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Abstract
In this paper, we prove Legendre’s conjecture: There is a prime number be-

tween n’ and (n +l)2 for every positive integer n. We also prove three re-
lated conjectures. The method that we use is to analyze binomial coefficients.
It is developed by the author from the method of analyzing binomial central
coefficients, that was used by Paul Erd6s in his proof of Bertrand’s postulate -
Chebyshev’s theorem.

Keywords
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1. Introduction

Legendre’s conjecture was proposed by Andrien-Marie Legendre (1752-1833). It
states that there is a prime number between n? and (n +l)2 for every positive
integer n. The conjecture was one of Landau’s problems on prime numbers in
1912. Many researchers have been trying to resolve this conjecture without suc-
cess, as none of the empirical, asymptotic, probabilistic, and statistical methods
of proving the Legendre conjecture were considered to provide sufficient evi-
dence. According to Wikipedia, as of 2022, the conjecture has never been proved

nor disproved [1]. (See Appendix Al for more information)

An
We will use the method of analyzing binomial coefficients, ( J, to prove
n

the Legendre’s conjecture, where A is an integer and A42>3. The method is

developed by the author of this paper from the method of analyzing binomial

2n
central coefficients, [ j, that was used by Paul Erd8s [2] to prove Bertrand’s
n

postulate - Chebyshev’s theorem [3].
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In Section 1, we will define the prime number factorization operator and cla-
rify some terms and concepts. In Section 2, we will derive some lemmas. In Sec-
tion 3, we will develop a theorem to be used in the proofs of the conjectures in
the later sections. In Section 4, we will prove Legendre’s conjecture, and in Sec-
tion 5, we will prove Oppermann’s conjecture [4], Brocard’s conjecture [5], and

Andrica’s conjecture [6].

An
Definition: I',, ., {[ J} denotes the prime number factorization operator
N n
. . An . . .
of the integer expression . It is the product of the prime numbers in the
n

An
decomposition of [ ] in the range of a>p>b. In this operator, p is a
n

prime number, a and b are real numbers,and An>a>p>b>1.

It has some properties:

An
It is always true that T, ., {[ 0 ]} >1 (1.1)

An
If there is no prime number in [ j within the range of a> p>b, then
n

An . . An . ,
Lo pob 0 =1, or vice versa, if ', ., 0 =1, then there is no prime

An
number in [ j within the range of a=p>b. (1.2)
n
20 0 110 .
For example, when 4=5 and n=4, T, 4 =13".11" =1. No prime
20
number 13 or 11 is in 4 in the range of 16> p>10.

An
If there is at least one prime number in [ J in the range of a> p>Db, then
n

An ) ) An )
Lo pob >1, or vice versa, if T, ., >1, then there is at least one
N n B n

An
prime number in ( j within the range of a>p>b. (1.3)
n
20 .
For example, when A=5 and n=4, Ty, A =17>1. A prime

20
number 17 is in ( 4 j within the range of 18> p>16.

Let v, (n) be the p-adic valuation of n, the exponent of the highest power of
pthat divides n.
Similar to Paul Erdés’ paper [2], we define R(p) by the inequalities

-+

An
pR(p) <An< pR(p) ', and determine the p-adic valuation of ( 0 j .
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g e

because for any real numbers a and b, the expression of |a+b|-|a]|-|b]|
isOor 1.

A A
Thus, if p divides [ n} ,then v, [[ nnD < R( p) <log, (xln) , Or
n

pr[[i‘n]] < pR(P) <an (1.4)

If an>p>|van |, then OSVp[[TDs R(p)<1. (1.5)

Let 7z(n) be the number of distinct prime numbers less than or equal to n.
Among the first six consecutive natural numbers are three prime numbers 2, 3
and 5. Then, for each additional six consecutive natural numbers, at most one
can add two prime numbers, p=1(MOD6) and p=5(MOD 6). Thus,

ﬁ(n)SLgJ+2£g+2. (1.6)

From the prime number decomposition, when n> L\/ﬂ,n J,

an (An)! (4n)!
[ N j = Finz p>n {W} . rn2 p>|_\//1_n_‘ {W}
(An)!
e {W}
anY_ (An)! (4n)!
when n< L«/ﬂ—nJ > ( N j =T inzpon {W} . thjzp {W}

an) _ (An)! (An)!
Thus ( n J‘FW’””{n!.((/l—l)n)!}rPWWJ{n!.((,a—l)n)!}

(An)!
TWJW{n!-((A—l)n)!}'
(4n)t | _ (An)t | . .
F2n2p>n {W}_DWM {W} since all prime numbers in

n! do not appear in the range of An>p>n.

