any ,u v E∈ , we have: 

 ( ) ( ) ( ) ( )
3 3

, 2 d d .u uI u v u v V x uv uv x f u v xω φ φ′  = ∇ ∇ + − + − ∫ ∫    

 

 (2.6) 

For [ ],11 2λ ∈ , we define the family of functionals :I Eλ →   by: 

 
( ) ( ) ( ) ( )

3 3

3 3

2 2 2

2 4

1 2 d d
2

1 d d .
8 16

u u

u u

I u u V x u u x F u x

x x

λ ω φ φ λ

βφ φ

 = ∇ + − + − 

−
π

∇
π

∇ −

∫ ∫

∫ ∫

 

 

 (2.7) 

For any ,u v E∈ , we also have: 

 ( ) ( ) ( ) ( )
3 3

, 2 d d .u uI u v u v V x uv uv x f u v xλ ω φ φ λ′  = ∇ ∇ + − + − ∫ ∫    

 

 (2.8) 

Let ( ) { } ( ){ }1 3: \ 0 : 0ru H I u′= ∈ =  be the critical points set. It is easy to 
see that any critical point u of I satisfies the following Pohožaev equality: 

 

( ) ( ) ( )( )

( )

3 3

3 3

2 2 2

4

: d 3 , 5 2 d

3 d 6 d
8

0.

u u

u

P u u x V x V x x u x

x F u x

ωφ φ

β φ

 = ∇ + + ∇ − − 

+ ∇
π

−

=

∫ ∫

∫ ∫

 

 

 (2.9) 

For convenience, we also defined: 

 

( ) ( ) ( )( )

( )

3 3

3 3

2 2 2

4

: d 3 , 5 2 d

3 d 6 d
8

0.

u u

u

P u u x V x V x x u x

x F u x

λ ωφ φ

β φ λ

 = ∇ + + ∇ − − 

+ ∇

=

π
−

∫ ∫

∫ ∫

 

 

 (2.10) 

Let: 
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( ) ( ) ( )

( ) ( )( )

( ) ( )

3 3

3 3

2 2

4

1: ,
2

1 1d , d
2 2

3 d 3 d .
16

u

u

G u I u u P u

u x V x V x x u x

x F u f u u x

ωφ

β φ

′= −

 = ∇ − + ∇ − 

− ∇ + −  π

∫ ∫

∫ ∫

 

 

 (2.11) 

Then, ( ) 0G u =  for any u∈ . We also define: 

 

( ) ( ) ( )

( ) ( )( )

( ) ( )

3 3

3 3

2 2

4

1: ,
2

1 1d , d
2 2

3 d 3 d .
16

u

u

G u I u u P u

u x V x V x x u x

x F u f u u x

λ λ λ

ωφ

β φ λ

′= −

 = ∇ − + ∇ − 

−  
π

∇ + − 

∫ ∫

∫ ∫

 

 

 (2.12) 

Lemma 2.2. Assume that (F1) - (F3) hold. Then, there exist some constants 

λζ , 0λα > , 0tλ >  and v t uλ λ= , 1 ,1
2

λ  ∈   
 (see [12]) such that: 

1) ( )inf 0u I u
λ λζ≤ ≥  and ( )inf u I u

λ λ λζ α= ≥ ; 

2) 
Evλ λζ>  and ( ) 0I vλ λ < . 

Proof. 1) From (F1) and (F2), for 1 2
2

1
6

C
r

= , there exists 2 0C >  such that: 

 ( ) 2 6
1 2 , for all .F t C t C t t≤ + ∈  (2.13) 

By (2.1), (2.3), (2.7), (2.13), 0uω φ− ≤ ≤  and Hölder inequality, we have: 

( ) ( ) ( )

( )

( )

( )

3 3

3 3

3 3 3

3 3

22 2 2

4

2 2 2

4

1 12 d d
2 8

d d
16

1 1 1d d d
2 2 2

d d
16

u u u

u

u

u

I u u V x u u x x

x F u x

u x V x u x u x

x F u x

λ ω φ φ φ

β φ λ

ωφ

β φ λ

 = ∇ + − + − ∇ 

− ∇ −

= ∇ + −

+ ∇

π

−

π

π

∫ ∫

∫ ∫

∫ ∫ ∫

∫ ∫

 

