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Abstract 
New solutions, for the stationary and temporary states, are derived for the 1D 
diffusion of cosmic rays in the presence of losses. The new results are applied 
to the latitude profile of radiation emitted above the galactic plane. Percola-
tion theory for a spiral galaxy coupled with the evolution of the super-bubbles 
allows building a model for the radiation of a spiral galaxy as seen face on. The 
annulus of radiation of our galaxy is also simulated and the excess of radiation 
observed at the centre of our galaxy is explained by the sine law which arises in 
the theory of the image.  
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1. Introduction 

We now analyse, in chronological order, some topics raised by the connection 
between the acceleration/diffusion/confinement of cosmic rays (CR) and super- 
bubbles/super-shells (SB): the CR confinement from SBs means that the mean 
age would be independent of energy [1], the constancy of CR-produced Be relative 
to supernova-produced Fe observed in halo stars formed in the early Galaxy [2], 
a model for the observations of the evolution of 6LiBeB [3], an explanation for 
the well-known anomalous 22Ne/20Ne ratio [4], the acceleration of cosmic-ray 
nuclei heavier than He in enriched SB interiors [5], production of CR by supra- 
thermal ion injection [6], a discussion of the fraction of the unaccounted for 
energy which is converted in CR [7], an investigation of the shape of the spectrum 
of high-energy protons produced inside the SB blown around clusters of massive 
stars [8], a model based on two coupled stochastic differential equations, which 
is applied to protons and alpha particles [9], a discussion of the non-thermal 
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spectrum between 1.5 and 8.8 GHz which is fitted with a standard model of an 
aging cosmic-ray electron population [10], a model which includes advection, 
diffusion, thermal conduction and radiative cooling for CR [11], a framework 
tying together the sources, injection, acceleration, and propagation of CRs [12], 
an evaluation of the distribution of pions from continuous losses of CR [13], 
analysis of the generalized Kompaneets’ equations adapted to expansion in various 
external density profiles and coupled with escaping CRs [14], production of γ-ray 
radiation in the interactions between cosmic rays and interstellar gas in the 
Orion-Eridanus SB [15] and acceleration of particles and non-linear feedback 
[16]. Another point for research is the excess in γ-rays observed by the Fermi 
Large Area Telescope at the centre of the Galaxy, which can be explained by 
annihilating dark matter, [17]. The already cited papers leave a series of questions 
unanswered or only partially answered:  
­ Is it possible to model the 1D diffusion with losses in the stationary and 

transient cases?  
­ Is it possible to model a coupling between percolation theory which allows 

building a spiral galaxy and the evolution of the SBs in the galactic plane?  
­ Can the galactic latitude and longitude cuts of observed radiation be explained 

by the diffusion?  
­ Do the galactic longitude cuts of observed radiation follow the sine law?  

In order to answer the above questions, Section 2 reviews the connection 
between random walks and diffusion, Section 3 reviews stationary diffusions with 
losses and introduces a new stationary diffusion with losses, Section 4 introduces 
the new transient diffusion with losses, and Section 5.2 applies the new results 
about 1D diffusion to the latitude profiles of the galactic plane for the observed 
radiation. Section 6 reviews a model for a spiral galaxy as given by percolation 
theory, introduces a simple model for the SBs, models the diffusion of CRs from 
the SBs and finally displays the observed radiation for a spiral as seen face on, in 
Mollweide projection and as longitude profiles. 

2. The Random Walk 

The dependence of the mean square displacement, ( )2R t , according to Equation 
(8.38) in [18] is  

( ) ( )2 2 ,R t dDt t= →∞                      (1) 

where d is the number of spatial dimensions. From Equation (1), the diffusion 
coefficient is derived in the continuum:  

( )
2

.
2
RD t
dt

= →∞                         (2) 

Using discrete time steps, the average square radius after N steps, Equation 
(12.5) in [18], is  

( )2 ~ 2 ,R N dDN                         (3) 

from which the diffusion coefficient is derived:  
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( )2

.
2

R N
D

dN
=                           (4) 

If ( )2 ~R N N , the diffusion coefficient is  

1
2 trD v

d
λ=                            (5) 

when the step length of the walker or mean free path between successive 
collisions is λ  and the transport velocity is trv . The above formula allows an 
astrophysical evaluation of the diffusion coefficient. The mean free path is here 
chosen to be the gyro-radius of the relativistic ions, Zρ . Once the energy is 
expressed in units of 1015 eV ( 15E ), and the magnetic field in 10−6 Gauss ( 6H− ) 
we have  

