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Abstract 
New results of two computer experiments on modeling of superthermal neu-
tron-nuclear combustion of natural uranium for two different flux densities 
of external neutron source and duration of half a year each are presented. The 
simulation results demonstrate the dependence of the autowave combustion 
modes on the parameters of the external source. 
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1. Introduction 

Today, in addition to the first two results of numerical modeling of epithermal 
burning of natural uranium on epithermal neutrons, presented in our previous work 
[1], we have the results of several more calculations confirming the wave burning of 
natural uranium in the epithermal region at that, one of them is a repetition of 
the second numerical calculation from [1] (recall that in [1] this calculation 
was performed for the flux density of an external neutron source equal to 1023 
cm−2∙s−1, and the simulation time was 48 days.), but for a significantly longer si-
mulation time of 150 days, and another calculation was carried out for an external 
source with a significantly lower flux density equal to 1015 cm−2∙s−1 and for a simula-
tion time of 150 days. 

2. Objective 

To carry out computer experiments to simulate the neutron-nuclear combustion 
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of natural uranium for two different flux densities of an external neutron source. 

3. New Results of Modeling of Wave Neutron-Nuclear 
Burning of Natural Uranium At Suprathermal Neutrons 

Below in Figures 1-5 are the results of modeling for the external source neutron 
flux density equal to 1023 n/cm2s, and in Figures 5-10 for the neutron density of 
the external source equal to 1015 n/cm2s. Below in Figures 1-5 show the simula-
tion results for the neutron flux density of an external source equal to 1023 
cm−2∙s−1, and Figures 6-10 for the neutron density of an external source equal to 
1015 cm−2∙s−1. 

The kinetic system of 20 equations, initial and boundary conditions remained 
the same as in [1], except for the neutron flux density of an external source. The  

 

 
Figure 1. The kinetics of neutrons in the wave neutron-nuclear burning of natural uranium (a) the depen-
dence of the dimensionless neutron density on the spatial coordinate ( )n x∗  for the time point of calcula-

tion t = 30 days; (b) ( )n x∗  for t = 60 days; (c) ( )n x∗  for t = 90 days; (d) ( )n x∗  for t = 120 days; (e) 

( )n x∗  for t = 150 days). 
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Figure 2. Kinetics of the density of uranium 238 nuclei upon wave neutron-nuclear burning of natural 
uranium (a) dependence of the dimensionless density of uranium 238 nuclei on the spatial coordinate 

( )8N x∗  for the time point of calculation t = 30 days; (b) ( )8N x∗  for t = 60 days; (c) ( )8N x∗  for t = 90 

days; (d) ( )8N x∗  for t = 120 days; (e) ( )8N x∗  for t = 150 days). 

 
kinetic system of 20 equations, the initial and boundary conditions remained the 
same as in [1], except for the neutron flux density of the external source. 

In the present work, as in [1], the numerical solution of the system of kinetic 
equations was carried out using the Mathematica 8 software package and, to op-
timize the process of numerical solution of the system of equations, we passed to 
dimensionless quantities 

( ) ( ), ,n x t n x t∗→  и ( ) ( ), ,i iN x t N x t∗→ , 

According to the following relationships: 

( ) ( )*0, ,
n

n x t n x t
V
Φ

= , ( ) ( )*8

8

, ,AN
N x t N x t

ρ
µ

=            (1) 

At the first calculation, the following numerical values of constant coefficients 
of differential equations were set: 
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Figure 3. Kinetics of the density of uranium 235 nuclei during wave neutron-nuclear burning of 
natural uranium (a) the dependence of the dimensionless density of uranium 235 nuclei on the spatial 
coordinate ( )5N x∗  for the time point of calculation t = 30 days; (b) ( )5N x∗  for t = 60 days; (c) 

( )5N x∗  for t = 90 days; (d) ( )5N x∗  for t = 120 days; (e) ( )5N x∗  for t = 150 days). 
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Figures 1-5 show the results of a calculation that coincides with the second 
numerical experiment in [1], but for a significantly longer burning time, that is, 
for external source neutron flux density of 1023 n/сm−2∙s and simulation time 
equal to 150 days. 