 

  

   

 

( ) ( )

( ) ( )
3 3 3

3 3 3

2 6

2 2

2 2 62
1 2

2 2 6
1 2

2 2 66
2 6

2 66
2 6

1 1d d d
2 2

1 1d d d
2 2

1
2
1 1
2 6
1 .
3

E L L

E E E

E E

u x V x u x F u x

u x V x u x C u C u x

u C u C u

u u C r u

u C r u

λ

λ

λ λ

λ

λ

≥ ∇ + −

≥ ∇ + − +

≥ − −

≥ − −

≥ −

∫ ∫ ∫

∫ ∫ ∫

  

  

 (2.14) 

From (2.14), there exist λζ , 0λα >  such that ( )inf 0u I u
λ λζ≤ ≥  and  

( )inf u I u
λ λ λζ α= ≥ . 
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2) From (F2) and (F3), there exists 3 4, 0C C >  such that: 

 ( ) 2
3 4 , for all .F t C t C t tµ≥ − ∈  (2.15) 

From (2.15), for { }\ 0u E∈ , we get: 

( ) ( ) ( )

( )

( ) ( )

( )

3 3

3 3

3 3 3

3 3 3 3

2 22 2 2

4

2
2 2 2 2 2

2
2 2 2 2 2 2 2

3 4

12 d d
2 8

d d
16

d d d
2

d d d d
2

, as .

u u t u

t u

t
I t u u V x u u x x

x F t u x

t
u V x u x t u x F t u x

t
u V x u x t u x C t u x C t u x

t

λ

λ

λ
λ λ

λ

λ
λ λ

µµλ
λ λ λ

λ

ω φ φ φ

β φ λ

ω λ

ω λ λ

 = ∇ + − + − ∇ 

− ∇ −

 ≤ ∇ + + − 

 ≤ ∇ + + − + 

→ −∞ →∞

π

π

∫ ∫

∫ ∫

∫ ∫ ∫

∫ ∫ ∫ ∫

 

 

  

   

 (2.16) 

Hence, from (2.16), we can let v t uλ λ=  with 0tλ >  large enough such that 

Evλ λζ>  and ( ) 0I vλ λ < . 
Lemma 2.3. Assume that (V1) and (F1) - (F3) hold. Let { }nu E⊂  be a 

bounded (PS)c-sequence for I with ( )0,c∈ ∞ , then { }nu  has a strongly con-
vergent subsequence in E. 

Proof. Consider a sequence { }nu  in E, which satisfies: 

 ( ) ( ), 0.n nI u c I u′→ →  (2.17) 

We may assume that, for any n∈ , there exists a u E∈  such that: 
• nu u  in E; 
• nu u→  in ( )3pL  , for 2 6p< < ; 
• nu u→  a.e. in 3 . 

By (2.6), we easily get: 

 
( ) ( ) ( )( )

( )( ) ( ) ( )( )( )
3

3 3

2 2

, 2 d

d d .

n

n

n n n u n u nE

u n u n n n

u u I u I u u u u u u u x

u u u u x f u f u u u x

ω φ φ

φ φ

′ ′− = − − + − −

+ − − + − −

∫

∫ ∫


 

 (2.18) 

It is clear that: 

 ( ) ( )( ), 0, as .n nI u I u u u n′ ′− − → →∞  (2.19) 

From (F1) and (F2), there exist 6 7, 0C C >  such that: 

 ( ) 5
5 6 , .f t C t C t t≤ + ∀ ∈  (2.20) 

By (2.20), one has: 

 

( ) ( ) ( )

( ) ( )
( ) ( )

3

3

2 22 2 2 2

5 5
5 6

5 5
5 6

d

d

.

