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Abstract

In this research, we explore the properties and applications of the mapping
cone and its variant, the pinched mapping cone. The mapping cone is a con-
struction that arises naturally in algebraic topology and is used to study the
homotopy type of spaces. It has several key properties, including its homoto-
Py equivalence to the cofiber of a continuous map, and its ability to compute
homotopy groups using the long exact sequence associated with the cofiber.
We also provide an overview of the properties and applications of the map-
ping cone and the pinched mapping cone in algebraic topology. This work
highlights the importance of these constructions in the study of homotopy
theory and the calculation of homotopy groups. The study also points to the
potential for further research in this area which includes the study of higher
homotopy groups and the applications of these constructions to other areas
of mathematics.
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1. Introduction

The mapping cone is a construction used in algebraic topology and homological
algebra to study maps between two topological spaces or algebraic objects. Let S,
T, be two topological spaces and let f:S —>T be a continuous map from S to
T. The mapping cone associated with fis a new space that captures information
about the failure of fto be a homotopy equivalence.

Intuitively, the mapping cone is constructed by taking a cylinder S$x[0,1]
and gluing one end to the image of Sunder fand the other end to a single point.

The resulting space has a cone-like shape and encodes information about the
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twisting or winding of the map £

In recent years, the mapping cone is used in algebraic topology to define the
cone of a chain complex, which in turn is used to define the homology groups of
a space. In homological algebra, the mapping cone is used to construct long ex-
act sequences that relate the homology groups of two spaces connected by a map.
Also it has been used for some discrete problems [1] and by bearing cone to es-
timate gazes in geological aspect of its applications [2].

Algebraic topology was significantly advanced by the work of German ma-
thematician Tammo tom Dieck [3]. His research had a profound impact on ho-
motopy theory, particularly in stable homotopy theory and its applications. In [4]
Dieck’s contributions encompassed work on the stable homotopy groups of
spheres, surgery theory, and various other topics within algebraic topology. His
research has greatly influenced the field, inspiring subsequent generations of
mathematicians to explore these foundational ideas further.

Geometrically, the mapping cone of fcan be visualized as the space obtained
by gluing the cone over Sto T'via £ The chain complex C(f) plays a pertinent
role in algebraic topology, of note is its role in the study of spectral sequences
and the long exact sequence of homology groups associated to a short exact se-
quence of chain complexes.

The pinched mapping cone of fhas several important properties. First, it is
homotopy equivalent to the suspension of the mapping cone C( f). This fol-
lows from the fact that the suspension of C(f) is obtained by attaching two
cones to its base, and the pinched mapping cone identifies the basepoints of
these cones.

Second, the homotopy groups of the pinched mapping cone can be computed
using the long exact sequence in homotopy associated with the mapping cone.
This sequence relates the homotopy groups of 8, 7, and C( f ), and can be used
to compute the homotopy groups of Z.

Third, the pinched mapping cone is used in the proof of the Freudenthal sus-
pension theorem, which relates the stable homotopy groups of spheres to the
homotopy groups of suspensions of spheres. The pinched mapping cone is used
to construct a sequence of maps that are used to show that the stable homotopy
groups of spheres stabilize at a certain point.

For more details you may see in [5] [6] and [7].

2. Basic Setup

It is assumed in this paper that E, F, S, and T are complexes of R-modules, with
Rbeing an associative ring. We will see most of the definitions and results of this
section in [8] [9] and [10].

Definition 2.1. A chain complex S of R-modules is a sequence of R-module
homomorphisms,

S S
On+1 on

S:+-+—>S,,,—>S,»S, ;>

n+l

such that Imo>,, ckerd® for all n. Equivalently 0°0°,, =0, for all 2. The maps

n+l = n~n+l

DOI: 10.4236/am.2023.1411043

720 Applied Mathematics


https://doi.org/10.4236/am.2023.1411043

Y. Alkhezi

0. are called the differentials of S.

Definition 2.2. Given a complex S of R-modules

n

S S
In+1 On

S:++—>S§,,—>S,->S5, ;>

n+l

We say that it is exact at S, if Imo>

>, =kerd’. Moreover, we say S is an exact

sequenceif Imd’,, =kerd’> forall n.
Definition 2.3. A morphism, or a degree zero chain map, f:S—>T be-
tween complexes S and 7 is a family of R-module homomorphisms f_, such

that each square in the diagram

S S
an+1 a'n
Sn+1 Sn Sn—]

fn-)—l fn fn—l

1 ay
Tn+ 1 s Tn = Tnfl

commutes. In other words, for each nwe have f .05 =0} f, .

Also, if f :S, =T, isan isomorphism for all 1, then, Sand 7 are said to be
isomorphic, denoted by =.

Definition 2.4. Let £be a complex of R-modules. Then the Shiff of E, ZE is
complex of R-modules defined by (ZE)n =E,,, and 8 =—0, ,0; 0, for
all n. Also, the canonical map o:E — XE, is obtained by shifting degrees of
elements, specifically, if eeE . Then, |0'(e)| = |e| +1.

