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Abstract
In this paper, we study the following Schrédinger-Kirchhoff equation
—(a-|-b'|.]RZ |Vu|2 dX)Au +V (X)u =f (u),u e HI(RZ), where V (X) >0 and

vanishes on an open set of R? and fhas critical exponential growth. By us-
ing a version of Trudinger-Moser inequality and variational methods, we ob-
tain the existence of ground state solutions for this problem.
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1. Introduction

In this paper, we study the existence of ground state solutions for the following
Schrédinger-Kirchhoff equation:

_(a+b.[JR2|Vu|2 dx)Au +V(x)u=f(u)ue Hl(RZ), (1.1)
where a,b>0 and the potential V (x)>0 satisfying:
(V1) V(x)=0 at B;(0) and V(x)>C, in R?\B,,(0) for some
C,,0>0.
(V3) There holds true;
suRBV(x):‘!‘i_TOV(x):y>O, (1.2)

and the nonlinear term f (t) is a continuous function on R . Moreover, we
impose the following conditions on the nonlinearity f (t);
(%) f(t):0 forall t<0;
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(#) critical exponential growth; there exists «, >0 such that

f
| (t)|= 0 fora>a, (L.3)
+o  fora<ay;

lim

o gt

() there exists u >4 such that

0<uF (t)=uf f(s)ds<tf(t) VteR\{0}. (1.4)

(£) there exist t, >0 and M, >0 such that F(t)<M,|f(t) for any
It| =15

(£) f(t)=0(t) and f(0)=0;
f

~—~
~

(£) f(t)eC'(R) and

e is increasing.

Without losing generality, we suppose that a=b=1. So we may rewrite

problem (1.1) in the following form:
—(1+.[R3|Vu|2 dx)Au +V(x)u=f(u)ue Hl(R3). (1.5)

Remark 1.1 The condition (£) implies that F(t)= o(tz) as t —> 0. Indeed,
the condition (5) implies that
F(t))
[LJ >0, (1.6)

t.”

from which we can promptly obtain F(t)= o(tz) as t— 0. From the condi-
tion (), (£) and (f;), we can get the following growth condition for f (t) ; for

any €>0 and p,>a,, thereexists C, such that
[F()] <l +Ctr (e -1), vieR (17)
From the condition (£), we can also easily check that the function f (t)t—4F (t)

Is Increasing.

The corresponding Dirichlet problem for (1.1) on a smooth domain Q c R?,

_(a+bjﬂ|Vu|2 dx)Au =f(xu) xeQ,

(1.8)
is related to the stationary analogue of the Kirchhoff equation
un—(a+ij|Vu|zdx)Au= f(x,u), (1.9)

which was first proposed by Kirchhoff [1] as an extension of the classical
D’Alembert’s wave equation for free vibrations of elastic strings. Problem (1.9)
has attracted considerable attention after Lions [2] introduced an abstract
framework to the problem.

The above problem is nonlocal as the appearance of the term IQ|VU|Z dx im-
plies that (1.5) is not a pointwise identity. This phenomenon provokes some
mathematical difficulties, which make the study of such class of problems par-
ticularly interesting. For more details on the physical and mathematical back-
ground of this problem to [2] [3] [4] [5].
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Since we will work with critical exponential growth, we need to review the
Trudinger-Moser inequality. For one thing, let Q0 denote a smooth bounded
domain in R (N >2). N. Trudinger [6] proved that there exists « >0 such
that Wy (Q) is embedded in the Orlicz space L, (Q) determined by the

N
Young function ¢, = eV 1t was sharpened by J. Moser [7] who found the

1
best exponent «, =nw! !, where @, , is the surface measure of the unit

sphere in R" . For another, the Trudinger-Moser inequality was extended for
unbounded domains by D. M. Cao [8] in R* and for any dimension N <2
by J. M. do O [9]. Moreover, J. M. do O et al. [10] established a sharp Concen-
tration-compactness principle associated with the singular Trudinger-Moser in-
equalityin R".