The length of the fissile medium, in which the wave of neutron-nuclear burn-
ing propagates, is 1000 cm, the total simulation time is t = 150 days, the time 
step is 10t∆ =  minutes, and the step along the spatial coordinate. 

1cmx∆ =  
From the presented results, for example, Figure 8 shows that after 90 days 

(Figure 5(c)), the amplitude of plutonium 239 concentration reaches a 
steady-state maximum and the plutonium maximum has shifted by 20 cm dur-
ing the simulation time of 60 days, which allows us to make an estimate of the  

 

 
Figure 4. Kinetics of the density of uranium 239 nuclei upon wave neutron-nuclear burning of natural 
uranium (a) dependence of the dimensionless density of uranium 239 nuclei on the spatial coordinate 

( )9N x∗  for the time point of calculation t = 30 days; (b) ( )9N x∗  for t = 60 days; (c) ( )9N x∗  for t = 90 

days; (d) ( )9N x∗  for t = 120 days; (e) ( )9N x∗  for t = 150 days). 
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Figure 5. Kinetics of the density of plutonium 239 nuclei upon wave neutron-nuclear burning of natural 
uranium (a) dependence of the dimensionless density of plutonium 239 nuclei on the spatial coordinate 

( )PuN x∗  for the time point of calculation t = 30 days; (b) ( )PuN x∗  for t = 60 days; (c) ( )PuN x∗  for t = 90 

days; (d) ( )PuN x∗  for t = 120 days; (e) ( )PuN x∗  for t = 150 days). 

 
steady-state wave burning rate, which is approximately equal to 0.39 ×10−5 
cm/sec. 

Note that in [1] for the second numerical experiment, we could not make this 
estimate because of the short simulation time of 48 days. 

Figures 6-10 show the calculation results for the same kinetic system, the 
same basic calculation constants (see (2)), and the same initial and boundary 
conditions, with the exception of the value for the neutron flux density of the 
external source equal to 1015 cm−2∙s−1, and the length the fissile medium in which 
the wave of neutron-nuclear burning propagates is 1000 cm, the total simulation 
time is t = 150 days, the time step is 5t∆ =  minutes, and the step along the spa-
tial coordinate 1 cmx∆ = . 
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Figure 6. The kinetics of neutrons in the wave neutron-nuclear combustion of natural uranium (a) the de-
pendence of the dimensionless neutron density on the spatial coordinate ( )n x∗  for the time point of cal-

culation t = 30 days; (b) ( )n x∗  for t = 60 days; (c) ( )n x∗  for t = 90 days; (d) ( )n x∗  for t = 120 days; (e) 

( )n x∗  for t = 150 days). 

 
From the presented results, for example, in Figure 10 it can be seen that after 

60 days the amplitude of the concentration of plutonium 239 reaches a 
steady-state maximum and the maximum of plutonium during the simulation 
equal to 90 days has shifted by 60 cm, which allows us to estimate the rate of 
steady-state wave burning, which is approximately equal to 0.77 × 10−5 cm/c. 

A comparative analysis of the results of these two numerical experiments 
shows that with a decrease in the neutron flux density of the external source 
from 1023 cm−2∙s−1 to 1015 cm−2∙s−1 with all other constants unchanged (in the first 
calculation, only the calculation time step was 10 min, and in the second 5 min) 
the wave combustion rate increased approximately twofold, and the wave 
half-width also increased significantly (evaluation was carried out using pluto-
nium 239) from 10 cm to 100 cm. 
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Figure 7. Kinetics of the density of uranium 238 nuclei upon wave neutron-nuclear burning of natural 
uranium (a) dependence of the dimensionless density of uranium 238 nuclei on the spatial coordinate 

( )8N x∗  for the time point of calculation t = 30 days; (b) ( )8N x∗  for t = 60 days; (c) ( )8N x∗  for t = 90 

days; (d) ( )8N x∗  for t = 120 days; (e) ( )8N x∗  for t = 150 days). 

