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Abstract

An equation concerning with the subdifferential of convex functionals de-
fined in real Banach spaces and the metric projections to level sets is shown.
The equation is compared with the resolvents of general monotone operators,
and makes the geometric properties of differential equations expressed by
subdifferentials clear. Hence, it can be expected to be useful in obtaining the
steepest descents defined by the convex functionals in Banach spaces. Also, it
gives a similar result to the Lagrange multiplier method under certain condi-
tions.
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1. Introduction

The subdifferentials of lower semi-continuous convex functionals defined on

real Banach spaces play important roles in many researches of nonlinear diffe-

rential equations. In fact, for example, —Laplacian or —p-Laplacian operator with

a usual boundary condition is the subdifferential of lower-semicontinuous con-
: ot P 2

vex functional ¢(v):=p _[Q|Vv| dx definedin L°(Q).

Throughout this paper, let X be a real Banach space, X~ be the dual space,

and F:X — X" be the duality mapping of X. Let ¢:X —(—0,+] be a
proper lower-semicontinuous convex functional. The effective domain of ¢,

which is denoted by D((o) , is the following;

D(p):={xe X 1p(x)<oo}.
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The level set of ¢ for A>inf, ¢ isdenotedby C(gp,4), ie,
C((p,/l):z{XeD(¢)):(p(X)§/1}.

Since ¢ is lower-semicontinuous and convex, the level sets are closed and
convex in X.

The subgradients of ¢ at XeD(¢) aretheelements f e X’ satisfying
p(X)<@(&)+(f,x=¢&), VEeX.

The subdifferential of ¢ at x is the set of all subgradients of ¢ at x, and
denoted by d¢(x), Le,

dp(x):={f e X": f is asubgradient of pat x|,
D(@(p):z{xe D((p):a(p(x);t@}.

It is known that Og: D(aq)) c X — X" is a maximal monotone operator ([1]

(2] [3D.
For every closed convex subset C < X , the metric projection from X onto C
which is denoted by Proj. , is defined as below.

Projcx:z{z eC:|x-z|= ryglg

x=¢lf. xex.

As is seen in Figure 1, in general, Proj.x is not unique. In this paper, we de-
note arbitral z eProj.x by Proj.x for simplicity.

the set of Proj.x
s(01)={: Je|=1) "

S(n)={&:[x=¢]=p},
p = dist(x,C) = |x—Proj x|

Figure 1. An example where Proj.x is not unique.

If X is reflexive, then Proj.x=@ for vxe X . (In fact, there is a sequence
{z,} =C such that ||X - Zn” —min, ¢ [X- Q’" . Since X is reflexive, the bounded

subset {Zn} is weakly compact. Thus, some subsequence of it converges to
3z € X . By the closed convexity of G, zeC .) If Xis strictly convex, then Proj.x
is either single or empty.
In general, if both X and X are strictly convex and reflexive, then every
maximal monotone operator A: D(A) c X > X" satisfies the following ([1]).
(i) For VA>0 (equivalently, for 31>0), R(A+ /1F) =X
(ii) For VA>0 and Vxe X, there is a unique solution X; € D(A) to the

relation

*

F(x, —x)+AAx, 0. (1.1)
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(iii) For >0 and xe X, let X, € D(A) be the unique solution of (1.1)
and put
1
J, X=X, Alx:z—zF(xl—x). (1.2)
Then J,:X - X and A,:X — X satisfy the following;

A, issingle valued and monotone, J, and A, are bounded,
both |A,x|<|AX| and lim, ,J,x=x holdfor VxeD(A),and so on.

The subdifferential operators satisfy more properties other than (i) to (iii)
above. For instance, the following (A) (B) are known.
(A) If Xis a real Hilbert space 7, then for Vx e D(¢)\C(¢, 1), relations

Proj,, XGD(6¢) Projc,, ;X - X+,L16¢<PI’OJC(M )90 (1.3)

hold with Ju=u(x)>0.

Although g in (1.3) is depending on X, while A in (1.1) is common to all
xe X, (1.3) seems sufficiently useful to obtain solutions of (d/dt)u € —6¢(u)
in H. (1.3) is proved without using the above properties (i) to (iii), but geometric

properties of convex functionals’ graphs in Hilbert spaces (see [3]).

(B) Let gbe a given smooth functional satisfying g(x)>0 on X. Put
K:={xeX:g(x)=0},
and suppose that K is convex and closed in X. Let |, be the indicator func-
tional of X; e,

« (X)=0,if xe K, =+, otherwise.

Then, |, isalower-semicontinuous convex functional and its subdifferential is

below.
Al (%) ={ye X :(y.% —&)=0forvéeK}, D(al,)=

Let ¢, bea proper lower-continuous convex functional defined on X. Then, the

convex functional

P=@+ g
is useful for conditional extremum problem on K.