Many significant research results about (1.1) have been obtained. For example,
in [11], X. Wu studied the nontrivial solutions and high energy solutions of
problem (1.1) if V (X) has a positive constant lower bound and the nonlineari-
ties term with 4-superlinear growth at infinity. In [12], the authors studied the

following Schrédinger-Kirchhoff type equation
M (LRZ |Vu|2 +V (x)uzdx)(—Au +V (x)u)=A(x) f (u) inR? (1.10)

where M s a Kirchoff-type function and V (X)>V, isa continuous function, A
is locally bounded and the function fhas critical exponential growth. Applying
variational methods beside a new Trudinger-Moser type inequality, they get the
of ground state solution. Moreover, in the the local case M =1, they also get
some relevant results. We emphasize that in these papers, the potential V (X)
have a positive constant lower bound. Some studies of the Kirchhoff equation
with critical exponential growth may refer [13] [14] [15] [16].

In [17], the author establishes a class of Trudinger-Moser inequality and
proves the existence of the ground state solution to a class of Schrodinger equa-
tion with critical exponential growth. In addition, a class of quasilinear n-Laplace
Schrédinger equations with degenerate potentials and of exponential growth is
also studied. But to the best of our knowledge, the Schrédinger-Kirchhof equa-
tion that satisfies condition (V7), (14) doesn’t seem to have been studied. Dif-
ferent from the first two results, the appearance of the term .[RZ |Vu|2 dx, Some
proof methods in the original text are invalid, so we have to find other methods,
for the details see Lemmas 3.2 and 3.9.

Motivated by [17], we can prove the existence of the ground state solution to
problem (1.5) as in [17]. In order to get the result we want, we use a version of
Trudinger-Moser inequality.

Lemma 1.2. (7rudinger-Morse inequality [17]) Assume that the potential
V(X)>0 satisfies that V (X)=0 at the ball B;(0) centered at the origin
with the radius 5 and V (x)>C, in R?\B,,(0) forsome &>0. Then

sup [ (e“’“‘2 —1)dx < oo, (1.11)

ueHl(Rz),jmz\Vu\z +V(x)u2dxsl
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Lemma 1.2 will be used to obtain the existence of ground state solution of the
following Schrodinger-Kirchhof equation;
2 .
—(1+LR2|VU| dx)Au +V (x)u=f(u) in R?, L12)
ueH'(R?),
Lemma 1.3. (Fatou's Lemma) Let (X ,B, y) be a measure space, and
{fn X - [0,00]} be a sequence of non-negative measurable functions. Then

f  is measurable and

n—owo n

[ Niminf f du <liminf [ f du. (1.13)

the function liminf

Now, we are ready to state the main results of this paper.
Theorem 1.4. Suppose that (V1), (V2) and f§ - £ hold. If we further assume
that

lim = (t)zt =, (1.14)

t—+o0 eaot

then (1.12) admits a positive ground state solution.

2. Preliminaries

In this section, we give some useful notions and lemmas, which are used to
prove our results.
Now, we introduce some notations. For any 1<r <o, L (RZ) is the usual

Lebesgue space with the norm

.
Jufl, = (el )
H*(R?) is the usual Sobolev space with the norm
ol = Foo (6 e
Lemma 2.1. ([17]) Assume that u e H'(R?) such that
|2 (|Vu|2 +V (X)|u[* )dx < 400,

where V(X) satisfies the assumption (V,;). Then there exists some constant

c>0 dependingon & and C, such that
IRZ Juf* dx < c_[]Rz (|Vu|2 +V (x)|uf* )dx.

which was proved in [17].
Remark 2.2. If we define H, (R2> as the completion of C; (Rz) under

the norm

1
(.[RZ (|Vu|2 +V (x)|u|z)dx)2 ,
then Lemma 2.1 implies an result;

Hy (R?)=H*(R?).
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The problem (1.5) associated functional is
1, (u) :lf , (|Vu|2 +V (x)|u|2)dx+%(.[R2|Vu|2 dx)2 — [ .o F(u)dx.
where F(t)= [ f(s)ds,and its Nehari manifold is
Ny <u>:{u < H(R?)Ju=0,(1; (u).u)=0},
where
(1 (u),u) = (1+ [ vu[* dx)jR2 vu[* dx+ [,V ()|’ dx— [, (u)udx.