On the other hand, Lars Christensen and David Jorgensen unveiled in 2014 a
variant of the tensor product of complexes in their paper [11] known as the pinched
tensor product. We recall some essential definitions and recommendations.

Definition 2.5. Let S and T a complexes of R-modules. The tensor product
S®; T of Sand Tis specified by letting

(S ®g T)n :]_ISi ®s T,
iz
The differential is defined by,
35T (s®1)=0° () ®t+(-1) s®aT (t).

For se$S, and teT, . Thesign (—1)i ensures that 9 °r"9°%R" =0 for all n.

n+l

Definition 2.6. Let S and 7 be complexes of R-modules. We define the
pinched tensor product S ®;" T of Sand 7'by:

(Szo ®g T, )n forn>0
(s®rT) = (5.8
1 ®: (ET),,)  forn<-L,

With differential %% T defined by,
9=08RTe0 forn>1
0;%F T =105 ® (00y) forn=0
o 1% a0 forn<—1

where o denotes the canonical map T — 2T .
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For more details you may see [11] [12] and [13].

3. Mapping Cone

Definition 3.1. Let 4, B, Sand T'be complexes, andlet f:S—T and
g:A— B bechain maps. Then for s®aeS, ® A _; wehave
(1®9)(s@a)=(-1)" 1,(s)® 3, (a).

Definition 3.2. If f:S —>T isa chain map, then its mapping cone,
cone( f), is a complex of R-modules whose term of degree n is
cone( f )n =(=S )n ®T, and whose differentials 0, :cone( f )n —cone(f) s

n-1
acone(f) _ 6?5 0
"o o
n-1~"n-1 n

cone(f)acone(f) =0

A straightforward computation shows that 0, 0,

acone( f )acone( f) _ |: aﬁi 0 :||: 6;25 0 :|
n-1 n - 1 T = T
1:n—ZO-n—Z an—l 1:n—lo-n—l an

B 025,02 o | oo
fo20n20n +0nafoaonsy 50, 0 0J

Since we know that fis a morphism and 83° =-o, ,0° ;0.

given by

Theorem 3.3. Let A be an R-complex and f:S—T be a morphism of

complexes of R-modules. Then,

A®, cone( f)=cone(A®, f).

Proof: The proof is well-known. (Proposition 4.1.12 in [14].) O

4. Main Results

In the following section, we will present the main theorem applied in the special
case of the pinched mapping cone and we provide the detailed proof of it.

Theorem 4.1. Let A be an R-complex and f:S—T be a morphism of
complexes of R-modules. Then, there exist a morphism from A®g cone( f ) to
cone(A®,§<‘ h). Where, h,=f, when n>-1 and h,=—f,  when n<-1

Proof We consider three cases: n=0, n>1 and n<-1.

n=0:

In this case the diagram is

A Reone ()
(A @7 cone (f))y ————— (A& cone (£))_,

geone (A% S)
(cone (A &5 [))o ———— (cone (A& [)) 1
Define 7,(a®(s,t))=(c"" *(8; (a)®s),(a ®t)) and
- (a ® crf(lme(f) (s,t)) = (af\2®5<8 (a ®t),(a ®c', (t))) . Choose an element
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(a®(s.t))e A @ ((2S), ®T,). Then,
cone(A@E<1 f)

9, 7, (a®(st))
=07 (457 (08 (a) @55) (1))

AN o @) @)

(As@e (31), )07 ) o7 (05 (@) 0 (5)) s o2 (a)|

{ e saAm(Gﬁ@;«s)fl( S (52 (2)® ))

(A0 (31),) (22 (@)@ (5))+ 25 () 20700 ()

= | o0 (00 (a) @), (0 (a) @ (3F), () + 05 (a) @ 0% (1)

=|~o 773 (0405 (a) @ s +(-1)95 (a) ® % (s)),

(28 (a) @4 (2f ), (5))+ 05 (2) ® 707 (1) ]

=[0207 (08 (2)®1% (5)). 04 () @ (31), (5)+ 2% (2) © 0705 (1) |

And

7,0, (a® (s, 1))

~, [0} (2) @55 (s,1)]

- [a (a)® (azs (s), f4(0%) ()40 (1) )}

[ @@ e () s @@ ot (oA) ()47 1))
(

Clear that (=f )0 (s)=cl,f 1( ) s) since the following diagram commutes
fa

S, — 1=t L7,

(X/f)
(£8)g ———2— (T) 4
Therefore, 6;0ne(A®R f 7y =7.,00°% “") which is what we wanted to show.
nx1:

In this case the diagram is

A®"%cone (f)
(A ®% cone (f)),, ————— (A @ cone (f)),,_,
Tn Tn—1
aﬁ’clone (A®[;§f)