15

6

1.08 pc,Z
E

H Z
ρ

−

=                        (6) 

where Z is the atomic number. On assuming that the CRs diffuse with a mean 
free path equal to the relativistic gyro-radius, the transport velocity is equal to the 
speed of light and 1d = , the case here analysed, the diffusion coefficient according 
to Equation (5), is  

72 2
15

6 6

0.1654 1.654 10pc pc .
year year

GeVE E
D

ZB ZB

−

− −

×
= =              (7) 

3. The Stationary Diffusion 

We now analyse the stationary 1D diffusion both in the absence and presence of 
losses. In the following, spatial distance is expressed in pc, the time in years, and  

the diffusion coefficient in 
2pc

yr
. 

3.1. Absence of Losses 

Fick’s second law in 1D states that a change in concentration, ( ),u x t , in any 
part of the system is due to an inflow and an outflow of material into and out of 
a part of the system:  

( ) ( )
2

2, , ,u x t D u x t
t x

 ∂ ∂
=  ∂ ∂ 

                    (8) 

where D is the diffusion coefficient and t is the time. For a stationary state, the 
above equation is  

( )
2

2 , 0.D u x t
x

 ∂
= ∂ 

                        (9) 

The concentration increases from 0 at x a=  to a maximum value mC  at 
x b=  and then falls again to 0 at x c= . The two solutions are  

( ) ( )
,mC a x

u x a x b
a b

−
= < <

−
                  (10) 
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and  

( ) ( )
.mC c x

u x b x c
b c

−
= − < <

−
                  (11) 

3.2. Presence of Losses 

The presence of losses modifies Fick’s second law in 1D for the steady state, see 
Equation (8) as  

( ) ( )
2

2

d 0,
d lD u x a u x
x

 
− = 

 
                    (12) 

where the parameter la  regulates the losses and is expressed in 1
year

. The  

concentration increases from 0 at x a=  to a maximum value mC  at x b=  
and then falls again to 0 at x c= . The two solutions are  

( )

( ) ( )

( )

2

2

e e

; ,

e 1

l l

l

a a b x a b x
D D

m

a a b
D

C

u x a x b

− − −
−

−

 
 −
 
 = < <

−

           (13) 

and  

( )

( ) ( )

( )

2

2

e e

; .

e 1

l l

l

a b x a b c x
D D

m

a b c
D

C

u x b x c

− − +

−

 
 − +
 
 = < <

−

           (14) 

The solution with a x b< <  is reported in Appendix A. Figure 1 reports the 
new 1D theoretical solution when the coefficient of the losses is variable.  

4. The Transient Diffusion with Losses 

Fick’s second law in 1D in the presence of losses states that a change in con- 
centration, ( ),u x t , is  

( ) ( ) ( )
2

2, , , ,lu x t D u x t a u x t
t x

 ∂ ∂
= − ∂ ∂ 

               (15) 

where D is the diffusion coefficient, t is the time and the parameter la  regulates 
the losses. We now solve Fick’s second law in 1D over the spatial domain [ ]0, L  
in the presence of an initial profile (the initial condition) for the number of 
particles. The first case to be analysed is an initial exponential profile of con- 
centration  

( ) 0,0 e ,
xs
LN x N

−
=                         (16) 

where s is an adjustable parameter and 0N  the number of particles at 0x = . 

The boundary conditions are assumed to be ( )0, 0u t
x
∂

=
∂

, ( ), 0u L t
x
∂

=
∂

 and 

the solution is the following Fourier series  

https://doi.org/10.4236/ijaa.2023.131001


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2023.131001 5 International Journal of Astronomy and Astrophysics 
 

 

Figure 1. Values of concentration in the case of steady state with losses computed with 

Equations (13) and (14) when a = −500 pc, b = 0 pc, c = 500 pc and 
2pc1

yr
D = :  

6 11.0 10
yearla −= ×  (full line), 5 11.0 10

yearla −= ×  (dashed), 4 11.0 10
yearla −= ×   

(dot-dash-dot-dash), 3 11.0 10
yearla −= ×  (dotted). 