(An)!

Referring to (1.5), T’ ———— < . It has b
eferring to (1.5) ”Zp{mj{n!-((l—l)n)!} anpp as been proven

[7] that for n>3, anpp<22n73.Thus, for n>3,

(An)!

I}m%ﬁ”{ﬁfrazjﬁﬁﬁ}SIlppp<2m3.

DOI: 10.4236/jamp.2023.115085 1321 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2023.115085

W. K. Yu

ferri d r () |y ?
Referring to (1.4) and (1.6), |V oo n'(— _( n)

(A=1)n)!

! Aan
Thus, for 423 and n23, [);]nj<rm>p>n{%}22”‘3~(in)3+2

A-1)n
(1.7)
2. Lemmas
2(2x-1 X
Lemma 1: If a real number X >3, then M>(Lj (2.1)
x-1 x-1
Proof:
2(2x-1)
Let f =———2;then,
et f(x) 1 en
o 2(x=1)(2x-1) —2(2x-1)(x-1) -2
(%)= (x-1)(2x-1) g )(x-1) _ _<o.
(x-1) (x-1)
Thus, f,(x) isa strictly decreasing function for X>1.
Since f,(3)=5,and lim_ f (x)=4, for X >3, we have
2(2x-1)
5> f =——22>4
1(X) x—-1
X X
Let fz(x)z(x j,then
X X , xIn=X_ ' X X '
f,(x)=||—1 | =|e **|=e T x-In—
() ((HU ( j ( —J
x Y X '
f(x)=| — | ‘| In—/+Xx-| In—
¢ (x) (x—lj [ x—1" ( X—lj]
( X jx X x—1 x-1-x
=l— | -|In +X- >
X— x—=1 X (x—l)
x Y X 1
f(x)=| — | | In———— 2.1.1
¢ (x) [x—lj ( X — x—lj @L.1)

1 1 1 1 1 1 1
In (2.1.1), for X223, —=—+—=S+— +—+—+
(211) x-1 x x> ¥ x* x x°
2 3 4 5 6
Using the formula: In(1+x):X—X—+X——X—+X——X—+---,wehave
2 3 4 5 6
X 1 -1y 1 1 1 1 1 1
In—=1In ==In|l+—|=—+—F+——F+—F+—F+—F+
x—1 1+;1 x) x 2x* 3x° 4x* 5x° 6x
X
X 1
Thus, for X>23, In—-——-<0.
x-1 x-1

X_

x Y X 1
f(x)=[ 2] [ |<o.
/(%) [x—lj (nx—l x—1j<

DOI: 10.4236/jamp.2023.115085 1322 Journal of Applied Mathematics and Physics
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Thus f,(x) is a strictly deceasing function for x>3.
Since f,(3)=3.375 and lim _ f,(x)=e~2.718,for X>3,

X—0

X X
3375 f,(x)=| —| =e 2.1.2
.0=(5) @.12)
Since for X>3, f (x) has a lower bound of 4 and f,(x) has an upper
2(2x-1 *
bound of 3.375, f,(X) :M > f,(x) :(Lj is proven. (2.1.3)
x—-1 x—-1
an An-a+1
Lemma 2: For n>2 and 423, [ j>% (2.2)
nJ) n(2-1)
Proof:
An 20\ 24(24-1)(24-2)!
When A>3 and n=2, = = :/1(2/1—1)
n 2 2(22-2)!
(2.2.1)
An-2+1 2A-A+1 ﬂ, 1_1 A
4 (hn-zs1 4 212 ( )( A j (2.2.2)
n(1-1) 2(2-1) 2 A-1
2(22-1 *
In (2.1) when X=A423, we have ( )>( A ) (2.2.3)
A-1 A-1
-1

Since 1(/12 ) is a positive number for 423, referring to (2.2.1) and

(2.2.2), when /1(12_ 1) multiplies both sides of (2.2.3), we have

(1252
> [W; -1)](;_ J - fi”)(jj)n_% .

an /Iin—)n-l
Thus, [ j > m when ﬂ, > 3 and n= 2 . (2.2.4)
nJ) n(2-1)

is true for n,

an prLo!
By induction on n, when 423, if ( j>

then for n+1,
A(n+1 An+ A
D)
B (An+2)(An+A-1)---(An+2)(An+1) an
_(/In+/”L—n—1)(/1n+/1—n—2)---(/1n—n+1)(n+1)( J