(cone (A ®% f))n ———— (cone (A ®F f))n-1
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Define rn(a®(s,t))=(o-:ff5<s(a@o-i’l(s)),(a@t)). We have two subcases
i=0 and i21

i=0:

Choose an element (a ®(S,t)) €A ®; ((ZS )o (—BTO) . Then,

aione(A@qu) (a®(sit))
oo ner )(( a®t))

[a‘@ T a®t}
-|oNa

or(2)®t+(-1) a®ay (1) |

And
7,08 (a0 (s,t))
=5,,[ 0 (2)®(s) +(-1) a® ™" (1)
—r,] a2 (@) (s:)+ (-1 a8 (3 (5), (0% (5) 4T 1)
-[on(@)®t+(-1)a®a) (1))

(I:i(?o:se an element (a®(s,t))e A ® ((ZS), ®T,). Then,
o (ao(s)
:aﬁ‘)”e(’*@?‘)( e (ae (o) (s ),(a@t)))
{a?“@”“”( el )1@)),
(A 8 1)(or5 ) orsi ( )+aA® T a®t)}
=__ ot st ot ( )
(A, ( ) a)®t+(-1)" a®aT()}
:{ s gpes (a@( ) (s )),
(a® fi(F) (9)) o2, (@)@t+(-1) a®aT()}
| ol ok @ (o) (5) + (1) 2w, (o) ()
(a®% f(07) " (5)) + 0% (a) ©t+(-1) a®8T()}

And

6,00 (2@ (s,1))
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“ra 2@ @ (s )41 a8(0F (5), fa (o) (9)+T (1)
- o (on (@)@ (o) (5)+ (-1 a® (o) 07 (s)).
a® 1,4 (0fy) (5)+00 (a) Ot+ (-1 a®d] ()],

cone( A®R™ f
Therefore, 0, (nek )r =1, 16A®R (") ' which is what we wanted to show.

n<-1:
In this case the diagram is

&ix@ﬁcone (f)
(A ®Y cone (f)), ———— (A ®Y cone (f)),,_;

cone (A®'% f)
(cone (A ®% f))n —————— (cone (A®% f))n-1

Define rn(a@)aﬁ""e“)(s,t)):( ASis (a@a ()) (a@aiT (t))) and choose
an element (a®(s,t))e A ®; (( ) @Tnfifl).Then,

cone(A@R f)

), (a0 (5,1)
=0T o (a0 (9)) (a2 (1)
[ ot @os)) (A e o), ) (o017 ot @)
+0,°"" (a®o] (t))}
:[ o5 0n " (o5 (0257 (a@5)) (A @4 (), . )(a®5)
+0)(a)®@a] (t)+(-1) a®2?, F()}
=[50 (a@s), (2, (1), ., (5))
+or (@) ®o] (1) +(-1) a@ 2o (1)]
)
)

n—-i-1

[ on (0 (@) @5+ (1) a® 4 (5)). (@4 (2F), ., (5))
+0M(a)®a7 (t)+(-1) a®a™, T()].

And

Tn_la;*@m)”e(f)(a@(s,t))

=750 (2)@(s.t) +(-1) a®a " (s,1)
_ rnfl[af(a)®(s,t)+(—l)i a®(0%% (5).(21), ., (03.2) () + 2T (t))]
{_ 1S (08 (a) @5+ (1) a®EE (5)).(-1) a® (2f),, (05.) " (5)

+0l (@)@ (t)+ o707, (1)]
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cone| A®R™ >
Therefore, 0, (s )z'n =7, , 02 ") which is what we wanted to show. []

Remark 4.2. In Theorem 4.1 we note that we will not have an isomorphism
between A®;"cone(f) and cone(A@;“ f ) because (C ®g" cone( f ))n has
one more term than (COHE(A@? f ))n for n>0 and vice versafor n<0.

Theorem 4.3. Let A be an R-complex and f:S—>T be a morphism of
complexes of R-modules. Then there exist a morphism from cone(A®,§< f ) to
A®; cone(f).

Proof: The proof is similar to that of Theorem 4.1. O

5. Conclusion

To conclude, the mapping cone stands as a potent instrument within algebraic
topology, boasting myriad vital applications. Its inherent properties facilitate the
establishment of intriguing connections among homotopy groups of spaces,
playing a pivotal role in substantiating numerous key theorems. The mapping
cone’s versatility extends its utility across a wide array of subjects, spanning from
homotopy groups to fiber bundles. For algebraic topologists, it remains an in-
dispensable tool, frequently employed to tackle the challenging computation of
homotopy groups. Notably, the pinched mapping cone serves as a testament to
the robustness and value of algebraic topology in the realm of mathematics. As
referenced in the central theorem, we substantiate the existence of morphisms
from one cone to another, contributing significantly to the expansion of homo-
topy group properties. Future research avenues may delve even deeper into the
intricacies of the mapping cone, providing more extensive exploration of its ap-

plications and investigating its pertinence in other mathematical domains.
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