 
An explanation of the change in the parameters of the combustion regime, 

such as the phase velocity and the width of the wave burning zone, when only 
the flux density of the external source is changed, we can give, if we recall the 
assumption of a quantum-mechanical analogy for the diffusion equation of neu-
trons, that is, the need to fulfill the Bohr-Somerfeld quantization rule for solu-
tions of this equation put forward by Feoktistov L.P. in [2], which was studied in 
[3], and later developed by V. D. Rusov into the quantum-statistical Wigner dis-
tribution for phase velocities of wave combustion, for example [4] [5]. 

Indeed, this allowed us to write in [4] [5] the critical condition for steady-state 
wave burning in the form: 

239

239 1d
2

Pu

Pu
crit

nI x
n

= − =
π

∫ ,                     (3) 
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Figure 8. Kinetics of the density of uranium 235 nuclei during wave neutron-nuclear burning of natural 
uranium (a) the dependence of the dimensionless density of uranium 235 nuclei on the spatial coordinate 

( )5N x∗  for the time point of calculation t = 30 days; (b) ( )5N x∗  for t = 60 days; (c) ( )5N x∗  for t = 90 

days; (d) ( )5N x∗  for t = 120 days; (e) ( )5N x∗  for t = 150 days). 

 
where the integral is taken over the supercritical region 

( 239 239Pu Pu
critn n> ) 

The simulation results show that even when only the flux density of the ex-
ternal source changes in our simplified kinetic system, the width of the burning 
region changes, and, therefore, according to (3), the ratio between the quantities 

239Pun  and 239Pu
critn  should change, since the value of the integral should remain 

constant. 
From this we can conclude that the equilibrium-stationary and critical con-

centration of plutonium 239 changes, which are included as parameters in the 
Wigner quantum-statistical distribution for phase velocities of wave combustion 
[4] [5], which causes a change in the wave burning velocity. 

Note that the presented simulation results clearly demonstrate the influence of 
the parameters of an external neutron source on the parameters of the burning  
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Figure 9. Kinetics of the density of uranium 239 nuclei upon wave neutron-nuclear burning of natural 
uranium (a) dependence of the dimensionless density of uranium 239 nuclei on the spatial coordinate 

( )9N x∗  for the time point of calculation t = 30 days; (b) ( )9N x∗  for t = 60 days; (c) ( )9N x∗  for t = 90 

days; (d) ( )9N x∗  for t = 120 days; (e) ( )9N x∗  for t = 150 days). 

 
regime even for the simplified model under consideration. In a real process of 
nuclear burning, not only the flux density of an external neutron source, but also 
its energy spectrum will have a significant effect on the combustion regime. 

This is in good agreement with the physical mechanisms that ensure the re-
production coefficient and the effect of the parameters of an external neutron 
source on the wave burning regime necessary for the implementation of the au-
towave mode of burning and with the general provisions of nonlinear nonequi-
librium thermodynamics presented [6]. 

According to the theory of a soliton-like neutron wave of slow nuclear burning, 
developed on the basis of the theory of quantum chaos in [4] [5], neutron-nuclear 
burning rates must satisfy the Wigner quantum-statistical distribution. The phase 
velocity u of a soliton-like neutron wave of nuclear burning is determined by the 
following approximate equality: 
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Figure 10. Kinetics of the density of plutonium 239 nuclei upon wave neutron-nuclear burning of natural 
uranium (a) dependence of the dimensionless density of plutonium 239 nuclei on the spatial coordinate 

( )PuN x∗  for the time point of calculation t = 30 days; (b) ( )PuN x∗  for t = 60 days; (c) ( )PuN x∗  for t = 90 

days; (d) ( )PuN x∗  for t = 120 days; (e) ( )PuN x∗  for t = 150 days). 
 

( )
6 2

4 2 2
* * * *

8 64exp ,
2 9 43

Pu
crit

Pu Pu
eq crit

u N
a a a a

L N N
βτ    π

π
Λ = ≅ − = ⋅    −  π

     (4) 

where ( )*aΛ  is a dimensionless invariant, depending on the parameter *a ; 
Pu
eqN  and Pu

critN  are the equilibrium and critical concentrations of Pu239, L is the 
mean free path of neutrons, βτ  is the delay time, connected with birth of an 
active (fissile) isotope and equal to the effective period of the β, decay of com-
pound nuclei in the Feoktistov uraniumeplutonium cycle. 