 

( )

( )
( )( )

2 2 2

2

0

0 0 2 2 2
1

2cos e e 1 1
1, e e e .

l

l l

t D n L a
nsL

a t a ts

n

n x sN
Lu x t N N s

s n s

+
−

−
∞

− −−

=

π   
    − −       = − + + − 

+   
         

π

π∑  (17) 

A 3D surface of the solution as a function of space and time is reported in 
Figure 2. The second case to be analysed is an initial sine profile for the 
concentration, 

( ) 0,0 sin xN x N
L
π =  

 
                      (18) 

where 0N  is the number of particles at 0x = . The boundary conditions are 

assumed to be ( )0, 0u t
x
∂

=
∂

, ( ), 0u L t
x
∂

=
∂

 and the solution is the following 

Fourier series  

( )

( )
( )( )

( )

2 2 2

2

0
0

2
2

2cos e 1 1
2 e

, .
1

l

l

t D n L a
nL

a t

n

n x N
N Lu x t

n

+
−

− ∞

=

π
π

π π

 
  − +   = + − 

− 
  
 

∑    (19) 

The solution as a function of x and t is presented as a surface plot in Figure 3. 
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Figure 2. Values of concentration in the transient case with losses in the presence of an 
exponential profile as computed with Equation (17) as a function of space and time when 

L = 1000 pc, 
2

4 pc5 10
yr

D −= × , 51.0 10s −= × . 3
0 1.0 10N = ×  and 3 11.0 10

yearla −= × . 

 

 

Figure 3. Values of concentration in the transient case with losses in the presence of a 
sine profile as computed with Equation (19) as a function of space and time when L = 

1000 pc, 
2

6 pc1 10
yr

D −= × , 0 1.0N =  and 10 11.0 10
yearla −= × . 

 
An example of the influence of the parameter la  on the solution is reported 

in Figure 4. The third case is an initial sin4 profile for the concentration 

( ) 4
0,0 sin xN x N

L
  =   


π

 
                  (20) 
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where 0N  the number of particles at 0x = . The boundary conditions are 

assumed to be ( )0, 0u t
x
∂

=
∂

, ( ), 0u L t
x
∂

=
∂

 and the analytical solution is  

( )

( ) ( )2 2 2 2

2 2

16 4

0
4 2cos e 4cos e 3e

, .
8

l l

l

t D L a t D L a

a tL Lx xN
L L

u x t

+ +
−

π
−

−

π
π π

 
    − +        

 =  (21) 

The solution as a function of time and space is reported in Figure 5. 
 

 

Figure 4. Values of concentration in the transient case with losses in the presence of a 

sine profile as a function of la  when L = 1000 pc, x = 250 pc, 
2

6 pc1 10
yr

D −= ×  and 

0 1.0N = . 

 

 

Figure 5. Values of concentration with losses in the presence of a sin4 profile computed 

with Equation (21) as function of space and time when L = 1000 pc, 
2

6 pc1 10
yr

D −= × , 

0 1.0N =  and 10 11.0 10
yearla −= × . 
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5. Astrophysical Profiles 
5.1. Statistics 

The merit function 2χ  is computed according to the formula  

( )2
2

1
,

n
i i

i i

T O
O

χ
=

−
= ∑                       (22) 

where n is the number of elements of the sample, iT  is the theoretical value, 
and iO  is the experimental data. In the following we will compare our results 
with two standard types of fits. The first is the polynomial fit of degree m  

( ) 2
0 1 2 ,m

my x a a x a x a x= + + + +                (23) 

where the 1a  are 1m +  unknown coefficients, see the Fortran subroutine lfit 
in [19]. The second fit is represented by the Gaussian function  

( )

( )2
22e 2 ,

2

mx x

Cy x
σ

σ

−
−

π
=                     (24) 

where C, mx  and σ  are three parameters to be found with the Levenberg 
method, see the Fortran subroutine mrqmin in [19].  

5.2. Latitude Profile 

Astronomers usually report the intensity of emission in the various bands as flux 
versus galactic latitude or galactic longitude. In the following we will assume that 
the synchrotron radiation which is thought to vary from the radio to the γ 
region is proportional to the concentration of the diffusing CR. Further, the 
distance from the galactic plane, the vertical galactic height, is assumed to be 
proportional to the galactic latitude. We now make a comparison between the 
observed flux versus the galactic latitude and the theoretical behaviour of the 
concentration of CR as given by the diffusion. A first example is given by the 
γ-ray diffuse emission around 15 TeV as reported in Figure 3 in [20]. Figure 6 
reports the observed data and the model of 1D diffusion with an exponential 
profile of concentration, 2χ  of the various models in Table 1. 