[ﬂ(n+1)]> (An+2)(An+ A -1)--(An+2)(An+1)
(An+A-n-1)(An+2-n-2)---(An—n+1)(n+1)

linfﬂﬁl

n+1

'n(ﬂ—l

[4(n+1)J>( (An+A)(An+A-1)--(An+2)

n+1 An+2-n-1)(An+A-n-2)---(An—n+1)

)(i—l)n—)wrl
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An+l 1 i
n n+l (A—l)(l_l)n_l+1
Notice Jrl>/”t,and
(An+2)(An+A-1)--(An+2) >( A\
(An+A-n-1)(An+A-n=-2)---(An-n+1) (1-1
An+A A An+4-1 A An+2 A
because > >

N+Ai-n-1 A-1n+i-n-2 Ai-1" "an-n+1 Ai-1

-1 An—A+1
Thus, A(n+1) _— A1 2 '
n+1 (1_1)171 1 n +1 (ﬂ_l)(lfl)nfl+l

ﬂ/l—l A 1 /'L/in—l+l li(n+l)—l+1
(/l_l)(lfl) 1 (n +1) (ﬂ, _1)(1—1)n—1+1 = (n +1)(ﬂ, _1)(1—1)(n+1)—2+1 '
ﬂ,(n +1) N Al(nﬂ)—iﬁl

n+1 (n +1)(/1 _l)(l—l)(n+1)—i+1
From (2.2.4) and (2.2.5), we have for Nn>2 and A42>3,
/In Aln*liél
> —_—
( n J n(ﬂ_l)(l—l)n—}wl

Thus, Lemma 2 is proven.

Hence, ( (2.2.5)

3. A Prime Number between (A-1)n and An When
n>(A-2)>25
Proposition:
For n>A1-2225, there exists at least a prime number p such that
(A-1)n<p<an. (3.1)

Proof:
Referring to (1.7), when n>(A-2)>3, if there is a prime number pin

An)!
[ s pon {W}, then p2= n+1:11(n+2)n+1>m. From (1.5),

An)!
0<v, [Fm>p>n {(((_—n)}] <R(p)<1. Then every prime number in

(An)!
F*””””{((ﬂb—l)n)!

From (1.7),for A>3 and n>3,

(’m <Tispon {%} Vi -(,zn)@+2 :

Applying this inequality to (2.2), when n> ( A— 2) >3,
ﬂ,/ln_/“—l /1!’1 /ln ' i @Jr
(A-1)n-A+1 <[ J< 1—‘/1n2p>n (—)l .03 (/1n) 3 2 .
n(1-1) n ((2=1)n)!

DOI: 10.4236/jamp.2023.115085 1324 Journal of Applied Mathematics and Physics
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lln—)ﬁl in

An)! o an ) Van
<rﬂnzp>n{((;_—1;n)!}'22 3'(/“1) 3. Since (An) s 251

A-1)n-2+1

n(4-1)

lln—},#—l

and 2°"°>1, T, . > )
anzp>n {((}L—l)n)!} (ﬂn)@” 923 .n(ﬂ_l)(ﬂ.—l)n—}wrl

2 n-1
242, (/’L—lj( A j
PRt 4 A-1

Van Van
(/1“)%+2 . 22n—3 . n(ﬂ _1)(2—1)n—/1+l (ﬂ,n)%+3

n)! ) }> 2 ((/14_1 E/l/l—l)l ](n_l) |

(
Thus, T, p>n {((/1 _1)

RN
(An)! }f’lz.((iﬂrl)ej _,(n4) (3.3)

Thus, T,_,..
" Dz {((/l—l)n)! (ln)@ﬂ

Let X>3 and y=>5 both be real numbers.

2(x+2)° ((lej : eJH

f3 (X’ y) = Jx»(x+2)+3
((xe2))"
When x=y-2, o (3.4)
2(x+2)2~((xil)-eJ
> f,(x)= — 0
((x+2)~x)T+3

T s WL e

where fs(x):i+In[x—ﬂ)+£—i—lln((x+2)~x)—E— 8

X+2 4 3 x+1 3 3x 3(x+2)
| | 2
£ (x)= 2 +In(x+1j+£— 2 In(x) In(x+ )_ﬂ_ 8
X+2 4 3 x+1 3 3 3x 3(x+2)
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f(x)= 2 i, 2 1 1 10, 8
5 (x+2) x+1 (x+1)" 3x 3(x+2) 3¢ 3(x+2)
—2x% —4x -2 2x* +8x+8 3x? + 6X
= 5 >+ 3 7t
(x+1)"-(x+2)°  (x+1)°-(x+2)" 3x(x+1)(x+2)
o X#3x+2  x¥4x 10 8
3x(x+1)(x+2) 3x(x+1)(x+2) 3x*  3(x+2)
2
4X+6 X2 +2x-2 10 L>0 when X>3.