To check the correspondence between the Wigner distribution (4) and the 
phase velocity of the slow neutron-nuclear burning of natural uranium in the 
epithermal region of neutron energies, which is obtained by numerical simula-
tion, we will make the corresponding estimates of the parameter 2

*a  and inva-
riant ( )*aΛ . 
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For this, we can use the data of numerical simulation at an external source 
flux density of 1015 cm−2∙s−1, shown in Figure 10(e) for plutonium 239. 

From Figure 10(e), one can find 22 30.19 4.8 10 cmPu
eqN −≈ × ×  (maximum on 

the concentration curve for plutonium 239) and 22 30.10 4.8 10 cmPu
critN −≈ × ×  

(inflection point on the concentration curve for plutonium 239). 
Then, according to (4), for the parameter a∗  and invariant ( )*aΛ  we ob-

tain the following estimates: 

22 3

* 22 3 22 3

0.10 10 сm 0.10 1.66
4 4 0.090.19 10 сm 0.10 10 сm

a
−

− −

π × π
= × = × ≈

× − ×
, ( )* 0.30aΛ ≈ (5) 

An estimate of the parameter *a  and invariant ( )*aΛ  obtained for the slow 
neutron-nuclear burning of natural uranium in the epithermal region of neutron 
energies (1.0 - 7.0 eV) is shown in Figure 11. 

An estimate of the phase velocity of the neutron-nuclear burning of natural 
uranium in the epithermal region of neutron energies, obtained from the above 
numerical simulation results for an external source flux density of 1015 cm−2∙s−1, 
as already noted above, is approximately equal to: 

( ) 560 cm 90 24 3600 s 0.77 10 cm scalcu −≈ × × ≈ × .          (6) 

The average mean free path for neutrons of the indicated epithermal region of 
neutron energies i.  

( )9 24 2 22 3
8

1 1 1 4.45 cm
0 4.68 10 cm 4.8 10 cma c

L
N tσ − −=

×
= ≈

Σ × ×
≈

=
.   (7) 

According to expression (4), we also obtain an estimate for the phase velocity 
of burning: 

 

 
Figure 11. Theoretical (solid line) and calculated (points) dependence for the phase ve-
locities of neutron-nuclear burning ( )* 2a u LβτΛ =  on the parameter a∗, presented in 

[4] [5] and supplemented by the estimate obtained in this work for slow wave burning of 
natural uranium in the epithermal region of neutron energies (1.0 - 7.0 eV). 
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5
5

2 2 0.30 4.45 cm 0.94 10 cm s
2.85 10 s

Lu
βτ

−× ×
×

Λ ⋅
×

⋅
= ≈ ≈ .          (8) 

A comparison of the obtained values of (6) and (8) allows us to conclude that 
they are in good agreement. 

Based on the presented simulation results, it is possible to obtain an estimate 
of the thermal power emitted in the reactor from the active zone from natural 
uranium in the form of a cylinder with a diameter of 50 cm if it implements a 
wave burning regime that coincides with the regime obtained in the simulation 
for an external source with a neutron flux density of 1015 cm−2∙s−1. 

Indeed, given that the derivative of the concentration of plutonium 239 with 
respect to time and the derivative with respect to the coordinate for the mode of 
wave burning are related by the following relation: 

239 239d d
d d

Pu PuN Nu
t x

= ,                     (10) 

where u is the wave burning rate, according to the simulation results presented 
in Figure 10(e), it is possible to calculate the specific thermal power specP : 

239 239

5 22 17
3 3

23 19
3 3

d d210.3 MeV 210.3 MeV
d d

1 MeV210.3 MeV 0.77 10 0.48 10 77.73 10
cm s cm s

J MW77.73 10 1.6 10 1.24
cm s cm

Pu Pu

spec
N NP u

t x
−

−

≈ =

≈ ≈
⋅ ⋅

≈

× ×

× × × × ×

≈
⋅

× × ×

  (11) 

