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Abstract

Optimal investment and consumption problem for a CRRA investor or agent
is solved in this study. An agent invests in the financial market with one
risk-free security and one risky security. The stochastic interest rate dynamics
of risk-free security follow a Ho-Lee model and the risky security is modeled
as Heston’s model with its volatility parameter dynamics following a Cox-
Ingersoll-Ross (CIR) model. Interest rates and volatility rates, in reality, are
stochastic due to uncertain events such as the Coronavirus disease 2019
(COVID19) pandemic, climate change, etc. Our main goal is to allocate initial
wealth x, between risk-free security and risky security in order to maximize
the discounted expected utility of consumption and terminal wealth over a fi-
nite horizon. Applying the Dynamic Programming Principle (DPP), the HJB
PDE for the value function is established. The power utility function which
belongs to the Constant Relative Risk Aversion (CRRA) class is employed for
our analysis to obtain the value function and optimal policies. Finally, nu-
merical examples and simulations are provided and discussed.

Keywords

Investment-Consumption Problem, Ho-Lee Model, Heston’s Model,
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1. Introduction

One key area of mathematical finance is the problem of an investor who seeks to
maximize the expected utility of consumption and terminal wealth. This re-
search work builds on the celebrated work of Merton in [1] [2] who originally
studied continuous time investment and consumption problems when stock price
follows a geometric Brownian motion. For Merton’s work, both the interest rate

and volatility rate are constants. In real life, Interest rates and volatility rates are
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not constant. For example, the US 2007-2008 global financial crisis (housing
bubble) made the US central banks adjust interest rates considerably. Interest
rates and volatility rates, in reality, are stochastic due to uncertain events such as
the Coronavirus disease 2019 (Covid19) pandemic, climate change, wars, infla-
tion, natural disasters, fiscal policy and financial policy adjustments. In this
study, a stochastic control problem of a single investor with stochastic interest
rate from a bond modeled as a Ho-Lee process and a stock modeled as a Hes-
ton’s process with its volatility dynamics following a Cox-Ingersoll-Ross (CIR)
process is investigated. These models are industry standard for option pricing
and maximization problems. Thus, it is worth considering in solving an optimal
investment and consumption problem in this mixed structure. Our main goal is
to allocate initial wealth x, between risk-free security and risky security in order
to maximize the discounted expected utility of consumption and terminal wealth
over a finite horizon. Bellman’s optimality principle, introduced by Bellman [3]
called the Dynamic Programming Principle (DPP) will be applied in order to
determine the Hamilton-Jacobi-Bellman Partial Differential equation (HJB PDE).
The investor preferences are modeled as a Constant Relative Risk Aversion
(CRRA) function. Our major contribution is that we have extended Merton’s work
in [1] [2] problems with a unique mixture of consumption, stochastic interest
rate and stochastic volatility rate simultaneously. So far, many researchers have
studied such a control problem by considering constant interest and constant
volatility. Some have considered one stochastic parameter in their analysis. How-
ever, such assumptions are unrealistic and not practical in the real financial world.

In addition, we have also linked probability theory to PDE mathematics.

2. Links to the Literature

The problem of optimal investment and consumption has attracted a number of
extensions. For instance, a paper by Benth [4] analyzed Merton’s portfolio opti-
mization problem with stochastic volatility of Ornstein Uhlenbeck type. Yi and
Guan [5] treated consumption and investment problem with volatility being
constant. Zariphopoulou [6] explored consumption and investment problem
with an interest rate, mean rate of return, and dispersion coefficient being
constant. A paper by Sandjo et al [7] considered constant expected return and
stochastic volatility. Wang et al. [8] researched on optimal portfolio and con-
sumption rule with a short interest rate driven by the CIR model under HARA
utility function. Harrison and Kreps [9] and Harrison and Pliska [10] applied a
different approach called martingale methods to solve an optimization problem.
Cox and Huang [11] discussed optimal consumption and portfolio policy when
asset prices follow a diffusion process. Jinzhu and Rong [12] considered a Cox-
Ingersoll-Ross (CIR) model to describe the stochastic interest rate and stochastic
volatility of the stock. Noh and Kim [13] Studied optimal portfolio model with
stochastic volatility and stochastic interest rate with an assumption that the risky