A second example is given by the γ-ray diffuse emission as detected by AR- 
GO-YBJ in the interval [350 GeV, 2 TeV] which is reported in Figure 2 of [21]. 
Figure 7 reports the observed data and the model of 1D diffusion with a sine 
profile of concentration, 2χ  of the various models in Table 1. 
 
Table 1. Numerical values of the parameters for the 2χ  as given by Equation (22) for 
different profiles and different models. 

Model Reference 
2χ , 

Model 

2χ , 
Polynomial profile 

2χ , 
Gaussian profile 

exponential profile [20] 25.35 18.5 5.1 

sine profile [21] 45.27 17.97 7.25 

stationary 1D [22] 176,747 931,530 337,555 

https://doi.org/10.4236/ijaa.2023.131001


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2023.131001 9 International Journal of Astronomy and Astrophysics 
 

 

Figure 6. The γ-ray flux as reported in Figure 3 of [20], inner Galaxy or 30 65l< < , is 
displayed as black points with error bar. The red full line reports the values of concentration 
computed with 1D diffusion in the presence of an exponential profile, see Equation (17), 

when L = 1000 pc, 
2

3 pc4 10
yr

D −= × , 710 yearst = , 510s = , 0 1N =  and 6 110
yearla −= . 

The green dashed line represents the polynomial approximation and the blue dash-dot- 
dash the Gaussian approximation. 
 

 

Figure 7. The γ-ray flux as reported in Figure 2 of [21] is displayed as black points with 
error bar. The red full line reports the values of concentration computed with 1D diffusion 

in the presence of a sine profile, see Equation (19), when L = 1000 pc, 
2

6 pc10
yr

D −= ,  

710 yearst = , 0 1N =  and 10 110
yearla −= . The green dashed line represents the polynomial 

approximation and the blue dash-dot-dash the Gaussian approximation. 
 

A third example is given by the radio emission at 408 MHz as detected by 
Planck which is reported in Figure 4 of [22]. Figure 8 reports the observed data 
and the model of 1D stationary diffusion with losses, 2χ  of the various models 
in Table 1. 
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Figure 8. The radio flux at 408 MHz as reported in Figure 4 of [22] is displayed as black 
points with error bar. The red full line reports the values of concentration computed with 
1D stationary diffusion with losses, see Equations (13) and (14), when L = 1000 pc, 

2pc1
yr

D = , 1mC =  and 4 12.5 10
yearla −= × . The green dashed line represents the poly- 

nomial approximation and the blue dash-dot-dash the Gaussian approximation. 

6. The Diffusion in a Spiral Galaxy 

We now review percolation theory, a model for the evolution of SBs, the diffusion 
from many injection points, some elements of the theory of the image which 
allows building theoretical profiles of the intensity of radiation versus galactic 
longitude, and an evaluation for the index of galactic CRs. 

6.1. Percolation 

The appearance of arms can be simulated through percolation theory [23]-[28]. 
The fundamental hypotheses and the parameters adopted in the simulation are 
now reviewed.  

1) The motion of a gas on the galactic plane has a constant rotational velocity, 
denoted by VG (in the case of spiral type Sb 218 km∙s−1). Here the velocity, VG, is 
expressed in units of 200 km∙s−1 and will therefore be VG = 1.39.  

2) The polar simulation array made by rings and cells has a radius RG = 12 kpc. 
The number of rings, (59), by the multiplication of RG with the number of rings 
for each kpc, denoted by nring/kpc, which in our case is 5. Every ring is then 
made up of many cells, each one with a size on the order of the galactic thickness, 
≈0.2 kpc. The parameter nring/kpc can also be found by dividing 1 kpc by the 
cell’s approximate size. 

3) The global number of cells, 11,121, multiplied by the probability of the 
spontaneous formation of a new cluster, psp (for example 0.01), allows the process 
to start (with the previous parameters, 111 new clusters were generated). Each 
one of these sources has 6 new surroundings that are labeled for each ring.  

4) In order to better simulate the decrease of the gas density along the radius, 
a stimulated probability of forming new clusters with a linear dependence by the 
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radius, pst = a + bR, was chosen. The values a and b are found by fixing prmax 
(for example 0.18), the stimulated probability at the outer ring, and prmin (for 
example 0.24) in the inner ring; of course, prmin≥prmax. This approach is 
surprisingly similar to the introduction of an anisotropic probability distribution 
in order to better simulate certain classes of spirals [29].  