In order to study the problem (1.5) under the assumptions ( V1) and (13), we

introduce the following limiting equation;

_(aerj]R2|Vu|2 dx)Au +yu=f(u), (2.1)

where we recall from ( 13) that

supV (x) = ‘I‘im V(x)=y>0,

xeR? X

The corresponding functional and Nehari manifold associated with (2.1) are
I, (u)= I (|Vu| +7/|u| )dx+ (J' |Vu| dx) —IRZF(u)dx.
and
N, = {u e Hl(R2)|u # 0,<I0’0(u),u>:0},
where
(12 (u),u)= (1+IR2 Ivul* dx)J'R2 IVu[* dx +[.2 y|uf’ dx— [, f(u)udx.

We can easily verify that if ue N, , then

:_f Ju—2F(u)) x—%(jR2|Vu|2dx)z,

andif ue N, then
Iw(u)zszz(f(u)u—ZF( ))dx—= (I Ivul? dx) .

3. The Proof of Theorem 1.3

In this section, we want to show that (1.5) has the existence of ground state solu-
tions.

Lemma3.1. N, and N, arenotempty.

Proof we only prove that A/, is not empty since the proof of N is similar.
Let u, e Hl(Rz) be positive and compactly supported in a bounded domain
Q. Define

n(0):m (1 (1) )
= (Ve Y (Ol (] vl o

-2, F(tug)tuydx, V>0,
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N, being not empty is a direct result of the fact; h(t) >0 for t>0 small
enoughand h(t)<0 for t>0 sufficiently large.
We first prove that h(t) >0 for t>0 small enough. From Remark 1.1, we

conclude that for any & >0, there exist C, such that
[ (1) < e+ (e -1 (3.1)
for any t e R. Using this estimate, we can write
h(t)=t*], (|Vu0|2 +V (X)|ug| )dx+t4 (IRZ IVu,|* dx)2 —-2[ , f (tug ) tuydx
>t (|Vu0|2 +V (X)|ug | )dx +t (.[Rz Vu,|* dx)2 (3.2)
—2¢t° [ ,uddx 2|t/ C, [ ,up (e'ﬁ'O(‘“")2 —1)dx,

Which implies that h(t)>0 forsmall t>0 since ux>4.

Next, we prove that h(t)<0 for t>0 sufficiently large. The condition (5)
implies that F(t)>t“F(1) when t>1. Then it follows that there exists
C, >0 such that F(t)>t“F(1)-C, forall t>0. this together with the con-
dition (%) yields that there exists C,C, >0 such that f(t)>Ct“F(1)-C, for
all t>0. Noticing that u, is compactly supported in the bounded domain Q,

we can write
2
h(t) =t le(|Vu0|2 +V (x)|u0|2)dx+t4 (_[Rz |Vu0|2) —2[ £ (tug ) tuydx

< tszz (|Vu0|2 +V (x)|u0|2 )dx+t4 (J.]RZ |Vu0|2 )2 (3.3)
~2F (1) Ct’”lfQ ustdx +2C, IRZ tu,dx,

which implies that h(t) is negative for sufficiently large t>0.