= + +—+
(x+1)2-(x+2)2 3X(x+1)(x+2) 3%’ 3(x+2)
Thus, fy(x) isa strictly increasing function for X>3.

When X=9,
2 10 8

fs(x):922+ln(gzlj+%—9 —2in(9)-in(9+2)- 2250 Thus
+

for x=9, f,(x)>0.Then, f;/(x)=f,(x)-f5(x)>0.

Thus, f,(x) isa strictly increasing function for X>9.

Let x, =9 and y, =11.From (3.4), when x=y-2, f,(x,y)>f,(x)>0
Thus, when x=(y-2)>9, then xy>xy, =99, f,(x,y) is an increasing
(3.5)

function with respect to the product of Xy .

M: fg(x’y).[|n(y__lj+l—ﬂ'|n(yx)_%_§J (3.6)

ox 4 6/x
=f,(xy) fs(xy)
where fg(x,y)= In(y4lj+1—6\{/; In(yx)- ;{/i i
When x=Yy-2,then

fs(X,y)= f7(x)=ln(lej+1—\/£~(In(x+2)+|n(x)+2)—

, 1 Jx+2 1 1) In(x+2)+In(x)+2 3
f/(x)= - . += |+ +=
x+1  6Jx (x+2 x 6x\/x(x+2) X

When x23, f/(x)= 1 _ 1 +|ﬂ(X+2)+|n(x)+%>O‘
x+1 3\/X(X+2) 6x\/x(x+2) X

Thus, when X>3, f,(x) is a strictly increasing function. (See Appendix

A2 for more details)
When x=(y-2)=3, since fi(x,y)="f(x),

function respect to Xy .

fs(x,y) is an increasing

When x=(y-2)=9, fe(x,y)zln(%j+l—%~l (99)—%—%

k) Jy N
‘In(y)+ In(x)+ + >0 when
X 12xx 12x/x 6xx | 6XIX
x>(y-2)=3.
Thus, when x>(y-2)>9, f;(x,y)>0,and itis an increasing function with

W= f(xy) f5(xy)>0

respect to xand to the product of Xy, then,
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Thus, when x>y-22>9, f,(x,y) isan increasing function with respect to

X. 3.7)
Referring to (3.5) and (3.7), when X>y-2>9,then xy>xy, =99, f,(x,vy)
is an increasing function with respect to the product of Xy . (3.8)

Let x=n and y=A1. Then when n>(1-2)>9, f;(n,4) is an increas-

ing function with respect to the product of An and n. (3.9)
When n=(1-2)=25,

n-1 25-1
21%. (Hj.e 2.27%. (27_1)-6
4 4 _ 1.249E + 33 o1

fa(n4)= Jin = NS ~

Since f,(n,A) isan increasing function of the product of An, when
n=4-2225, f,(n,1)>1.
Since f,(n,1) isan increasing function with respect to n, when

n>A-2>25, fy(n,A)>1.
Thus, referring to (3.3), when N>1-2>25,

(An)!

L jnspon {W} > fy(n,2)>1.

Let integer M>N.When M2n>4-2225,

[ s pom {%} fy(mA)>1. (3.10)

A-1)m

L mspom {m
B (Am)! i=i-2 (4m)!
= F4m2p>(/1—1)m {m} . Hi:1 [r(/l_l)mzp/lm {W}

(Am)!

I
In H?_‘lz[]" G, {%H , for every distinct prime number p in

i i+1

these ranges, the numerator (Am)! has the product of p-2p-3p---ip=i!- p'.

The denominator ((/1 —l)m)! also has the same product of i!- p'. Thus, they

cancel each other in

_ Am)!
Referring to (1.2), Hf:lz Ciom  m {((i—m)}]zl

(Am)!
e

~ (lm)! 1-2 (im)!

DOI: 10.4236/jamp.2023.115085 1327 Journal of Applied Mathematics and Physics
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(/Im)! i=A-1 (/1m)!
L pom {((l——l)nw)'} = Hi:l [rlim> p>(l_+)m {m}} . (3.11)

(See Appendix A3 for more details)
(Am)!

H:_fl[FmpJ »t)m {WH is the product of (1-1) sectors from

i=1 to i=(4-1).
Each of these sectors is the prime number factorization of the product of the

—(/1 _1) m and m .
i

From (3.10) and (3.11), when m>n>A4-22>25,

i=i-1 (m)!
Hi:l [Fﬁimzp(ﬂil)m {W}J .