The estimation of the volume of the burning zone for such a reactor is equal 
to: 

( )22 3
 3.14 25 cm 4.45 cm 8733.13 cmregion burning AЗV r Lπ × ≈×≈ ⋅ ⋅ ≈     (12) 

The thermal capacity of the reactor can now be estimated: 

3
3

MW1.24 8733.13 sm 10829.08 MW
smspec region burnigP P V= ⋅ ≈ ≈×     (13) 

Thus, we obtained an estimate of the thermal power of the considered wave 
reactor, which is 3.6 times higher than the thermal power of the VVER-1000 
reactor. 

It should be noted that presented on Figure 1 and Figure 6, the results of the 
kinetics for the neutron density, as well as in [1], do not demonstrate a neutron 
wave, in contrast to the previously published results (for example, [4] [5]) of 
neutron-nuclear burning of uranium 238 for fast neutrons (neutron energy ~ 1 
MeV). 

The authors, as in our work [1], believe that one of the possible explanations 
for this may be the following. The system of differential equations was numeri-
cally solved with respect to the dimensionless variables according to relations 
(1), and when dimensionless, the neutron density was divided by the flux density 
of the external source, which was specified by a specially overestimated value in 
order to reduce the calculation time and equal to Φ0 = 10 × 1023 cm−2∙s−1 (mod-
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eling .calculations in [1] and the results of calculations in Figures 1-5 in this 
paper). Therefore, the difference in the scales of the flux density of the external 
source and the neutron flux density in the nuclear combustion region in the re-
gime of steady-state wave burning does not allow us to see the neutron wave. 

Although for the results of the second numerical simulation presented in this 
work in Figures 6-10, the neutron flux density was significantly lower compared 
to other calculations of burning in the epithermal region and was set equal to 
1015 cm−2∙s−1, however, as can be seen from the simulation results for neutrons 
presented in Figure 6, the neutron wave is still not visible. 

It is possible that in this case as well the reason is the difference in the scale of 
the quantities. 

To clarify this problem with neutrons, we carried out several numerical simu-
lations, in which the power of an external source gradually decreased after wave 
burning reached a steady state. The formulation of such a numerical experiment 
was based on the principles of nonlinear nonequilibrium thermodynamics for 
open physical systems, which was discussed in [6]. 

Indeed, in nonlinear nonequilibrium open physical systems, stationary states 
can be realized under constant boundary conditions and when the Prigogine 
criterion is fulfilled. 

In our problem, an external neutron source acts on the boundary and its 
shutdown can destroy the regime of steady-state wave burning. 

The following modeling calculations were carried out, and all the constants 
remained the same as in the above numerical calculations and only the flux den-
sity of the external source changed. 

In the first calculation of this kind, the initial neutron density of the external 
source was 1023 cm−2∙s−1, the simulation time was 150 days, the time step was 

10t∆ =  minutes, the step in spatial coordinate 1 смx∆ = , information was out-
put every 30 days of the calculation. 

At the junction of the second and third months, the neutron flux density of 
the external source decreased smoothly by an order of magnitude from the ini-
tial value. 

In the obtained graphs for neutrons and nuclides, nothing qualitatively 
changes in comparison with the results presented in Figures 1-5, but for pluto-
nium 239, the peak of plutonium itself becomes slightly higher and reaches a 
value 0.2 × 4.8 × 1022 cm−3. 

In the second calculation, the initial neutron density of the external source 
was 1023 cm−2∙s−1, the simulation time was 720 days, the time step was 60t∆ =  
minutes, the step in spatial coordinate 1 смx∆ = , information was output every 
60 days of the calculation. 

At the junction of the second and third months, the neutron flux density of 
the external source decreased smoothly by 2 orders of magnitude from the initial 
value. 

In the obtained graphs for neutrons and nuclides, nothing qualitatively 
changes in comparison with the results presented in Figures 6-10, only the peak 
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of plutonium 239, as in the previous calculation, becomes slightly higher and 
reaches a value 0.2 × 4.8 × 1022 cm−3. 