asset prices follow geometric Brownian motion. Pang [14] investigated the in-
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terest rate which varies according to a Markov diffusion process and that risky
asset price obeyed a logarithmic Brownian motion. Korn and Kraft [15] obtained
optimal policy for the case of a Ho-Lee model and Vasicek model for interest
rates. Kraft [16] examined optimal portfolios and considered only Heston’s sto-
chastic volatility model. Liu [17] considered the stock portfolio selection prob-
lem when stock return volatility is stochastic via Heston’s model. Zariphopoulou
[18] studied optimization models in a market where assets are modeled as a dif-
fusion process with coefficients changing with time according to correlated dif-
fusion factors. Zariphopoulou [19] considered an optimization problem with
bond price deterministic and the stock price modeled as a diffusion process
such that coefficients of the stock price diffusion are arbitrary nonlinear func-
tions of the underlying process. The paper by Fleming [20] investigated on
consumption model with stochastic volatility and constant interest rate. Fouque
et al. [21] considered a portfolio optimization problem with stochastic volatility
and constant interest rate. In recent years jump-diffusion models, as well as Levy
process models, have become popular in financial research. This is due to the
shortcomings of the simple Brownian motion model developed in Black and
Scholes [22].

In this study, Merton [1] [2] are extended in a unique way by studying the
stochastic control problem for an agent who faces consumption, stochastic in-
terest rates and stochastic volatility rates simultaneously. So far, many research-
ers have studied such models by considering either stochastic interest or stochas-
tic volatility rates separately. However, such an assumption is unrealistic and not
practical in the real financial world. Therefore, introducing stochastic interest
and stochastic volatility rates simultaneously makes our model more realistic
and practical although such stochastic control problems led to complex or so-
phisticated HJB PDE.

The outline of this paper is as follows: Section 1 Introduction. Section 2 Lite-
rature review. Section 3 Description of the financial market model. In section 4,
the wealth model is determined. Section 5 Optimization criterion description. In
section 6, the HJB PDE for the value function is derived. Section 7, we investi-
gate the value function, optimal investment and consumption policies. In Sec-
tion 8, numerical examples and simulations are provided. Here, the effect of
market parameters on the optimal investment and consumption policies are il-
lustrated. In Section 9, the conclusion and suggested possible future research

work are stated.

3. Financial Market Model

Let (Q, F,F, ]P) be a filtered complete probability space with filtration (.7:t )ogtg
satisfying the usual conditions such as (.7-:)0StST being right continuous com-
plete filtration and P -complete. Let all stochastic processes be well defined and
adapted in the filtered complete probability space (Q, F,F, IP’) .

Consider a financial market of a single investor with a portfolio consisting of
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one risk-free security (e.g. a money market account or bond) B(t) and one
risky security (e.g. a stock or stock index) S(t).
Let the price dynamics of the risk-free security B(t) evolve as follows:

dB(t)=r(t)B(t)dt, W
B(0)=1,
with stochastic interest rate r(t) following a Ho-Lee model given by:
dr(t) =6, (t)dt+o,dW" (t), @)
r(0)=r,>0,

where 6, (t) is the expected instantaneous change in the interest rate, o, >0
is a constant volatility factor and W' (t) is a one-dimensional wiener process
on a filtered probability space (Q,IF,}" ,IF’). Assumed that 6 (t) can be writ-
tenas 6,(t)= }/[ﬂ -r (t)} ,where y and S are constants.

Let the price dynamics of the risky security a stock (or share) S(t), follow a
Heston’s model given by:

{ds (t) =S (t)[r(t)+kn(t) ]dt+ 0,7 (1)S (t)dW (¢),

3)
5(0)=s, >0,

where kn(t) is the appreciation factor, o,/n7(t) is the volatility of the risky
priceand W° (t) is a Wiener process on a filtered probability space (Q, F,F, ]P’) .
Note that S(t) is risky stock price, r(t) is risk-free interest rate, k >0 is
the expected returns parameter of risky asset and o, is the volatility of the vo-

latility /77(t) of risky asset.
In addition, let 7(t) follow a Cox-Ingersoll-Ross (CIR) model given by:

{dn(t):[az—bry(t)]dwaz 7(1)dw? (t),

(4)
77(0) =1, >0,

where 6,>0, b>0, and o, >0 are constants. Also note that 7(t)>0 for

all t>0. W" isa wiener process on a filtered probability space (Q,F,F,P).