n n

n n n

n n n nL LL L L L

f u f u u u x

C u u C u u u u x

C u u u u C u u u u

 − − 

 ≤ + + + −  

≤ + − + + −

∫

∫




 (2.21) 
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By Lemma 2.1, Sobolev inequality and Hölder inequality, it easily gains that: 

 

( )( )

( )( ) ( ) ( )

3

3 3

6 3 2 3 26

6 3 2 3 21,25

2 d

2 d 2 d

.

n

n

n

n r

u n u n

u n n u u n n

u n n u u n nL L L L LL

u n n u u n nL L L L LD

u u u u x

u u u u x u u u x

u u u u u u u

u u u u C u u u

φ φ

φ φ φ

φ φ φ

φ φ φ

− −

≤ − − + − −

≤ ⋅ − ⋅ − + − ⋅ − ⋅

≤ ⋅ − ⋅ − + − ⋅ − ⋅

∫

∫ ∫



 
 (2.22) 

From Lemma 2.1 and the boundeness of { }nu , there exists a positive constant 

6C  such that: 

 33 6
2

22
6 .

n nu n u n LL
L

u u Cφ φ≤ ≤  (2.23) 

Hence, from (2.23), the sequence { }2
nu nuφ  is bounded in ( )

3
32L  , so that: 

 
( )( ) 3 3

23

33 3
2 2

2 2 2 2

2 2

d

.

n n

n

i
u n u n u n u n L

L

u n u n L
L L

u u u u x u u u u

u u u u

φ φ φ φ

φ φ

− − ≤ − −

 
≤ + − 
 

∫
  (2.24) 

Since nu u→  in ( )3pL  , for any 2 6p< < , from (2.21), (2.22) and (2.24), 
one has: 

 ( ) ( ) ( )
3

d 0 as .n nf u f u u u x n − − → →∞ ∫


 (2.25) 

 ( )( )
3

2 d 0, as ,
nu n u nu u u u x nω φ φ− − → →∞∫



 (2.26) 

 ( )( )
3

2 2 d 0, as .
nu n u nu u u u x nφ φ− − → →∞∫



 (2.27) 

From (2.18), (2.19), (2.25), (2.26) and (2.27), we have 0n Eu u− → , that is, 

nu u→  in E.  
Lemma 2.4. [12] Let ( ).,X  be a Banach space and let J +⊂   be an in-

terval. Consider the family of 1C -functionals on X with Jλ ∈ : 

( ) ( ) ( ) ,u A u B uλ λΦ = −  

with ( )B u  nonnegative and either ( )A u → +∞  or ( )B u → +∞ , as  
u → +∞ , and such that ( )0 0λΦ = . For any Jλ ∈ , we set: 

[ ]( ) ( ) ( )( ){ }0,1 , : 0 0, 1 0 .C Xλ λγ γ γΓ = ∈ = Φ ≤
 

If for every Jλ ∈ , the set λΓ  is nonempty and 

[ ]
( )( )

0,1
: inf max 0

t
c t

λ
λ λγ

γ
∈Γ ∈

= Φ >
 

then for almost every Jλ ∈ , there is a sequence ( ){ }n
u Xλ ⊂  such that: 

1) ( ){ }n
uλ  is bounded; 
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2) ( )( )n
u cλ λ λΦ → ; 

3) ( )( ) 0
n

uλ λ′Φ →  in the dual 1X −  of X. 

Lemma 2.5. λΓ  is nonempty, where λΓ  is given by Lemma 2.4. 
Proof. From (2.16) and { }\ 0u E∈ , we can choose 0T >  such that  
( ) 0I Tuλ < . Let ( )s t Ttuγ = , [ ]0,1t∈ , such that, ( ) [ ]( )0,1 ,s t C Eγ ∈ ,  
( )0 0sγ = , ( )( )1 0sIλ γ < , and [ ] ( )( )0,1max st I tλ γ∈ < ∞ , for any Jλ ∈ . This  

means that λΓ  is nonempty.  
Lemma 2.6. 0cλ > , where cλ  is given by Lemma 2.4. 
Proof. For any λγ ∈Γ  and any Jλ ∈ , we have ( )0 0γ =  and  