5) Now, new sources are selected in each ring based on the hypothesis of 
different stimulated probabilities. A rotation curve is imposed so that the array 
rotates in the same manner as the galaxy. The procedure repeats itself n times 
(100); we denote by tG the age of the simulation, viz., 100 × 107 yr, where 107 yr is 
the astrophysical counterpart of one time step.  

6) In order to prevent catastrophic growth, the process is stopped when the 
number of surroundings is greater than max (1000) and restarts by spontaneous 
probability.  

7) The final number of active cells (3824) is plotted with the size, which decreases 
linearly with the age of the cluster. In other words, the young clusters are bigger 
than the old ones. Only 10 cluster ages are shown; only cells with an age of less 
than life (in our case 10 × 107 yr) are selected.  

A typical run is shown in Figure 9 and in Table 2 we summarize the parameters 
used in this simulation. 
 

 

Figure 9. A typical simulation of the galaxy’s arms with the parameters as in Table 2 and 
radius of a cluster inversely proportional to its lifetime. 
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Table 2. Parameters of the model. 

Galactic radius 12 kpc 

Rings/kpc 5 

Stochastic probability 0.01 

Timestep 107 years 

Cells 11,121 

Active 3894 

 
A discussion of the location of the spiral arms and that of the peak of the total 

synchrotron emission can be found in [30]. 

6.2. The Density Profile 

The vertical density distribution of galactic H I is well-known; specifically, it has 
the following three component behavior as a function of z, the distance from the 
galactic plane in pc:  

( ) 2 2 2 2
31 2

1 2 3 1 2 3 1 2 3; , , , , , e e e .z Hz H z Hn z n n n H H H n n n −− −= + +        (25) 

We took [31] [32] [33] 3
1 particles0  .39 m5 cn −= , 1 127 pcH = ,  

3
2 particles0  .10 m7 cn −= , 2 318 pcH = , 3

3 particles0  .06 m4 cn −= , and  

3 403 pcH = . This distribution of galactic H I is valid in the range 00.4 RR≤ ≤ , 
where 0 8.5 kpcR =  and R is the distance from the galactic centre. We now fit 
the above profile with the following theoretical inverse square dependence on z, 

thn , in Cartesian coordinates,  

( )
2

0 0 0
0

; , 1 ,th
zn z z n n
z

−
 

= + 
 

                  (26) 

where 0n  is the number density of the three component medium at 0z =  and 

0z  can be found by minimizing the 2χ  of the difference of the two functions 
(Figure 10). 

6.3. The Super-Bubbles 

In spherical coordinates the density is assumed to be  

( )
( )

0 0

0
020 0

0

; , ,
cos

1

r r

r rz z
r

z

ρ
ρ

ρ ρ θ
θ

<

 <= 
  +  

             (27) 

where the parameter 0z  fixes the scale, 0ρ  is the density at 0z z= , and θ  is 
the polar angle. Given a solid angle ∆Ω , the mass 0M  swept in the interval 
[ ]00, r  is  

3
0 0 0

1 .
3

M rρ= ∆Ω                       (28) 

https://doi.org/10.4236/ijaa.2023.131001


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2023.131001 13 International Journal of Astronomy and Astrophysics 
 

 

Figure 10. Profiles of density versus scale height z: the inverse square profile given by 

Equation (26) when 0 pc239z = , and 3
0 0.565 particles cmn −= , (blue dotted line) and 

the three-component exponential distribution as given by Equation (25) (red full line). 
 

The total mass swept, ( )0 0 0; , , , ,M r r z θ ρ ∆Ω , in the interval [ ]0, r  is  

( )

( )( )
( )( )

( )( )

( )( ) ( )( ) ( )( )
( )( )

( )( )

( )( ) ( )( )

0 0 0

32
0 0 03 0 0

0 0 2 3

34 2
0 0 0 00 0 0 0 0

3 2 3
0

4
0 0

3
0 0

; , , , ,

ln cos1 2
3 cos cos

ln cos
2

cos cos cos cos

.
cos cos

M r r z

z r zz r
r

z r zz z r

r z

z

r z

θ ρ

ρ θρ
ρ

θ θ

ρ θρ ρ

θ θ θ θ

ρ

θ θ

∆Ω

 +
= + −

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The differential equation which models the conservation of momentum is  

( )
( )( )
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 (30) 

where the initial conditions are 0r r=  and 0v v=  when 0t t= . The adopted 
astrophysical units are pc for space and year for time. The starting parameters of 
the inverse square model are *N , the number of SN explosions in 5.0 × 107 yr, 

51E , the energy in 1051 erg, 0v , the initial velocity which is fixed by the bursting 
phase, 0t , the initial time in yr which is equal to the bursting time, and t the 
proper time of the SB. 