Now, we set
m, =inf{l(u),ueN,} and m, =inf{l, (u),ueA,},
and we claim the following lemma.
Lemma 3.2. It holds that
O<m, <m,. (3.4)

Proof. To show that m, <m,_, it is enough to find u satisfying ue N, such
that |, (u) <m, . From [18], we know that if

F(t)t?
lim ()2 =00,

t—+o0 eaot

then m, is attained by some we N, . By the definition of V (X), it is easy to
check that

Joe (9 + () e+ ] o o)
< Fo (V0 7o Yo [ 90 ) = [ ()i

Hence there exists te (O,l) such that
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J.]Rz(|V(tw)|2 +V (x)|tw|2)dx+('[R2|V(tw)|2 dx)2 = IRZ f (tw)twdx,
which implies that u =tw e N, . then it follows that
2
m, <1, (tw)= %jRZ (|V(tw)|2 +V (x)|ow]? )d”%(fn« v ()|’ dx) — [« F (tw)dx

< % o[V (o) 7 i +%( Joo ¥ () ) = [ F (cw)ax

=1, (tw)< max 1, (tw)=1,(w)=m

0

Next, we show m, >0. We prove this by contradiction. Assume that there
exists some sequence U, € A, such that I, (U, )— 0, then we have

1 (u) =1, (uk)—%<l\; (u).u,)

1

1
:Z”uk"i\, +Z RZ(f(uk)uk —4F(uk))dx

1 2
Lo,
which implies that |u, ||i|v —0.From u, e N, and (3.1), we know that

[ f(u)udx< [, elul +C,|ul]" (eﬁOUE —1)dx. (3.5)

By the Trudinger-Morse inequality (1.11) and u« >4, we get forany p>1,

[olul (e%”E —1)dx < (IRZ Ju,* dx)% (IRZ (ep"’OUE —1)dx);' <Cluy, - 3.6
From (3.5) and (3.6), there exist C,;,C, >0, such that
[ f(u)udx< Cl,s||uk||i|V +C [y, -
Therefore
Juell, < [.a f(uu < Ceelull, +C.ful, -
Since u >4, thereexist p>0 such that
lull, 200

which is a contradicion to |u, |||24V —0.

We now consider a minimizing sequence {u,} <\, for m,.Since

[2|V (Jue |)|2 dx< [,V (u, )|2 dx,
we can assume that u, >0. The (A-R) condition (£), I, (u )—>m, >0 and
Remark 2.2 give that {u,}, is bounded in Hl(Rz) , and then up to a subse-
quence, there exists ue H* (Rz), such that

u —u in Hl(RZ),and in L° (Rz)for any p >1,

u —>u in L (R?),
u —>u ae.

By extracting a subsequence, if necessary, we define S,1>0 as

B= ";[nIRZ f (u,)udx and | =IR2 f (u)udx.
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By the weak convergence, it is obvious that | €[0, 3].
Lemma 3.3. /t holds that 8 >0.
Proof. We proof this by contradiction. Assume that £ =0. Then we have

I, (uk)zéjkz(f(uk)uk—2F(uk))dx——(j vu, [ dx) dx — 0,

which contradicts (3.4).

Lemma 3.4 The case | =0 cannot occur.

Proof. We prove this by contradiction. If 1 =0, then u=0, and u, —0 in
(RZ ) . we first claim that

lim [ ,(y-V( )|uk| dx = 0. (3.7)

K—>-o0 JRZ

L2

loc

For any fixed &>0, wetake R, >0 such that
lr=V(x)|<e forany|x|>R..

combining this and the boundedness of u, in H* (RZ) we derive that

Jas (7 =V ()l dx= [, (r=V () dce i, (7-V () ox

Re

< cJ'BRg Ju|* dx+ Ke,

oc (Rz) as

where K:SUpJR2|uk|2dX. This together with u, -0 in L
k

k — +o0 vyields that

lim [, (7 =V (x))|u, | dx<ce,

K—+o0 R?

which implies that (3.7) hold.
Similarly to the proof of ([19]. Proposition 6.1), we can get there exists some
sequence t, >1 suchthat tu, € N, and {t, | convergestolas k—+o0.
Now, by (3.7), we can write
<1
m, = klirpwlw(t u )

:Iim( (tou )+ j y=V (x))|u [’ de

K—>+o0
= lim 1, (tuy)
F 2
= lim t? (1_[ (|Vuk| +V ( )|uk|z)dx—jR2 t(zt:u) Zdx LK (I vu,|* )]
k 2k

k—>+o0
F(t)
t2

This together with the monotonicity of

and Ilmt =1 gives

k—-+o0

m, < lim I, (u)=m,,

k—>+a0
which contradicts (3.4). This accomplishes the proof of Lemma 3.4.
Note that (£) implies the following inequality;
1-t

(U)u+F(tu)-F(u)
(3.8)

f f
=f[ u(g)— (Sus)}?u“dszo. Yu=0,0<t<1.