( )( )1 0Iλ γ < . From Lemma 2.2, we get that ( )1 λγ ζ> . By continuity, we de-

duce that there exists ( )0,1tγ ∈  such that ( )tγ λγ ζ= . From Lemma 2.2, we 

have ( )( )I tλ γ λγ α≥ . Therefore, we have: 

( )( )inf 0.c I tλ λ γ λγ
γ α

∈Γ
∞ > ≥ ≥ >

 
 

Lemma 2.7. Assume that (V1), (V2) and (F1) - (F3) hold. Then, there exists a 
sequence { }nu  satisfying: 

 ( ) ( )1, 0.n nI u c I u′→ →  (2.28) 

is a bounded 
1

( )cPS -sequence with ( )1 0,c ∈ ∞ . 
Proof. From (2.3) and (2.7), we get that: 

 
( ) ( )

( )

3 3 3

3 3

2 2 2

4

1 1 1d d d
2 2 2

d d .
16

u

u

I u u x V x u x u x

x F u x

λ ωφ

β φ λ
π

= ∇ + −

+ ∇ −

∫ ∫ ∫

∫ ∫

  

 

 (2.29) 

From Lemma 2.2, we see that Iλ  has mountain pass geometry. We can de-
fine the Mountain Pass level cλ  by: 

 
[ ]

( )( )
0,1

: inf max
t

c I t
λ

λ λγ
γ

∈Γ ∈
=  (2.30) 

where 

[ ]( ) ( ) ( ){ }0,1 , : 0 0, 1 .C E vλ λγ γ γΓ = ∈ = =
 

From Lemma 2.6, we have the estimate ( )1 0,c ∈ ∞ , set X E= , 1 ,1
2

J  =   
, 

Iλ λΦ = , 

( ) ( )

( ) ( )
3 3 3 3

3

42 2 21 1 1d d d d ,
2 2 2 16

d .

u uA u u x V x u x u x x

B u F u x

βωφ φ= ∇ + − + ∇

=

π∫ ∫ ∫ ∫

∫
   

  
It is easy to know that ( ) 0B u ≥  for every u E∈  and ( )A u →∞  when 

u →∞ . Thus, from Lemma 2.4 and Lemma 2.5, for almost every Jλ ∈ , there 
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is a sequence ( ){ }n
u Eλ ⊂  such that: 

1) ( ){ }n
uλ  is bounded in E; 

2) ( )( )n
I u cλ λ λ→ ; 

3) ( )( ) 0
n

I uλ λ′ →  in the dual 1E−  of E. 

Since ( )0,cλ ∈ ∞ , there exists u Eλ ∈  satisfying: 

( ) ( )0,I u I u cλ λ λ λ λ′ = =  
for almost every Jλ ∈ . We can choose a suitable 1nλ →  and 

n
uλ  such that: 

 ( ) ( ) 10, .
n n n n n

I u I u c cλ λ λ λ λ′ = = →  (2.31) 

We still denote 
n

uλ  by nu . From (2.8) and ( ) 0
n nI uλ′ = , we have: 

( ) ( ) ( ) ( )
3 3

2 2 2, 2 d d 0,
n n nn n n n u u n n nI u u u V x u u x f u u xλ ω φ φ λ ′ = ∇ + − + − = ∫ ∫

 

 (2.32) 

and from (2.12), one has that: 

 

( ) ( ) ( )

( )( )

( ) ( )

3 3

3 3

2 2

4

1,
2

1 1d ( ) , d
2 2

3 d 3 d
16

0.

n n n

n

n

n n n n

n u n

u n n n

G u I u u P u

u x V x V x x u x

x F u f u u x

λ λ λ

ωφ

β φ λ

′= −

 = ∇ − + ∇ − 

 − ∇ + − π

=

∫ ∫

∫ ∫

 

 

 (2.33) 

Next, we will prove that { }nu  is bounded in E. 
Case (1): 4 6µ≤ < . By (V1), (F3), (2.1), (2.3), (2.28), (2.29), (2.31), (2.32), 