) (Am)!
Referring to (1.1), er> (2-t)m m >1. Thus, when

m>n>A-22>25, at least one of the sectors in

i=1-1 (ﬂm)!

(Am)! .

—_— € sucC a SecCtor an € = where

GoDm) >1 be such a sector and let m=ni wh
—1)m)!

(A-1)zi=1 from (3.11). Thus, when m=ni>n>1-2>25,

L {%} =T oot {%} >1. (3.12)

consecutive integers between

Let FLmZ G

(Ani)t (Ani)-(Ani=1)---(Ani=i)---(ANi = 2i)--(Ani = (n=1)i)---(Ani —ni +1)-((2-1)ni)!

((A-2)ni)t ((A-1)ni)!
(Ani)ti-(An)-(Ani=1)--i-(An=1)---i-(An=2)---i-(An—=n+1)---(Ani —ni +1)-((2-1)ni)!
((A-2)ni)r ((A-2)ni)!
(Ani)! _
Thus, ——2—— contains all the factors of
((2=1)ni)!
A An-1 An—-2 A 1) i (ln)!
n), (An-1), (An-2), ***, (An-n+1) in ———->—.
(). (n-1), (n-2). - (an-ned) n ST
These factors make up all the consecutive integers in the range of
] i 1
Anz=p>(A-1)n in ﬂ.Thus, ﬂ contains &
((A=1)n)! ((2-1)ni)! ((A=1)n)!
. . . , (Ani)t
Referring to the definition, all prime numbers in ———— in the ranges
((2=1)ni)!
of Ani=zp>An and (A-1)n>p do not contribute to

(Ani)!

| R, p>(4-1)n {W

} , nor does /for (A—1)>i>1. Only the prime numbers
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(Ani)!

((2-1)ni)!
(Ani)! an)

!
An>p>(A-1)n present in T {W} Since —((;—1)n)| is

in the prime factorization of in the range of

the product of all the consecutive integers in this range,

(Ani)r | (4n)!
r1n2 p>(A-L)n {W} =T,. p>(A-1)n {((l _1)n)!} .

Referring to (3.12), when m=ni>n>A1-2>25,

i)

{%}>1.Thus,when n>A-2>25,
—=1l)ni)

(An)! ) . )

| R _—1) >1. Referring to (1.3), there exists at least a prime

(=D

number psuch that (A1 -1)n<p<ain.

Anzp>(A-1)n
p>(A-1)n

Thus, Proposition (3.1) is proven. It becomes a theorem: Theorem (3.1).

4. Proof of Legendre’s Conjecture

Legendre’s conjecture states that there is a prime number between n® and
(n +1)2 for every positive integer n. (4.1)
Proof:
Referring to Theorem (3.1), for integers j >k —22>25, there exists at least a
prime number p such that j(k-1)<p< jk. (4.2)
When k=j+1>27,then j=k-1>26,
Applying k= j+1 into (4.2), then jP<p< J(j +1)<(j -I—l)
Let n= j>26, then we have n’ < p<(n+1)2. (4.3)
For 1<n<26, we have a table, Table 1, that shows Legendre’s conjecture va-
lid. (4.4)

Combining (4.3) and (4.4), we have proven Legendre’s conjecture.

2

Extension of Legendre’s conjecture

There are at least two prime numbers, p, and p, ,between j* and ( ] +1)2
for every positive integer jsuch that j? < P, < j(j +l) and
i(i+1)<p, <(i +1)2 where p, is the 7" prime number, p,, is the m" prime
number, and m>n+1. (4.5)

Proof:

Referring to Theorem (3.1), for integers j>Kk—22>25, there exists at least a
prime number psuch that j(k-1)<p< jk.

When k-1= j>26, then j(k —l)= jP<p, < jk= J(j +1) . Thus, there is at
least a prime number p, suchthat j°<p,<j(j+1) when j=k-1>26.

When j=k-2>26,then k=j+2.

j(k=1)=j(j+1)<p, < jk=j(j+2)<(j+1)". Thus, there is at least anoth-
er prime number p,, such that J(J +1) <P, < (J +1)2 when j=k-2>26.

Thus, when j>26, there are at least two prime numbers p, and p, be-
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tween j® and (J -I-l)2 such that j°<p, < j(j +1)< P <(j+:|.)2 where
m=n+1 for p,>p,. (4.6)
For 1< j<26, we have a table, Table 2, that shows that (4.5) is valid. ~ (4.7)
Combining (4.6) and (4.7), we have proven (4.5). It becomes a theorem:
Theorem (4.5).