(su)
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Lemma 3.5. If | = 3, then ue N, and |, (u)=m,.
Proof If | = g, then

lim |, f(u)udx— .[RZ f (u)udx.

k—+0

Then we can get

[ (|Vu|2 +V (x)|u|2)dx +(J.]R2 Ivul* dx)2

< lim (|Vuk|2 +V (x)|uk|2)dx+(IR2|Vuk|2 dx)2

K—+o0 R?

= lim |, f(u,)udx

k—+0
= [, f(u)udx

If the above equality holds, then u e N, , and the lemma is proved. Therefore,

it remains to show that the case where
J'R2 (|Vu|2 +V (x)|u|2 )dx+(.[R2 |Vu|2 dx)2 < J'RZ f (u)udx (3.9)

cannot occur. In fact, if (3.9) holds, we can take some te(O,l) such that
tu e NV, . Indeed, let

9(0)= [,V () +V ()P Yo [ v ) o) — . 7 )t

Obviously, g(t) is positive for small ¢ This together with g(1)<0 implies
that there exists t e (0,1) such that ¢ (t) =0,ie, tueN,.

Using (£), we can obtain

f(tu)tu<t*f (u)u. (3.10)

From (3.8) we know that

th -1

F(tu)> f(u)u+F(u). (3.11)

Combining (3.10) and (3.11), we derive
%f(tu)tu—F(tu)<%f(u)u—F(u). (3.12)

Since te(0,1), by the define of A (u), (3.12) and Fatou’s lemma, we de-
duce that

m, <1y (t0)- (1) (1).t)
= ;J.]RZOVUF +V (X)|u|2)dx+j]Rz [% f(tu)tu—F (tu))dx

<%J'R2 (|Vu|z +V (X)|U|Z)dX+IR2 [% f(u)u-F (u))dx
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Which is a contradiction.

In the following, we consider the case O<l<pg . If O0<l<f, then
U, —u=0 in H1<]R2). We can choose an increasing sequence {Rj }j —> +o0
such that R;,; >R, +1,

_[BRJ f(u)udx=1+0,(1) (3.13)

and

.[ BS
Rj

ul’ dx=0, (1)

forany 2< p <. We define
C, =B, \B, ={xeR*|R <|x<R,+1}.

Lemma 3.6. For the C; given above, we have
Ic,. f(u Judx=o0;(1) (3.14)
and
jcj [Vu [ dx =0, (1) (3.15)

Proof. We prove (3.14) by contradiction. If there exists some subsequence
{5}, of {j} such that (3.14) fails, then we must have

Z;ch. f (u, )u,dx = oo,
i=
However, we have

ij.cji f (U, )u,dx < .[RZ f (u, )u dx

i=1
2
_ jR2(|ka|2 +V (x)|uk|2)dx+( [vu,f dx) <o,
which arrives at a contradiction. Similarly, we can also prove (3.15).
Lemma 3.7. ([17]) It holds that
lim |, F(u)dx = IRZ F (u)dx.