0uω φ− ≤ ≤  and Hölder inequality, we have: 

( ) ( ) ( )

( )

( ) ( )

3 3 3

3 3 3

1

2 2 2 2 2

2 4

1 ,

1 d 1 d 2 d
2 2

3d d d
8 16

n n

n n

n n

n n n

n n u n u n

u u n n n n

c o I u I u u

u V x u x u x u x

x x f u u F u x

λ λµ µ

µ µ φ ωφ

µ βµφ φ λ µ

′+ ≥ −

    = − ∇ + + + +       

 + ∇ +
π π

∇ + − 

∫ ∫ ∫

∫ ∫ ∫

  

    

( ) ( )

( ) ( )

( )

( )

3 3 3

3 3

3 3

3 3

22 2 2 2 2

4

22 2

4

1 d 2 d d
2 8

3 d d
16

11 d d
2 8 2

3 d
16 2

n n n

n

n

n

n n u n u n u

u n n n n

n n u

u n n n

u V x u x u u x x

x f u u F u x

u V x u x x

x f u u F

µ µφ ωφ φ

βµ φ λ µ

µ µ φ

βµ β φ λ µ

   ≥ − ∇ + + + + ∇    

 + ∇ + − 

    = − ∇ + + − ∇       



π

π

π π

π
+ − ∇ + − 

 π

∫ ∫ ∫

∫ ∫

∫ ∫

∫ ∫

  

 

 

 

( )

2

d

1 .
2

n

n E

u x

uµ

  

 ≥ − 
 

(2.34) 

When 4 6µ≤ < , from (2.34), we know that { }nu  is bounded in E. 
Case (2): 2 4µ< < . By (V1), (V2), (F3), (2.28), (2.29), (2.31), (2.32), (2.33) 
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and 0uω φ− ≤ ≤ , we have: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )( )

( )

3

3 3

3

1

22

2

4

4 21 ,
6 6

1 2 2 3 4 d
6

2 2d , d
6 2 6

2 d .
16 6

n n n

n n

n

n n n n

u u n

n
n n n n

u

c o I u I u u G u

V x u x

f u u F u x V x x u x

x

λ λ λ
µ µ

µ µ

µ µ ωφ µ φ
µ
λ µµ
µ µ
βµ φ

µ

− −′+ ≥ + +
− −

 = − + − + − −
−

 + − + ∇ − −

+ ∇
−π

∫

∫ ∫

∫



 



 (2.35) 

We will prove the boundedness of ( )3

2 dnV x u x∫ , to do this, we have two 
cases to consider. 

Subcase (i): 3 4µ≤ < . In this case, we have: 

 ( ) ( )24 2 3 0, 0.s s sµ µ ω ω− + − ≥ ∀ − ≤ ≤  (2.36) 

From (2.35), (2.36), (V2) and (F3), we have that ( )3

2 dnV x u x∫  is bounded. 

Subcase (ii): ( )2,3µ ∈  and ( )( ) ( )( )00, 2 4 3Vω µ µ µ∈ − − − . For  

[ ],0s ω∈ − , by a direct computation, we have that: 

 
( ) ( ) ( )

( ) ( ) ( )( ) ( )

2
0

2 2 2
02

0

4 2 3 2

3 2 4 3
2 0.

4 4

s s V

V
V

µ µ ω µ

µ µ µ µ ω
ω µ

µ µ

− + − + −

− − − − −
≥ − + − = >

− −

 (2.37) 

Thus, from (2.35), (2.37), (V1), (V2) and (F3), we get: 

( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( )

( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( )( ) ( )

3

3 3

3

3

3

22

42

22

22
0

0

11 2 2 3 4 d
6

2 2, d d
2 6 16 6

2 d
6
1 2 2 3 4 d

6
1 2 2 3 4 d

6

4 2 3

n n

n

n n

n n

n u u n

n u

n n n

u u n

u u n

c o V x u x

V x x u x x

f u u F u x

V x u x

V u x

V

µ µ ωφ µ φ
µ
µ βµ φ

µ µ

µ
µ

µ µ ωφ µ φ
µ

µ µ ωφ µ φ
µ

µ µ µ

 + ≥ − + − + − −
−

+ ∇ + ∇
− −

 + − −

 ≥ − + − + − −

 ≥ − + − + − −

− − − −

π

≥

∫

∫ ∫

∫

∫

∫



 







( )( ) 3

2 2
2 d .