A possible set of initial values is reported in Table 3 in which the initial values 
of the radius and velocity are fixed by the bursting phase. 

https://doi.org/10.4236/ijaa.2023.131001


L. Zaninetti 
 

 

DOI: 10.4236/ijaa.2023.131001 14 International Journal of Astronomy and Astrophysics 
 

Table 3. Numerical values of the parameters for the simulation in the case of the inverse 
square model. 

0 3

particles
cm

n  
  

 1 

E51 1 

N* 5.87 × 108 

r0 220 pc 

v0 3500 km/s 

z0 239 

t 5.95 × 107 yr 

t0 36,948 yr 

 
In order to simulate the structure of the galactic plane, the same basic parameters 

as in Figure 9 can be chosen, but now the SBs are drawn with an equal-area 
Aitoff projection. In particular, a certain number of clusters will be selected 
through a random process according to the following formula:  

selected clusters pselect number of clusters from percolation,= ⋅     (31) 

where pselect has a probability lower than one. The final result of the simulation 
for the network of the SBs is reported in Figure 11.  

6.4. Diffusion of CR from SB 

We now model the 1D diffusion from many injection points (in the following IP) 
in a 3D space, disposed on NSB SBs. The rules are:  

1) The first of NSB SB is chosen.  
2) The IPs, for example 200, are randomly generated on the surface of the 

selected SB.  
3) The values of concentration from the multiple diffusion, the IPs, are recorded 

on a 3D grid ( ), ,x y z  which covers the considered 3D space.  
4) At each point of ( ), ,x y z  we evaluate the distance of the nearest IP  
5) The value of ( ), ,x y z  is computed with Formula (A.1) in the case of a 

steady state diffusion with losses, see Table 4, or Formula (21) in the case of 
transient diffusion in the presence of an initial exponential profile of concentration, 
see Table 5.  

6) The next SB is chosen and the process restarts from point 2. 

6.5. The Image Theory 

The transfer equation in the presence of emission only, see for example [34] or 
[35], is  

d
,

d
I

k I j
s
ν

ν ν νζ ζ= − +                      (32) 
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Figure 11. Structure of the galactic plane in the Hammer-Aitoff projection, as resulting 
from the SB/percolation network. The value of pselect is 0.04, corresponding to 143 
selected clusters. The parameters of the inverse square model are reported in Table 3 and 
each SB has 200 random points on its surface. 
 
Table 4. Numerical values of the parameters for the diffusion in the case of 1D stationary 
diffusion with losses, see Equations (13) and (14). 

a = −1000 pc 
b = 0 pc 

c = 1000 pc 
D = 10−4 pc2/yr 

Cm = 102 
al = 10−9/year 

 
Table 5. Numerical values of the parameters for the diffusion in the case of transient 
diffusion with losses computed with Equation (21). 

L = 2000 pc 
D = 10−4 pc2/yr 

N0 = 103 
t = 3 × 107 year 
al = 10−10/year 

 
where Iν  is the specific intensity, s is the line of sight, jν  the emission coefficient, 
kν  a mass absorption coefficient, ζ  the mass density at position s, and the 
index ν  denotes the relevant frequency of emission. The solution to Equation 
(32) is  

( ) ( )( )1 e ,sj
I

k
ντν

ν ν
ν

τ −= −                     (33) 

where ντ  is the optical depth at frequency ν   

d d .k sν ντ ζ=                        (34) 

We now continue analysing the case of an optically thin layer in which ντ  is 
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very small (or kν  very small); the equation of transfer is  
d

.
d
I

j
s
ν

νζ=                         (35) 

The integration of the above equation gives  

( ) ( ) 1

0
1 0 d .

s

s
I s I s j sν ν νζ= + ∫                   (36) 

If the background is assumed to be dark, the image is proportional to the 
integral of the emissivity  

( ) 1

0
1 d .

s

s
I s j sν νζ= ∫                      (37) 

The discrete version of the above equation is  

( )
1

,
n

I s sν ζ∝ ∆∑                       (38) 

where n is the number of elements belonging to the considered region. The 
point of view of the observer plays a significant role and we analyse three cases:  

1) The Galaxy is seen face on, see Figure 12 where a theoretical annulus is 
visible  

2) The Galaxy is seen edge on  
3) Whole sky map in Hammer-Aitoff or Mollweide projection, see Figure 13.  
Another interesting astrophysical feature is the annulus with enhanced syn- 

chrotron emission, whose distance from the galactic centre lies between 5.5 kpc 
and 7.6 kpc [30]. In Figure 14 we isolate a given region of simulated synchrotron 
emission. 