4. The Wealth Model

Consider an investor with an initial amount of money X, >0 and a time hori-
zon of interest 7. Over the time interval [O,T] , the investor changes his portfo-
lio dynamically. Let C(t) denote the rate of continuous consumption. Let
7(t) denote the wealth to be invested in the risky asset S. Then the amount in-
vested in the risk-free security is given by X(t)-7z(t). Note that the pair
(C (t) , ﬂ'(t)) is an investment and consumption strategy.

Lemma 1 The net wealth for an investor who faces intermediate consumption,

stochastic interest rate and stochastic volatility rate evolve as follows:

dx (t)=[ X (t)r(t)=C(t)+z(t)kn(t) ]dt+z(t)oy\fn (t)dW* (1), 5)
X(O) =X, >0.
DOI: 10.4236/jmf.2022.124032 610 Journal of Mathematical Finance
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Proof In lemma 1, we prove the net wealth model for our financial market.

Note that net wealth with intermediate consumption is defined by:

()| (x()-0) P es O | -ewae.
X(0)=x, >0.

Substituting 1 and 3 into 6 gives:
()[R0 OO0k

oy (H)aw* (1) |-c(t)d (1).
Rearranging 7 gives us that:

{dX(t) =[x (t)r(t)-C(t)+z(t)kn(t)]dt+z(t)on(t)dW® (1), @)

X(0)=x, >0.

5. The Optimization Criterion

Suppose the set of all admissible strategies is denoted by A.
Definition 5.1 An investment and consumption strategy pair (ﬂ'(t) ,C (t)) eA

is said to be admissible if the following conditions are satistied.

1) The pair (7z(t),C(t)) is progressively 7, -measurable and LJT 7z(t)2 dt <o,

[lc(t)dt <o, forall T>0.
0

2) 8| [} (7)o a0 ot |<oo.

3) For all admissible pair (ﬂ(t) , C(t)) , the wealth process 5 with X(O) =X >0
has a path wise unique solution.

Remark 1 The investor's objective is to maximize the net expected discounted
utility of consumption plus the expected discounted utility of terminal wealth.

In this study, the power utility function which belongs to the CRRA class is
used. The investor’s objective is to maximize the expected discounted utility of
consumption plus the expected discounted utility of terminal wealth formulated
mathematically as follows:

e ]E[ [} gexp U, [C(t)]dt+(1-g)exp ™ U, [X(T )]]. )

subject to the budget constraint

{d?{(t)=[2((t)r(t)—c(t)+7z(t)k77(t)]dt+7z(t)o—1 n(t)dw* (1), (10)
X(0)=x >0,
{dr(t):@0 (t)dt+o,dW' (1), an

and
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{dn(t){%—bﬂ(t)}d”‘fzmdwn (t), (12)

17(0) =1, >0.
Definition 5.2 7he value function is defined as

v(t,r,n,x):(”(jg(g)EAEUO¢exp U, [C(t)]dt+(1-g)exp UZ[X(T)H, (13)

with boundary conditions
V(T,rm.x)=(1-¢)exp " U,[ X(T)]. (14)

where X (t) >0 for all ¢ with Tbeing the date of death, X (T) is the value at
time 7 of a trading strategy. The parameter A is the subjective discount rate
and ¢ determines the relative importance of the intermediate consumption.
E denotes the conditional expectation operator. U,[C(t)] and U,[X(T)]
are consumption and bequest functions respectively.

Remark 2 Note that U, [C(t)] and U, [X (T )} are such that U (.) is twice
differentiable with U'(.)>0 and U"(.)<0.

Remark 3 When ¢ =0, the expected utility only depends on the terminal
wealth and the problem is reduced to an investment problem without interme-
diate consumption.

Definition 5.3 Let X(0)>0 be the initial wealth, the investor's optimal in-
vestment and consumption problem is to maximize the expected discounted
utility over the set of all admissible strategies (7[ (t).C(t )) such that:

V(z*(t))= sup V (15)
(ﬂ. ()) (7(1).c(t))eA (ﬂ-)

and
V(C*)z sup  V(C), (16)

(ﬂ(t),C(t))eA
for all (7r* (t),C* (t)) eA, te [O,T].