6 4 nu x
ω

µ µ− − ∫

 (2.38) 

It follows from (2.38) that 3

2 dnu x∫  is bounded when ( )2,3µ ∈ . From 

Case (1) and Subcase (i), we have that 3

2 dnu x∫  is also bounded. Hence, by 

Lemma 2.1, there exists a positive constant 7C  such that: 

 3 3

2 22
7d d

nu n nu x u x Cωφ ω≤ ≤∫ ∫ 
 (2.39) 

and 

 3 3

2 22 2
7d d .

nu n nu x u x Cφ ω≤ ≤∫ ∫ 
 (2.40) 
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From (2.35), (2.39) and (2.40), we know that ( )3

2 dnV x u x∫  is bounded 

when ( )2,3µ ∈  and ( )( ) ( )( )00, 2 4 3Vω µ µ µ∈ − − − . From Hardy inequa-

lity, we have: 

 ( )3 3

2
2 1 3

2

1d d , .
4 r

uu x x u H
x

∇ ≥ ∀ ∈∫ ∫ 
  (2.41) 

By (2.31), (2.32), (2.33), (2.39), (2.40), (2.41) and (V2), we have: 

 

( ) ( ) ( ) ( )

( )

( )( )

3 3

3

3

2 22

2

2 7

1 11 ,
3 3

1 1d d
3 3
1 , d
6

21 d .
3 3

n n n

n n

n n n n n

u u n n

n

n

a o I u I u u G u

u x u x

V x x u x

C
u x

λ λ λ

ωφ φ

θ

′+ ≥ − +

= + + ∇

− ∇

−
≥ ∇ −

∫ ∫

∫

∫

 





 (2.42) 

From (2.42) and [ )0,1θ ∈ , we know that { }nu∇  is bounded in ( )2 3L  . 
Hence, { }nu  is bounded in E when ( )2,4µ ∈ . Therefore, { }nu  is bounded in 
E. 

In order to obtain infinitely many solutions of system (1.1), we shall use the 
following critical point theorem introduced by Bartsch in [29]. The space X is 
reflexive and separable, then there exist ie X∈  and *

if X∈  such that  
,iX e i= ∈ , * ,iX f i= ∈ , ,,i i i jf e δ= , where ,i jδ  denotes the Kro-

necker symbol. Put 

 { } =1 == , = , = .k
k k k i i k i k iX span e Y X Z X∞⊕ ⊕  (2.43) 

Now, we state the following critical points theorem given by Bartsch. 
Lemma 2.8. Assume ( )1 ,C XΨ∈   satisfies the (PS) condition,  
( ) ( )u uΨ − = Ψ . For every k ∈ , there exists 0k krρ > > , such that: 
1) ( ),: max 0

k kk u Y ua uρ∈ == Ψ ≤ ; 

2) ( ),: inf
k kk u Z u rb u∈ == Ψ → +∞  as k →∞ . 

Then, Ψ  has a sequence of critical values tending to +∞ . 
Lemma 2.9. Assume that (V1) and (F1) - (F4) hold. For every k ∈ , there 

exists 0k kdρ > > , such that: 
1) ( ),: max 0

k kk u Y ua I uρ∈ == ≤ ; 

2) ( ),: inf
k kk u Z u db I u∈ == → +∞  as k →∞ , 

where kY  and kZ  are defined by (2.43). Then, I has a sequence of critical val-
ues tending to +∞ . 