Table 1. For 1<n<26, there is a prime number between % and (22 + 1)2

n 1 2 3 4 5 6 7 8 9 10 11 12 13
1w 1 4 9 16 25 36 49 64 81 100 121 144 169
P 3 5 11 19 29 41 53 67 83 103 127 149 173
(n+1)? 4 9 16 25 36 49 64 81 100 121 144 169 196
n 14 15 16 17 18 19 20 21 22 23 24 25 26

w 196 225 256 289 324 361 400 441 484 529 576 625 676
P 199 229 263 307 331 373 409 449 491 541 587 641 683
(n+1)> 225 256 289 324 361 400 441 484 529 576 625 676 729

Table 2. For 1< j <26, there are 2 primes such that j° < p, < j(j+1)< P <(j +l)2.

J 1 2 3 4 5 6 7 8 9 10 11 12 13
Va 1 4 9 16 25 36 49 64 81 100 121 144 169
Pn 2 5 11 19 29 41 53 67 83 103 127 149 173
Jy+1) 2 6 12 20 30 42 56 72 90 110 132 156 182
Pm 3 7 13 23 31 43 59 73 97 113 137 163 191
G+ 1) 4 9 16 25 36 49 64 81 100 121 144 169 196
J 14 15 16 17 18 19 20 21 22 23 24 25 26

196 225 256 289 324 361 400 441 484 529 576 625 676

DPn 199 229 263 293 331 373 409 449 491 541 587 641 683
JU+1) 210 240 272 306 342 380 420 462 506 552 600 650 702
Pm 211 251 277 311 349 389 431 467 521 557 613 659 709
(j+1)* 225 256 289 324 361 400 441 484 529 576 625 676 729

5. The Proofs of Three Related Conjectures

Oppermann’s conjecture was proposed in March 1877 by Ludvig Oppermann
(1817-1883). It states that for every integer X>1, there is at least one prime
number between x(x —1) and x?, and at least another prime number between
x* and x(x+1). [4] (5.1)

Proof:

Theorem (4.5) states that there are at least two prime numbers, p, and p,,
between j® and (J +1)2 for every positive integer jsuch that
iP<p<i(i+Y)<p, <(j+1)2 where m>n+1 for p, >p,.

j(j+1) isacomposite number except j=1.Since j? < p, < j(j +1) is va-
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lid for every positive integer j, when we replace jwith j+1, we have
N . .

(i+1) <p, <(i+1(j+2). 2
Thus, we have j(j +l)< P <(] +1) <p, <(] +1)(j +2) . (5.2)
When Xx>1,then (x—1)>1.Substituting jwith (x-1) in (5.2), we have

x(x-1)< p, <x* < p, <x(x+1) (5.3)

Thus, we have proven Oppermann’s conjecture.

Brocard’s coniecture is based on Henri Brocard (1845-1922). It states that
there are at least 4 prime numbers between (pn )2 and (pml)z, where p, is
the n™ prime number, for every n>1. [5] (5.4)

Proof:

Theorem (4.5) states that there are at least two prime numbers, p, and p,,,
between j? and (] +1)2 such that j?<p, <j(j+1) and
J(J +1) <P, < ( J -I-:I.)2 for every positive integer j, where m>n+1 for p_ > p,.
When j>1, j(j+1) is a composite number. Then Theorem (4.5) can be
writtenas j° <P, <j(j+1) and J(] +l)< P <(] +1)2_

In the series of prime numbers: p, =2, p,=3, p,=5, p,=7, p;=11, ..
all prime numbers except p, are odd numbers. Their gaps are two or more. Thus,
when n>1, (p,.,—p,)=2. Thus, we have p, <(p,+1)<(p,+2)<p,,
when n>1. (5.5)

Applying Theorem (4.5) to (5.5), when n>1, we have at least two prime
numbers p,,,and p,, inbetween (pn )2 and (pn +1)2 such that
( P, )2 < Pp <P, ( P, +1) < Py < ( P, +1)2 , and at least two more prime numbers
Pnz> Pmg in between (pn -I-l)2 and (pn + 2)2 such that
(P +1)" < Pag < (P +1)(Py +2) < P <(Py +2)° <(Pra )’

Thus, there are at least 4 prime numbers between (pn) and (pn +1) for
n>1 such that

(pn )2 < pml < pn(pn +1) < pmz < ( pn +1)2 < pm3 <(pn +1)(pn +2)< pm4 < ( pn+l)2 (5-6)

Thus, Brocard’s conjecture is proven.