Before continuing, we introduce the simplest model for the image of a spiral 
galaxy as seen edge on. We assume that the number density C of the radiation- 
emitting material is constant in a thin cylinder (radius sa , height h, sh a ) 
and then falls to 0. The line of sight, when the observer is situated at the infinity 
of the x-axis, is the locus parallel to the x-axis which crosses the position y in a 
Cartesian x-y plane and terminates at the external circle of radius sa , see [36]. 
The length of this locus is 
 

 

Figure 12. Intensity of synchrotron emission when the galaxy is face on, see parameters 
of the diffusion in Table 5. 
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Figure 13. Intensity of synchrotron emission when the Galaxy is seen in Mollweide 
projection, see parameters of the diffusion in Table 5. 
 

 

Figure 14. Intensity map of synchrotron emission comprised between the maximum and 
maximum/2.1 (green zone), which has the appearance of an irregular annulus, and two 
radii, 5.5 kpc and 7.6 kpc (red circles) which include the observed annulus; parameters as 
in Figure 12. 
 

2 2
0 2 ; 0 .

sa s sl a y y a= × − ≤ <                (39) 

The number density mC  is constant in the thin cylinder of radius sa  and 
therefore the intensity of the radiation is  

( )2 2
0 2 2 sin ; 0 ,

sa m m s sI C a y C a y aθ∝ × × − ∝ × ≤ <       (40) 

where the angle θ  varies between −90 deg and 90 deg. An example of the 
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Galaxy as seen edge on is given by the radio emission at 408 MHz as detected by 
Planck which is reported in Figure 5 of [22], see Figure 15. We now analyse 
whether the sine law as represented by the above equation is comparable with 
standard fits. For this purpose Figure 16 reports the comparison of the radio- 
intensity versus galactic longitude with the sine law, a polynomial fit and a Gaussian 
fit; the 2χ  being evaluated in Table 6. 
 

 

Figure 15. Intensity of synchrotron emission in Mollweide projection, see parameters of 
the diffusion in Table 5 (green line), observed data as in Figure 5 of [22] (red points) and 
blue theoretical thick line given by the trigonometrical Equation (40). 
 

 

Figure 16. Observed intensity of synchrotron emission in Mollweide projection, as in 
Figure 5 of [22] (black points), red theoretical thick line given by the trigonometrical 
Equation (40), the green dashed line represents the polynomial approximation and the 
blue dash-dot-dash the Gaussian approximation. 
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6.6. The Spectral Index 

Let us assume that the initial number of CRs that are diffusing, N, has the 
following dependence on the diffusion coefficient:  

( )0 0 ,N N D D β=                       (41) 

where β  is the exponent of the power law. The analytical solution to the 
transient equation of diffusion with losses, Equation (15), for an initial sin4 profile 
of concentration is  

( )

( ) ( )2 2 2 2

2 2

16 4

0
0

4 2cos e 4cos e 3e

, .
8

l l

l

t D L a t D L a

a tL LD x xN
D L L

u x t

β π + +
− −

−

π 
      − +        

π π
   

 =

(42) 

In the above equation the diffusion coefficient can be expressed in terms of 
energy in GeV, see Equation (7), by Table 7. 

( ) ( )
( )

( )( )

( )( )

14 14 2 9

2

15 14 2 8

2

1.0 10 1.0 10 2.611 10 GeV

0
0

8.0 10 1.25 10 8.162 10 GeV

1.0
0 0

GeV 12.566, 0.125 e cos
GeV

6.2830.5 e cos 0.37 e .

l

l

l

t L a E

L

t L a E

a tL

E xu x t N
E L

xN N
L

β −

−

× × + ×
−

× × + ×
−

−

   = ×        


  − +    


(43) 

Figure 17 reports the results of the simulation of CRs as well the data for CRs 
as extracted from [37]. 
 
Table 6. Numerical values of the parameters for the 2χ  as given by Equation (22) for 
distribution of radio-emission versus longitude.  