Proof. From (2.1), (2.4), (2.15) and 0uω φ− ≤ ≤ , one obtains: 

( ) ( ) ( )

( )

3

3 3 3

2 2 2

2 4

1 2 d
2

1 d d d
8 16

u u

u u

I u u V x u u x

x x F u x

ω φ φ

βφ φ

 = ∇ + − + 

− ∇ − ∇ −
π π

∫

∫ ∫ ∫



  
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( ) ( )

3 3

2 2 2 2 2
3 4

2 2 22 2 2
2 3 4 2

1 2 d d
2

1 .
2 E E E E

u V x u u x C u C u x

u r u C r u C r u

µ

µµ
µ

ω

ω

 ≤ ∇ + + − − 

= + − +

∫ ∫
   (2.44) 

Since 2µ > , from (2.44), there exists 0kρ >  such that: 

( )
,

: max 0.
k k

k u Y u
a I u

ρ∈ =
= ≤

 
Subsequently, for any k ∈  and [ )2,6p∈ , we set: 

( )
, 1

sup .
k E

k p
u Z u

p uβ
∈ =

=
 

Similar to Lemma 2.8 in [27], we have ( ) 0k pβ →  as k →∞ . Letting 

( )

1
4

6
2

1
8 6k

k

d
C β

 
=   
 

, for any ku Z∈ . From (2.1), (2.5), (2.13), we get that: 

( ) ( )

( )

( ) ( )

( ) ( )

3 3

3 3

3 3

22 2 2 2

4

2 2

2 2 62 6
1 2

2

1 1d d
2 8

3 d d
16

1 d d
2

1 2 6
2
1 .
8

u u

u

k kE E E

E

I u u V x u u x x

x F u x

u V x u x F u x

u C u C u

u

φ φ

β φ

β β

 = ∇ + + + ∇ 

+ ∇ −

 ≥ ∇ + − 

≥ − −

≥

π

π

∫ ∫

∫ ∫

∫ ∫

 

 

 

 
Thus, we obtain ( ) 2

,
1: inf
8k kk ku Z u db I u d∈ == ≥ → +∞  as →∞ .   

3. Proofs of Theorem 1.1 and Theorem 1.2 

Proof of Theorem 1.1. It follows from Lemma 2.3 and Lemma 2.7 that I satisfies 
the (PS) condition. By (F1), (F2) and (F4), it is easy to see that ( )0 0I =  and 
( ) ( )I u I u− = . By Lemma 2.9, the functional I satisfies the geometric conditions 

of Lemma 2.8. Hence, problem (1.1) has infinitely many nontrivial solutions 
( ) ( )1,2 3,n n ru E Dφ ∈ ×  . This completes the proof.   

Proof of Theorem 1.2. First, we show that the set 0≠ . Similar to Lemma 

2.7, we can prove that, there exists a sequence { }nw  bounded in ( )1 3
rH   and 

( ) 1nI w c= , ( ) 0nI w′ = . We claim that: 

 
( )3

1

2limsup sup d 0.n
n y B y

w x
→∞ ∈

>∫


 (3.1) 

If not, from Lion’s concentration compactness principle [30], we have that 
0nw →  in ( )3sL   for 2 6s< < . From (F1), (F2), there exists 8 9 10, , 0C C C >  

such that: 

( ) ( ) ( )2 6
3

2 6 1
8 9 10

1 d 1 .
2 2s

s
n n n n n nL L L

cf w w F w x C w C w C w o − ≤ + + ≤ +  ∫
  
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Thus, 

( ) ( ) ( )

( ) ( )

( )

3 3 3

1

2 4

1

11 ,
2

1 1d d d
8 16 2

1 .
2

n n

n n n

w w n n n

c o I w I w w

x x f w w F w x

c o

βφ φ
π π

′+ ≤ −

 = − ∇ − ∇ + −  

≤ +

∫ ∫ ∫
  

 
This contradiction shows that (3.1) holds, and so there exist 0δ >  and 

{ } 3
ny ⊂   such that: 