Andrica’s conjecture is named after Dorin Andrica [6]. It is a conjecture re-
garding the gaps between prime numbers. The conjecture states that the inequa-
lity \/K - \/p_n <1 holds for all nwhere p, isthe n™ prime number. If
0, = Py — P, denotes the n™ prime gap, then Andrica’s conjecture can also be
rewritten as g, <2,/p, +1. (5.7)

Proof:

From Theorem (4.5), for every positive integer j, there are at least two prime
numbers p, and p, between j* and (J ~I—1)2 such that

i“<p, < j(j +1)< P <(j-|—1)2 where m>n+1 for p, >p,. Since m>n+1,
we have p,2>p,,;-

Thus, we have j*><p, (5.8)
L2
and Poy <Py <(j+1). (5.9)

Since j, P,, P,,, and (j+1) are positive integers,
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J<+/P, (5.10)
and /p,, <]j+1 (5.11)
Applying (5.10) to (5.11), we have /Py, <+/P, +1. (5.12)

Thus, /Pp, —\/[)7n <1 holds for all n since in Theorem (4.5), j holds for all
positive integers.
Using the prime gap to prove the conjecture, from (5.8) and (5.9), we have
. 2 .2 . .
Op = Pp— Py <(i+1) = i*=2j+1. From (5.10), j<./p, .
Thus, 9n = Pnia = Py < 2 Pn +1. (5.13)
Thus, Andrica’s conjecture is proven.
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Appendix
Al

At the 1912 International Congress of Mathematicians, Edmund Landau listed
four basic problems about primes. These problems were characterized in his
speech as “unattackable at the present state of mathematics” and are now known
as Landau’s problems. They are as follows:

1) Goldbach’s conjecture: Can every even integer greater than 2 be written as
the sum of two primes?

2) Twin prime conjecture: Are there infinitely many primes p such that p + 2
is prime?

3) Legendre’s conjecture: Does there always exist at least one prime between
consecutive perfect squares?

4) Are there infinitely many primes p such that p - 1 is a perfect square? In
other words: Are there infinitely many primes of the form n? + 1?

As of 2023, all four problems are unresolved.

The above content is quoted from Wikipedia.
https://en.wikipedia.org/wiki/Landau%27s problems

The author of this paper has browsed the articles about the proof of Legen-
dre’s conjecture posted on and published in different media in recent years, and
made some brief comments, as below.

1) Kouji Takaki, Proof of Legendre s Conjecture, (Mar. 2023)
https://vixra.org/abs/2110.0102

Comment: Using the empirical method to prove Legendre’s conjecture is con-

sidered insufficient evidence.
2) Zhi Li and Hua Li, Proof of Legendre Conjecture, (Sep. 2022)
https://vixra.org/pdf/2209.0070v1.pdf

Comment: The method of probability and statistics introduces the uncertainty

in a certain range. It is not the right choice to prove Legendre’s conjecture.
3) Kouider Mohammed Ridha, On Legendre s Conjecture, (Sep. 2022)
https://vixra.org/pdf/2209.0051.pdf
Comment: The prime number formular p(n) =n*+n-1 is not correct.
4) Kenneth Watanabe, Definitive Proof of Legendrée s Conjecture, (2019)
https://vixra.org/pdf/1901.0436v1.pdf

Comment: The asymptotic method is not the right choice to prove Legendre’s

conjecture.
5) Ahmed Telfah, A Proof of Legendre s Conjecture and Andrica’s Conjecture,
(Dec. 2018)

https://www.researchgate.net/publication/329844915 A proof of Legendre’s ¢
onjecture and Andrica’s conjecture

Comment: Using the distribution function to deal with discrete primes creates
bound problems. The empirical method is not sufficient to solve these problems.
6) Samuel Bonaya Buya, Proof of Legendre s Conjecture, Research & Reviews:

Journal of Applied Science and Innovations, RRJASI, Volum2, Issue 2, Janu-
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ary-March, 2018

Comment: There is a contradiction between Equation (2) and Equation (9),
which is a fatal error.

7) Samuel Bonaya Buya, A Simple Proof of Legendres Conjecture, (2018)
https://www.academia.edu/35702628/A simple proof of Legendres conjecture

Comment: Using the prime number function to estimate the prime number

2
between n’ and (n +1) is not the right way to prove Legendre’s conjecture.