For example (cf. [4], obstacle problems) let X = L2 (Q)
2

P (X)=2" I |VX | dw,and g(x 'f [ )} ] dw , where
a, =max{a,0} and k:Q—>R is smooth. Then,
K= {x ce*(Q):x(w)<k(w) aewc Q} . Since Kis closed and convex, 1, isa
lower semi-continuous convex functional and

Al (%) {yeL2 jy k(o ))da)>0} for x,eD(dlc)=K
Thus, @=¢,+1, isusefulin the obstacle problem X(®)<k(w).

Concerning the above (A) (B), our theorem and remarks show the following.
(A)” Same result of (A) holds under more general assumptions; (i) Xis an ar-
bitral real Banach space, (ii) Xe€ D( )\C((p, ) , and (iii) PrOJc )X exists.
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Here, as is mentioned above, if Xis reflexive, then assumption (iii) always holds.
It seems that F(du/dt)e—0¢(u) in Xis not solved even if Xis reflexive. The
author hopes that our theorem will contribute to solving this problem.
(B) Let ¢:=¢,+1 and xeK. Then, in general, Projc(¢,/1)x may fail to
satisfy (1.3) in /A, or, in the case of Banach space X,

Proj., ,x € D(op), F (Projcw)x - x) + /Jago(Pl‘Ojc(w’ﬂ)X) >0 (1.4)

(see Remark 2.2).

Suppose that Projc(wv HX satisfies (1.4), and that codimension of Kis finite. In
general, as is seen in Figure 2 and Figure 3, if one takes arbitral
heF (PrOjC(<p,l)X_ X), then A may falt to satisfy (1.4). If A satisfies (1.4), then
PrOje(, X + h™(0) is a kind of hyperplane tangent of C(p,1) at Projc,, ;X

because every Yy edg PrOjC(N)X is the same.

\ /vﬁ € F(Projg, X —x)

Projc, ,x+ K'(0)

S (x, ”Projc(%i)x = x”)

Figure 2. In spaces where the unit sphere has corners, F(Proj.x —x) may not be unique.

Jhe F(Proqup X—X)

4)

PTOj (2% + /()

?.

S(x, HProjC(tp,i)x - x”)

Figure 3. For heF(Proj.x—x) that satisfies (1.4), Proj.x+h*(0) isa kind of hyper-
plane tangent of C(¢,4), and also of B(X,"Projcx - Xll) .
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In this paper, for simplicity, F (PrOjC((p, 2X= X) denotes
JheF (PrOjC(<p,l)X - X) such that (1.4) holds. Then, since

O + 1« )(Projc(w)x) c g, (Projc(w'ﬂ)x) +0l (Projcw)x)

holds by codim(K) <+00, (1.4) implies that 3y, € 0, (Projc(w)x),
3y, e ol (Projc((p,z)x) , 3r,r,eR such that

hy,+hLYy, = F(X_Projc((pvl)x)- (1.5)

On the other hand, let X, € D(0¢,) be obtained by Lagrange multiplier me-
thod in the problem of minimizing ¢, (X) under the condition ( X) =0 with
smooth function y . Then, Lagrange multiplier method implies that

3y, €99y (%,), 3r,eR such that

ys +Ldy(X%,)=0. (1.6)
Put ¢ (X) = {l//(X)}Z and K= 971(0). Suppose that K'is convex. Then, by (1.6),
for 3y, edly (%), I, eR,
Y, +1,y, =0. (L.7)
Hence, if we put F(X—Projc(w)x)zo in (1.5), then the form of (1.5) is the
same as (1.7).

2. Results

As is mentioned in Section 1, let X be a real Banach space with duality mapping
F, and ¢ be a proper lower-continuous convex functional defined in X. Fix
VA >infy ¢. In the following, we denote the metric projection Projc(«;, 5 by B
and PXx means arbitral element of PX, for simplicity.

Let xe X\C (go,l) be such that Px exists. Then, B(X,"X - PX") has in-
ner points, and any inner point of B(X,"X - PX") does not included in C (go,/i) .
Thus, Hahn-Banach theorem implies that FheF (X - PX) satisfying

C(p.2)c{éeX:(hé-Px)<0}

(2.1)
and B(x,[x—Px|)={£e X :(h,&-Px)>0}
(cf. [5]).
Fix an arbitral heF (X - PX) such that (2.1) holds.
Theorem 2.1. Suppose that
D(p)n{&eX:(hé-Px)>0}=2. (2.2)
Then,
(i) PxeD(dp).
(ii) The inclusion
{a"—::":ae[a,%]}cago(Px) (2.3)
holds with a_,a, defined by as blow;
K(¢)= 5125(0)(0'
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X —Px

a =lim )
tTo t
{Px+t —Px J x(Px)
I S
T otlo t '

Remark 2.1. Assumption (2.2) holds if either
Xe D((p) or D((o) is dense in X.