6. The Hamilton-Jacobi-Bellman PDE

Bellman’s optimality principle, introduced by Bellman [3] called the Dynamic
Programming Principle (DPP) will be applied in order to determine the Hamil-
ton-Jacobi-Bellman Partial Differential equation (HJB PDE). By applying DPP,
the fully HJB PDE associated with the stochastic control problem 13 is the non-
linear second order PDE given as follows:

V, + sup [(rx —C+zkn)V, -‘r%ﬂZUlZ?]VXX +6\V, +%a§Vrr
(7.C)eA . (17)

+(6,-bn)Vv, +§a§77v,m + 70,0V, +dexp U, (C)} =0.
where V,, V,, V., V,, V,
Remark 4 For the sake of closed form solutions from the HJB PDE 17, we as-

sume the following:

V,, V,, and V, denotes partial derivatives.

(10
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1) The correlation coefficient p e {—1,1} of dWw'dw?® , dw7dw® and
dW 'dw” .

2) Interest rate for risk-free security and risky security are equal.

Remark 5 The reduction of the initial nonlinear HJB PDE to a linear PDE is
useful for obtaining both the value function and the optimal policies.

Definition 6.1 Applying the first-order maximizing conditions to 17, we ob-
tain the following candidate optimizers:

kV _ 02 p er]

7 (t)=-——2

18
012 Vxx O_lv ( )

XX

and

uj(c’)- ¢e:(’;ﬁ . (19)

Substituting the candidate optimizers 18 and 19 into the PDE 17 we get the
following after simplification:
KV opptnYy,
202V, vV

2
+OV, + 002/" +(6, -bn)v,
XX (20)

+gexp U, (C7)=0.

V+rxV, =C (t)V,

2
+ 0, 77\/;7;; _ kO'2P77 vaxq
2 o,

XX

At this stage, we can apply power transformation and change of variable tech-

niques to reduce PDE 20 to a linear PDE with well-defined solutions.

7. The Value Function and Optimal Policies

Solving PDE 20 by applying power transformation and change of variable tech-
niques results in a linear PDE with well-defined solutions and thus, the value
function and optimal policies can be established.

Taking a trial solution for PDE 20 take the form

X§

V(t,r,nx)=exp® Fg(t,r,n), g(T.r.p)=1-4. (21)

The partial derivatives for 21 are given by:
x° x°
V,=-dexp ™ ——g+exp ™ =g,
t p S g p S 9

-t yo-1

V, =exp ~ x°g,
V, =exp ™ (5-1)x°?g,

a X
V, =exp Fg“

s 22)
a X (
Vrr =€exp 7 grr ’
5
X
_ —at
V, =exp ?g,],
5
X
_ A
me =&xp S Y
—Jt 51
V,, =eXp 7 X°7g,.
DOI: 10.4236/jmf.2022.124032 613 Journal of Mathematical Finance
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Note that the optimal consumption strategy becomes
1

( ) ¢a 1X 5-1 (23)

Substituting 22 and 23 into 20 gives the following after simplification:

2 2 2
exp | g, + —A+r5—lk—ﬂ J g_lazp 79 9,9, +6,9,
20 6-1 - g

(24)

1.,
+-0009, t

kf]O'zp ) -
2 5-1

1 2
50219y, +[92 —br - 7|9, (1-0)¢ g =0
0y

Eliminating the dependence on x gives a PDE of the form:
2 2 2 S 2 2 2

l: 775 _o-zpn g” +Hogr+&grr+ﬂ
207 (6-1) 2(6-1)g 2

2
+| 0, —by - K19209 14 +(1—5)¢5%119%:0
2 o, (6-1) )7

gl+[—/1+r5— 9,,

(25)

Again we assume PDE 25 is of the form:

. 1

g(t,r,y)=f (t,r,n)l'a, f(T,r,p)=(1-¢)5. (26)
The partial derivatives for 26 are given by:
g9, =(1-0)f°f,
g, =(1-5)f7f,,
0, =(1-0)(=6) f 2 +(1-5)f °f,, (27)
g,=(1-06)f7f,
9,, =(1-6)(-6) f 72 +(1-5)f 1,

m

Substituting 27 into PDE 25, we obtain:

-5 —4 ro 1k i
(1-0)f {f‘{l 5’16 207 (5-1)( 5)jf

+;azp ndf 2+ 6,1, += o-o(f‘lfrz+f") (28)

k 1
—%agn(sf1f,f+fw)+[ez—bn—ﬂ5‘sljf e :o}.