( )2

2 d 0.
n

n
B y

w x δ> >∫
 

Let ( )n n nw w x y= + , thus n nw w= , ( ) 1nI w c= , ( ) 0nI w′ =  and 

( )2

2

0

d 0n
B

w x δ> >∫
 

which implies 

( )1 30 in .n rw w H≡/ 

 
By a standard argument, we can show that ( ) 0I w′ = , and so w∈ . 
Next, we will prove ( )0 : infuk I u∈< =   is achieved. Let { }nw ⊂   be such 

that ( )nI w k→  and ( ) ( ) 0n nI w G w′ = =  as n →∞ . Arguing as before, we 
can prove that there exists w∈   such that ( )I w k≥  and ( ) ( ) 0I w G w′ = =  . 
If [ )4,6µ ∈ , from (V2), (F3), Lemma 2.1, (2.5), (2.6) and Fatou’s Lemma, we 
have: 

 

( ) ( )

( )

( ) ( )

( )

3 3

3 3

3 3

3

42 2

22

42 2

1lim ,

1 1lim d d
2 16

1 1 2 1d d
2

1 1 d d
2 16

1

n

n n

n n nn

n n wn

w w n n n n

w

k I w I w w

w V x w x x

w x f w w F w x

w V x w x x

µ

β φ
µ

φ ωφ
µ µ µ

β φ
µ

φ
µ

→∞

→∞

 ′= − 
 
   = − ∇ + + ∇    

     + − − + −     
      

   ≥ − ∇ + + ∇    

+

π

π

∫ ∫

∫ ∫

∫ ∫

∫



 

 

 

 


( ) ( )

( ) ( )

3

22 1 2 1d d
2

1 , .

w w w x f w w F w x

I w I w w

ωφ
µ µ

µ

    
− − + −    
    

= −

∫ 

   

  



 (3.2) 

If ( )2,4µ ∈ , from Lemma 2.1, (2.5), (2.6), (2.36), (2.37) and Fatou’s Lemma, 
we obtain: 

( ) ( ) ( )

( ) ( ) ( )( )3 3

2 2

4 2lim ,
6 6

2 2lim d , d
6 2 6

n n n nn

n nn

k I w I w w G w

V x w x V x x w x

µ µ
µ µ

µ µ
µ µ

→∞

→∞

 − −′= + + − − 
 − −= + ∇

− −
∫ ∫ 
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( ) ( )

( ) ( )

3

3 3

22

4

1 2 3 4 d
6

2 2d d
6 16

n n

n

w w n

n n n w

w x

f w w F w x x

µ ωφ µ φ
µ

βµµ φ
µ

 + − + − −


 + − + ∇  − π

∫

∫ ∫



 

 

 

( ) ( ) ( )( )

( ) ( )

( ) ( )

( ) ( ) ( )

3 3

3

3 3

2 2

22

4

2 2d , d
6 2 6

1 2 3 4 d
6

2 2d d
6 16

4 2, .
6 6

w w

w

V x w x V x x w x

w x

f w w F w x x

I w I w w G w

µ µ
µ µ

µ ωφ µ φ
µ

βµµ φ
µ
µ µ

µ µ

− −
≥ + ∇

− −

 + − + − −

+ − + ∇  −
− −′= +
−

π

+
−

∫ ∫

∫

∫ ∫

 

 





 

 



  

   

 (3.3) 

It follows from (3.2), (3.3) and ( )I w k≥  that w∈   and  
( ) ( )infuI w k I u∈= =  . Hence, it follows from (2.2) and (2.5) that 

( ) ( ) ( ) ( ), , , .u wJ u I u I w J w k uφ φ= ≥ = = ∀ ∈


    
This proves that ( ), ww φ



  is a ground-state solution for system (1.1).   

4. Conclusion 

In this paper, we used Pohožaev identity of (1.1) to certify the boundedness of 
Palais-Smale sequence of energy functional of problem (1.1) at level 1c , and 
then certified the boundedness of Palais-Smale sequence. By using critical point 
theory and the method of Nehari manifold, we obtained two existing results of 
infinitely many high-energy radial solutions and a ground-state solution for the 
system (1.1). 
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