K—>+0

which was proved in [17].
Lemma 3.8. ([20]) Let Q be a domain in R" . Suppose {g,},{h,} = L'(Q)
and hel!(Q). If

0<g,<h, 9,(x)>0, hy>haexeQ
and
lim[ h, = h
then lim_ '[Q g,=0.
Lemma 3.9. [t hold that
lim [ f(u)udx=[ f(u)udx

Br. .
k—+0 Rj Rj

provided j is large enough.
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Proof. Since u, is bounded in Hl(Rz), there is C>0, and for any

2 < p <+, we have

"uk”Lp(BRj) S”uk”LP(RZ) < "uk"Hl(Rz) <C. (3.16)

According to (ii) in definition 6.1 in reference [21], when M(E)<o0, it can

be obtained
lim ||f||p :||f||w. (3.17)

p—>+

where E stands for measurable set.
From (3.16) and (3.17), we can deduce that

lim ||f||p =|If||, <C.

p—>+w

which implies that u, is bounded in Bg, -
Wecanlet g, = f(u )u, —f(u)u, using (1.4), we can derive

|9 | =] f (ue )u, = f (u)u[<|f (u,)uy|

<eluf +C,Ju " (e -1).

Because u, isbounded in Bg, , then thereis M >0, we have
g <elu [ +C, |uk|‘”1(e”’OM —1) = elu [ +Clu [
where C, =C, ~(e’f°M —1) .
Using u, »u in L. (RZ) and lemma 3.8, we can get

lim | (u,)u, - f(u)u|=0.

k—+o0 BR]
which implies that
Jim J. f(uk)ukdx:jBRj f (u)udx. (3.18)

The proof is completed.
From (3.18) and Lemma 3.6, since R; +1<R;,,, we can extract a subsequence

u,, such that for every jeN,
jBRj f (uy, Jugdx =10, (2)
and
Je, F(ug Jugdx=o0,). I, [vuy ["ax=o0, (1), Jo, ué k=0, 1)

Now, we take {ukj } as a new minimizing sequence renaming it {u i } .
i

Lemma 3.10. [t cannot be
IR2(|VU|2 +V (x)|u|2)dx+(IR2|Vu|2 dx)2 < .[]RZ f (u)udx. (3.19)

Proof. If (3.19) is true, then there exists some te (0,1) such that tue N, .
Since te (O,l) , by the define of N, (u) , (3.12) and Fatou’s lemma, we deduce
that
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m, <1y (t0)- 31y (1), t0)

- %.[Rz (|Vu|2 +V (x)|u|2)dx+.[R2% f (tu)tu—F (tu)dx
< %J}RZOVUF +V (x)|u|2)dx+J'R2% f(u)u—F(u)dx
1

-4, )20 ().0)
sm[uv (uk)—%<l\; (uk),ukﬂ:m\,.

which is a contradiction.

Lemma 3.11. /t cannot be
[ (|Vu|2 +V (x)|u|2)dx+(_|'R2|Vu|2 dx)2 > [, f(u)udx (3.20)
Proof We prove (3.20) by contradiction. If
IRZ (|Vu|2 +V (x)|u|2)dx+(.[R2|Vu|2 dx)2 > sz f (u)udx. (3.21)
Since U; >Uu weaklyin H'(RR?), from Lemma 3.9, we can deduce
Joa F(uy)ujdx+o, (1) =, f(u)udx.
This implies that

2
u.

Jull, < fim Ju

Jo+o
,—ILTOO[JRZ fu, )“de_(JRz [vu,| dxﬂ
L. 1 (u)udx— ,—'erm(JR2|VU,-|Z dx)z

< .(RZ f (u)udx —(IRZ |Vu|2 dx)2

which is a contradiction.
End of the proof of Theorem 1.3. Lemma 3.10 and Lemma 3.11 imply I, (u)=0.

Hence
m <1 (0)=5 {1 (u).)
L (7 4 O e 5 0= ()

<limt 2(|Vuk|2 +V(x)|uk|2)dx+I!im IRZ% f (ug)u, —F (u,)dx

fim? .
= tim 1, )= (1 () )| =

which implies that u is a minimum point for 1, on N, since u=#0. There-
fore u is a ground state solution of the Equation (1.5) through the definition of

the ground state.
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4. Conclusion

In this paper, we use the Nehari manifold technique to prove the existence of
ground state solutions for a class of Schrodinger-Kirchhoff equations with va-

nishing potential and exponential growth.
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