O, -

Eliminating (1-5) f~° and simplifying further, 28 result to a nonlinear
second-order PDEin f given by:

r6—1 1k’n & 1 )
ft+( 1-5 +2 012 (5_1)2Jf+50'2277(5)[ —1Jf lf +6, 1, +20-0 f,

(29)

1 ,.f2 1, kno,p & .
—5005T+55277fn77+ Bz—bi]——zﬂ f”+¢15:0.

Remark 6 Note that PDE 29 is still complex and cannot be solved directly
1
since there exists the term ¢~ .

Inspired by the paper of Liu [17], we further assume a solution to 29 as stated
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below:

Lemma 2 Assume f given by

F(trm) =g [ F (urm)du+(1-g)at (L), (30)

is the solution to 29. Then we can prove that (t,r,7) can be written as:

c [ro-2 1Ky & | 1, s rare
f S f+>o3n(s) p>-1] 117 +6
t+[ 16 20 (5-1)2] el )L -1] ol on

1, 1 frz 1 A kno,p o
+Ea§frr—50557+502277fw+[92—b77——2—

with the boundary condition f (T.r,p)=1.
Proof In lemma 2, we seek to convert PDE 29 to PDE 31. Define the differen-

tial operator A onany function f(t,r,7) as

_ 2
Af [6 uk_nLJf

1 2 2 -1¢2
Zoin(8) p?-1] 112+ 6,1
1-6 20 (5-1) o Lot ]t

1 ,, 1, 2 1, kno,p &
+EGO frr—EGO5T+EGZTIf77”+ ez—bﬂ—lea—_ f’l (32)
=0.

Then equation 29 can also be written as

%+Vf +¢19 =0, (33)
where
1
f(T.rn)=(1-¢)51. (34)

Notice that, on the other hand, we find

of of L 1. BN
Ve =§(¢”L f(u,r,n)J+V[¢l5L f(u,r,n)dUJ
~-ppa( S

(t.r.m)+ Vi (t,r,ry)j

1

=g f(try)+ ¢ [ VE (u,rp)du (35)

+(1—¢)511(

~—

|

f(t,r,n)+vf (t,r,n)j

D

t

1
s
Note also that

f(t,r,n)+LT Vf(u,r,n)du =1
o - . (36)
E f (t,r,n)+Vf (t,r,n)zo

Therefore,
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I vi = 0, (37)
ot

where
f(T.rn)=1. (38)

Implying 29 can be converted to the following:

~ — 2 ~ ~ ~ ~
fl{m A1k o ]f+10'2277(5)[p2—1:|f'1f2+90fr

1-6 202 (5-1) 2 7
1A( ) (39)
1 ,» 1 ,.f2 1, » kno,p & ):
+—o,f —~0:6—4—+=o,nf +|0,-bnp———"——1|f =0,
2 0 'rr 2 0 f 2 277 nn 2 77 O'l 5_1 n

with the boundary condition f (T.r.p)=1.

PDE 29 has been converted to PDE 31. PDE 31 has well defined solutions.

Thus, solving 20 or 29 is equivalent to solving 31.

Theorem 1 Suppose V (t, r,nm, x) is continuously differentiable and twice con-
tinuously differentiable for all te[0,T] and (r,x,n)e RxRxR, then the so-
lution of the HJ/B PDE 20 is given by

V(t,r,n,x)= expﬂ%ﬁ{qﬁl-lﬁf exp{H (u)n+L(u)r+M(u)}du
(40)

+(1—¢)1—15exp{H(t)ry+£(t)r+M(t)}} ,
with H(t), £(t) and M(t) given by:

H(t) = - [1_“{_022;(&)2 e _t)ﬂ, (41)
(51—§z)exp{—o-220-1(5p2 +1-8)(&-&)(T —t)}

£(t) =%(T 1) (42)
and
M(t)=]" BU@ (1-6)L° (S)—HOE(S)—HZH(S)+£} ds.  (43)
In addition, the pair (7",C")e A given by
7 (1) ('1‘_ 50 “;'1”:" (1) (44)
and
C(t)= ¢§X(t) f (45)

are the optimal investment and consumption policies when interest rates of a
risk-free security follow a Ho-Lee model and stock price dynamics evolve as a

Heston’s model.
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Proof. In theorem 1, assume we can fit a solution f (t, r, 77) given by:
f(t,rn)=exp{H(t)n+L(t)r+M(t)}, (46)
with the boundary condition H(T)=£(T)=M(T)=0.