Hence, assertion (A)’ mentioned in Section 1 follows from Theorem 2.1.
Remark 2.2. In Theorem 2.1, the assumption (2.2) is needed. In fact, if (2.2)
does not hold, then there are two types of examples as below.
(i)’ Pxeg D(a(p)
(i PxeD(0¢) holds, but(2.3) does not hold.
The examples of (i)’ (ii)’ are given in Section 3, and assertion (B)’ in Section 1

concerns with these examples.

3. Proofs of Results
3.1. Proof of Theorem 2.1

We verify convexity of «.Fix VYw,w, e X and ‘v’te(O,l).For Ve>0,

3y, ew, +h™(0) (i=12) such that
(p(yi)—e<inf{ (y):yew +h™ O}EK‘

Then, the relation ty, +(1-t)y, etw, +(1-t)w, +h o (0) implies
tie(wy) +(1-t) (W, ) > too(y; )+ (1-t)p(y,) - &
>p(ty, +(1-t)y,)—e2x(tw +(1-t)w, ) - &

Since & >0 isarbitral, x isconvex.

Now we know that both x and ¢ are convex, and x(W)<¢(w) for
Vwe X . Suppose that

k(Px)=g(Px) (=4). (3.1)
Then, by definition of subdifferential,
6K(PX) c G(p(PX).

On the other hand, by definition of «,

Thus, the proof of Theorem 2.1 is completed if (3.1) is shown.

To verify (3.1) by contradiction, suppose that (3.1) does not hold. Then, by
definition of &, 3w, ePx+h™(0) with ¢(w,)<A.By(2.2),
dy,eD (go) N {W : (h, w— PX) > O} . Take te (0 1) sufficiently small such that

to(Yo) +(1-t)o(wp) <4

Then, since ¢ is convex,
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ty, +(1-t)w, e C (@, A) N {w:(h,w—Px)>0}. (3.2)

On the other hand, we have verified (2.1) which contains the inclusion
C((o,/l) c {We X :(h, w— PV) < 0} . This is a contradiction to (3.2). Therefore,
Theorem 2.1 is proved.

3.2. Example of (i)’ in Remark 2.2

Suppose dimX =o.Take ¢,: X — [0,00] which satisfies
D((po) isdensein X and C (%, r) are compact. (3.3)
Since dimX =0, (3.3) yields D(¢,)\D(0¢,)=D . For example, X =L*(Q)
with bounded Qc=R", ¢ (X):= 2’1J.Q|Vx(a))|2 do, D(g,)=H;.
Fix any ¥ € X \{0} and yeF(X), where Fis the duality mapping of X.
Define the nonnegative convex functional gby ¢(¢):= {(y, 5)}2 ,£e X . Put
=@, + 1 with K:==g7(0)=y™*(0)
Then, since K'is still an infinite dimensional linear subspace, same properties of

(3.3) hold if we take (pO|K and K instead of ¢, and X respectively. Take X,
such that

<D VD (a(eek ). (sl )<

Then, for X=X, + X,

Px=X, & D(0¢p)

holds as is seen in Figure 4.

K=y"0),
yeF(x)

Figure 4. Since K is a hyperplane of X and Proj.x,=0, for every x,e K and reR,
one has Proj, (X +X,)=X, .

Case 1 r, Case 2 r
C(¢9ﬂ') Px :(7‘1,0) C((/’,/i) Px ("1 0)
0 [ r 0 \ r
xz(rlz rz) x:(rb rz)

Figure 5. How Projc(wy HX s determined differs depending on A.
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3.3. Example of (ii)’ in Remark 2.2

Let X :=R® with ||(rl,r2)|| =2 +17 . Put
(/JO((E,TZ))::||(G,V2)||2, g((rler)):: 5, K::g‘1(0)={(r1,r2):x2=0}.

By definition, ¢:=¢, +1, is the following.

o((r.r))="r, if r,=0; =-+oo,otherwise,

and

C(9.2)={(r0):n e[ ~Z. V2],

a¢<(rl,0)):{(2r1,p):pe R}, D(d¢)=K.

Let x:=(r,r,) with r,#0. Then, as is seen in Figure 5, the following cases
hold. Case 2 satisfies (2.2).
Case 1. If '12 <A, then (1.3) does not hold. In fact, for VueR,

X—PX=(0,I’2)eE,u@(p(PX)E{,u(Zrl,p):peR}.
Case 2. If I, >+/7 , then (1.3) with ﬂ=(q—ﬂ)/(2ﬂ) holds, since
Px=(\/z,0), x—Px=(rl—\/Z, rz), 6¢(Px)={(2\/z,p):peR}.
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