Apparently, such a decrease in the neutron flux density is not enough to 
detect a neutron wave. 

It is also possible that the wave burning of plutonium 239 is not visible in the 
figures for the neutron density, since the burning of uranium 235 is superim-
posed on it. 

Indeed, the results of modeling the kinetics of the density of uranium 235 
nuclei presented in Figure 8 show that the burn-up region of uranium 235 is 
ahead of the burning region of plutonium 239 and that uranium 235 is almost 
completely burned out. 

Here, the superposition of the burning processes of uranium 235 and pluto-
nium 239 occurs, which can cause some new phenomena. 

Recently, another problem has emerged that needs to be resolved. 
There are scientific groups which, similarly to how L.P. did it Feoktistov in his 

work [2], investigate the wave burning process by searching for a stationary so-
lution of a simplified kinetic system in the auto wave approximation, that is, a 
solution asymptotic in time (or coordinate) is sought, for example, [7] [8]. 

In this case, a zero external neutron source is specified at the boundary. 
For the stationary solutions found, it was found that a critical state is main-

tained in the burning zone, that is, there is no transition through the critical 
state. 

This contradicts the physical model of the burning process, which is the basis 
of almost all works on wave neutron-nuclear burning and involves the transition 
of the burning region to the supercritical state, for example, works [1] [2] [5] [9] 
[10] [11] [12] and the present work. 

In this connection, the results of [12] are interesting, in which the dynamics of 
the system reaching the stationary regime during wave burning with fast neu-
trons is studied. 

Based on the results obtained by the Monte Carlo method and presented in 
Figure 12, which shows the dependence of keff (excluding feedbacks) on time 
during the initialization of the system and entering the self-regulating burning 
mode, the authors conclude that the process of going to the hospital takes 20 
years, and the stationary period is 24 years (before the waves reach cylinder 
ends), during which the keff value remains almost constant. 

The authors also study the stability of the wave-burning mode and conclude 
that only with positive values of the parameter ρ (in the presence of a reactivity 
margin in the system) is the stability of this mode ensured. 

It is clear that in order to answer all these questions, it is necessary to carry 
out new modeling calculations with varying input calculation parameters, for 
example, initial concentrations of the nuclide composition of the fuel medium, 
cross sections of nuclides taking into account the neutron energy spectrum (mul-
ti-group approximation), and also the derivation of not only information about 
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Figure 12. The dependence of keff on time [12]. 

 
the kinetics neutrons and nuclides, but also about the kinetics of the critical 
concentration of plutonium in the burning zone and the kinetics of the density 
of the neutron source. 

Of course, work is needed to search for the composition of the core and its 
structure, in which the epithermal neutron spectrum is realized. 

As an example of works in which similar studies are carried out, we can cite 
the work [13]. 

And also, it is necessary to carry out simulation of wave burning taking into 
account heat transfer [4] [5] [14]. 

4. Conclusions 

New results of two computer experiments on modeling the epithermal neu-
tron-energy complex are presented. 

Note that the presented simulation results clearly demonstrate the influence of 
the parameters of an external neutron source on the parameters of the burning 
regime even for the simplified model under consideration. 

In a real process of nuclear burning, not only the flux density of an external 
neutron source, but also its energy spectrum will have a significant effect on the 
burning regime. 

This is in good agreement with the physical mechanisms that ensure the re-
production coefficient and the effect of the parameters of an external neutron 
source on the wave burning regime necessary for the implementation of the au-
towave mode of burning and with the general provisions of nonlinear nonequi-
librium thermodynamics presented [6]. 

Based on the results of wave burning simulation, an estimate was obtained of 
the thermal power of the epithermal wave nuclear reactor with a cylindrical ho-
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mogeneous core with a diameter of 50 cm from natural uranium and a modera-
tor, assuming that it implements a wave burning regime that matches the simu-
lation results. The resulting estimate of the power of such a reactor is 10,829.08 
MW, which is 3.6 times higher than the thermal power of the VVER-1000 reactor. 
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