Case Reference 
2χ , 

Sine model 

2χ , 
Polynomial profile 

2χ , 
Gaussian profile 

radio-observations [22] 1,900,888 2,130,949 1,192,361 

simulation this paper 1,384,459 1,005,467 1,192,579 

 
Table 7. Numerical values of the parameters for the transient diffusion with losses computed 
with Equation (43). 

L = 2000 pc 
x = 500 pc 

N0 = 5 × 108 
t = 3 × 107 year 
al = 10−7/year 
E0 = 10 GeV 

β = −3 
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Figure 17. Flux of Hydrogen versus energy per nucleus in Gev: experimental data (green 
points) and theoretical power law (red full line) as given by Formula (43) with parameters 
as in Table 7. 

7. Conclusions 

Diffusion with Stationary State 
A new solution for the 1D diffusion equation with losses proportional to the 

concentration was derived, see Equations (13) and (14). 
PDE & Boundary Conditions 
Two new solutions for the transient 1D diffusion with losses in terms of Fourier 

series were derived. The first solution is in the presence of an exponential profile 
of concentration, see Equation (17), and the second solution was derived in the 
presence of a trigonometric profile, see Equation (19). A third analytical solution 
was derived in the case on an initial sin4 profile of concentration, see Equation 
(21). 

The Astrophysical Profiles  
The new laws derived for the diffusion of CRs were applied to the observed 

profiles of radiation versus galactic latitude, analysing two cases of diffuse γ-ray 
emission, see Figure 6 and Figure 7, and one case of radio emission, see Figure 
8. The analysis of the 2χ  as reported in Table 1 suggests that in one of the 
three cases considered the analysed new physical mechanisms produces a 2χ  
smaller than for the polynomial and the Gaussian fits. A longitude distribution 
of emission at 408 Mhz along the galactic plane as well the theoretical profile 
were reported in Figure 15. An analysis of the 2χ  for the observed radio-case 
indicates that the sine law given by Equation (40) produces a 2χ  smaller than 
the polynomial fit but bigger than the Gaussian fit, see first line of Table 6. In 
the simulated case the 2χ  is comparable but bigger than the polynomial and 
Gaussian fit, see the second line in Table 6. In other words we have validated a 
classical explanation for the excess of radiation observed in the various astronomical 
bands at the centre of the galaxy.  
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The Astrophysical Map 
Figure 12 reports a map of the theoretical synchrotron emission for a spiral 

galaxy as seen face on. The tendency to form an annulus, such as that reported in 
Figure 2 in [30], is due to the combination of the spiral structure with the 
diffusion of CRs. 

Future Projects 

The arguments here developed can be applied to the analysis of the γ-ray 
background, following the hypothesis that it is produced by the star-forming 
galaxies [38]. The SBs are hot and emit X-rays, so there are a lot of electrons for 
the gamma-rays to scatter and therefore the hypothesis of the inverse Compton 
production of radiation should be considered.  
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Appendix: Solution of the ODE 

The ODE of the second order  

( ) ( )
2

2

d 0,
d lD u x a u x
x

 
− = 

 
                   (A.1) 

is homogeneous and has constant coefficients. A trial solution is  

( ) e ,rxu x =                           (A.2) 

the characteristic polynomial is  
2 0,lDr a− =                          (A.3) 

which has roots  

1 2, .l la a
r r

D D
= = −                      (A.4) 

The general solution of the ODE is  

( ) 1 2e e .
l la x a x

DD DDu x c c
−

= +                    (A.5) 

We now introduce two boundary conditions ( ) 0u a =  and ( ) mu b C=  which 
yields a system of two equations in the two variables 1c  and 2c   

1 2e e 0,
l la a a a
D Dc c

−
+ =                    (A.6a) 

1 2e e .
l la b a b
D D

mc c C
−

+ =                   (A.6b) 

The two solutions of the system are  

1
e

,

e e e e

l

l l l l

a a
D

m
a a a b a b a a
D D D D

C
c

−

− −

= −

− +

               (A.7a) 

2
e

,

e e e e

l

l l l l

a a
D

m
a a a b a b a a
D D D D

C
c

− −

=

− +

               (A.7b) 

and therefore the solution of the ODE is  

( )

( ) ( )

( )

2

2

e 1 e

.

e 1

l l

l

a a x a b x
D D

m

a a b
D

C

u x

− −
−

−

 
 −
 
 =

−

              (A.8) 
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