A2

Derivation details for f;(x)>0
When x=y-22>3, then
X+1 X+2 3
fo(x,y)="f(x)=In +1- (In(x+2)+In(x)+2)——
(09 1, =i X212 2 (12 +in(10+2) -2
q VX+2
6«/; _i. \/; 1 \/x+ X—X—2
dx 6X 24/Xx+2 6x 2Jx 12x‘/x x+2 6x‘/x x+2
In 2)+1 2
£1(x) = 1 _\/x+2.( 1 +1)+ n(x+2)+In(x)+ +%
x+1  6Jx (x+2 x 6x\/x(x+2) X
1 x+2 x+x+2 In(x+2)+In(x)+2 3
= - . + +—2
x+1  6Jx  x(x+2) 6x\/x(x+2) X

1 1 X+1 2 In(x+2)+In(x) 3
= - . + + +=
x+1 3Jx xx+2 6x\/x(x+2) 6x\/x(x+2)
_ 1 x+1 N 1 +In(x+2)+|n(x)+i
Xx+1 Sx\/x(x+2) 3x\/x(x+2) 6X\/X(x+2) x?
1 X Jrln(x+2)+ln(x)Jr 3

X+1 3x\/x(x+2) 6x\/x(x+2) X

=[ 1 1 J+In(x+2)+ln(x)+i

x+1 3 /x(x+2) XX (X +2) x°

When X21,then 3\X(X+2)+(x+1)>0
(8yx(x+2) + (x+1))-(3x(x+2) - (x+1))

~(3x(x+2) )2 +1)° =8x2 +16x-1>0
{

Thus, (SJX X+2)+(x+1))-(3yx( x+2)—(x+1))>0

3yx(x+2)—(

>
+
[N
~—
\
o

3yX(x+2)>(x+1) then ! >

I 2)+1
When XZl, 1 — 1 >O’and M+i>o‘
x+13/x(x+2)
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Then f7'(X):[ L L J+In(x+2)+ln(x)+i>0.

X+1 3[x(x+2) ) 6x/x(x+2) ¥
Thus, when x>3, f, (x) isa strictly increasing function.

A3

Derivation details for (3.11)

(m) | (4m)! (4m)!
L iz pom {W} =T p>(A-1)m {m} . F(u)mz p>/17m {((4 _1) m)!}

(Am)! (Am)!
g i) e [
.1“/1 (i { ﬁ(ﬂm)! }-F(,Il)m am {((;Eﬂ_vT)):n)'}

{ (Am)!
(-gm=p> T | (2 =1)m)!

the numerator (Am)! has the prime number p. The denominator ((/1 —1)m)!

In T }, for every distinct prime number p in this range,

also has the same p. Thus, they cancel each other in - Referring to

(Am)t | _
1.2), F(H)mz,»%m {W} =1.

In T

A1 T
(G4m 2)m2p>%”‘ {(( m)!
the numerator (Am)! has the product of p-2p. The denominator ((l 1)m)
Am)!

_(am)t
((z-nm)r

also has the same product of p-2p. Thus, they cancel each other in

Referring to (1.2), r(l—l)m

Am)!
In T (2-1)m {—( ) }, for every distinct prime number p in this range,
=

2520 | ((A=1)m)!
the numerator (Am)! has the product of p-2p-3p . The denominator
((ﬂ—l)m)! also has the same product of p-2p-3p. Thus, they cancel each
(Am)!

other in
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{ (Am)!
GOm_ am V777 e\t
lep 0| ((A-1)m)!
the numerator (Am)! has the product of p-2p-3p---(21—3)p. The denomi-
nator ((l—l)m)! also has the same product of p-2p-3p--<(1-3)p. Thus,
(Am)!

(A-1m)r

(Am)!
Referring to (1.2), F 4-i)m —t=1.
2p>4 2

((2=1)m)!

} , for every distinct prime number p in this range,

they cancel each other in

-3
_(am)t

In T ( ( , for every distinct prime number p in this range,

/1 3

-y

(i—l)m
A-2

the numerator (Am)! has the product of p-2p-3p---(1—2)p. The denomi-

nator ((l—l)m)! also has the same product of p-2p-3p---(1-2)p. Thus,
(Am)!

(A=1)m)r

Referring to (1.2), T { (Am)! } 1
eerrlng 0 L)y )m m —— ¢ =1.
@gzmﬁl(u—nmy

Thus,

(Am)! (Am)! (4m)!
L i pom {m} =D iz ps(a-1m {m} : F%mzw(a;l)m {((/1 ) m)!}

they cancel each other in

(ﬂm)! i=1-1 (im)!
L mspom {((/1——1)m)|} = l_[i:1 [Flimﬂb(lil)m {W}J (3.11)
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