From equation 46, we have the following partial derivatives:
fo=[HO)n+L(Or+MO)]F(trn),
f.=C(t)f(t,rn),

f,=c2(t)f(trn), (47)
f, =H(t) f(t r7),
fA —HZ( ) (t r, 77)

Substituting 47 into 31 gives:

(H'()n+L'(t)r+ M (1) f(t,r,n) [

ZJf(t,r,n)

+%02277(5)( ) (4rm)+ 0,L(0) T (Lr)+= 0052()f(t,r,77) -

2ot () (Lrn) S ot (0 ()

k 1) °
+(02 —ﬂ—G;—mEJH(t) f (t,r,?]) =0.
1

Canceling the term f(t, r,n) on both sides of 48 gives:

(H'(t)n+£’(t)r+M’(t))+[5r_/1 REL ]

1-6 207 (5_1)2

+%6277(5)(p ) H+ G L)+ 0052( )—%0§5£2 (t) (49)

1, .. ko,pn o
+=o,nH* (t)+| 6, —bp ——2———— |H(t)=0.
2 21 ( ) [ 2~ o, o-1 ( )
Rewriting equation 49 to collect like terms in rand 7 gives:

2
H'(t)+%a§(p 14t jHZ() (b+"p"25ij7i(t)+%k—2 ° ]
(50)

o o0-1

n

+r[£’(t)+%}+[/\/l'(t)—%a§ (1-8)2 (t)+¢90£(t)+¢927-{(t)—i} _o.

After eliminating 7 and r, we can split Equation (50) into three ODE’s as
follows:

, 1 5,0, 1) 2 kpo, & 1 k? 1)
H (t)+—= “1+= |H(t)-| b+ —=— |H(t)+=————=0,
rgei(et g e (b 2 S
H(T)=0
L t)+i=0,
1-6 (52)
L(T)=0
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and
M ()= 202 (1-5) 22 (t)+ 6L (1) + O,H (1)~ =0,
2°° 0 2 1-5 (53)
M(T) =0,
Rewriting Equations (51)-(53), we get
’ 1 2 2 1 2 kPGZ 5 1k2 5
H(t)=-= “14+= [H () +| b+ 2 T | H () -2 ——,
O Gt LA O e ey 10 T e
H(T):O
)
L'(t)=———,
() 1-6 (55)
£(T)=O
and
M(t)= 262 (1-5) 22 (t) = G,L () - O, () + .,
2°° 0 2 1-5 (56)
M(T)=O.
Rewriting Equation alone (54), we obtain:
' 1, 2 2 2 kpo, 5}
H(t)=—=0,(0p"+1-0)| H"(t)- b+ H(t
(0=-301 0" 18] 1)t b )
(57)

N k? o
o (5-1) o3 (9p” +1-5)
Let A,, denote the discriminant of the quadratic equation given by:

2 kpo, & k? )
H(t)- b+-———2 H(t)+— . (58)
(t U§(5p2+1—5)[ o, 6—1J (® ot (5—1)20'22(5p2+1—5)

Implying

A 4 o kpo, & © s
H 4 2 2 2 o’ (5—1)2 2(5 2+l—5)
o,0; (5p +1—5) 1 o, (op

(59)

4 k> 5 - ,
Uﬁaf(5p2+1—5)2{5—1+5—1[(kp+kp) 0 (1-p )ﬂ

Let the discriminant A,, have distinct real solutions, that is A, >0, then

we obtain the following condition for & necessary for numerical analysis:
kZ
o< 5
(kp+kp)’ +b?(1-p°)

Considering condition 60, if we integrate both sides of 57 with respect to £ we

<1. (60)

obtain:

1 T 1 1 -1, ) . B
51_§2L{H—fl_H—ﬁfz}dH(t)_7o-zo-l(5p +1=6)(T-1), (6D
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where & and &, are two distinct real solutions for 57 given by:

Sio = L z{b—l-kpo-z d }
0'220'1(5;)2 +1—5) o, 6-1
t — 4 (kp+k,o)2+b2 1-p? }
\/03012(5,0“1—5)2{5—1 5—1[ ( )J
Solving 61 with terminal conditions (T ) =0, we obtain:
2
G152 {PGXP{—GZ;H(&)Z +1-8)(&-&)(T _t)ﬂ
H(t)= (63)

(&-4 )exp{—azzzgl(gpz +1—5)(§1 -&)(T —t)}

The solutions to the Equations (55) and (56) are obtained directly as follows:

L(t) :%(T -t) (64)

and

M(t)= .[tT Ba& (1-9)C (s)—@ﬁ(s)—&ﬂi(sﬁ%}ds. (65)

Therefore, the value function is represented as follows:

V(t,r,n,x) :exp‘“%‘s{qjl—lé.[: exp{H (u)n+L(u)r+M(u)}du

N 1-6 (66)
+(1—¢)15exp{H(t)n+L‘(t)r+M(t)}} .
where H(t), L£(t) and M(t) are given in 63, 64 and 65 respectively.
In addition, the optimal feedback portfolio functions are given as follows:
. k o,p T,
t) = -y Z2F L (x 67
() (612(1—5)+ o, fJ( ) (67)
and
1
C(t)=¢o (X)), (68)
where
1
=T
f(tr,n)=¢>7| expyH(u)n+L(u)r+M(u)idu
(t.r)= ¢+ [} exp{H(u)y+ L(u)r+ M(u)} ()

+(1_¢)$ exp{H(t)n+L(t)r+K(t)},

with H(t) , ﬁ(t) and M(t) determined in 63, 64 and 65.

8. Numerical Examples and Simulations

In this section, we determine how parameters affect investment T (t) and

consumption C*(t) controls.
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When 6, (t)=0, =0, =0, then problem becomes an investment and con-

sumption problem with the following optimal policies:

. k 1
and
1
C(t)=gox(t) (71)

When p =1, then the problem becomes an investment and consumption

problem giving the following optimal policies:

0 LI SN/ ]
r (t)_a12 1_526(t)+61 . X(t) (72)
and
C(t)=gox(t) (73)

When p=-1, then the problem becomes an investment and consumption

problem having the following optimal policies:

0 PL I S PO 1
ﬂ(t)_alz =y - (1) (74)
and
C(t)=gox(t)f (75)

When ¢ =0, the problem becomes an asset allocation problem without con-
sumption. In such a case, optimal policies can be investigated further in another

study.

8.1. Effects of Wealth X on Optimal Investment z*(t) and

Consumption C*(t)

Here, we assess the effects of Wealth on investment and consumption. Note that

. f
ai:iz.i+%._ﬂ>o_ (76)
oX ol 16 o f

and
— =g f >0 (77)

Figure 1 and Figure 2 show the effect of the wealth X’'(t) on the investment
7 (t) and consumption C*(t). The curve results analysis indicates that wealth
X (t) affects investment and consumption rates in a positive way when p=-1
and p=1. In summary, we can confidently state that optimal investment
7 (t) and consumption C*(t) increase with the accumulation of the wealth

X (t). This agrees with practical investments and our intuition.
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Figure 1. The effects of wealth X(t) on optimal investment 7 (t)
when t=0:0.01:05; k=0.6; 0,=02; a=08; b=09; 5§=-1;
0,=12; n=06; A=05; 6,=0.25; 6,=0.26; =1 and o, =11.
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Figure 2. The effects of wealth X(t) on consumption C'(t) when
t=0:0.01:05; k=0.6; 0,=02; a=08; b=09; 6=-1; 0,=12;
n=06; 4=05; 6,=025; 6,=026; ¢=1 and o,=1.1.

8.2. Effects of the Expected Returns Parameter of Risky Asset k on
Optimal Investment 7*(t) and Consumption C”(t)

In Figure 3 and Figure 4, the optimal investment 7 (t) and optimal con-
sumption C (t) increases with respect to the increase in expected returns of
risky asset k when p=-1 and p=1. Note that in 3, the product k7@ (t) is
considered as the appreciation rate of the stock implying the more the investor
wishes to invest in the stock for more wealth and consumption. This agrees with

practical investments and our intuition.
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Figure 3. The effects of the expected returns parameter of risky asset k£ on optimal
investment ﬂ'*(t) when t=0:0.01:1; 0,=02; a=08; b=09; o0,=12;
n=06; 6=-1; 1=05; 6,=0.25; §,=0.26; ¢=1 and o,=1.1.
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Figure 4. The effects of the expected returns parameter of risky asset & on con-
sumption C'(t) when t=0:001:1; 0,=02; a=08; b=09; 0,=12;
n=06; 6=-1; 1=05; ¢,=025; 6,=026; ¢=1 and o,=1.1.

8.3. Effects of Risk Aversion Factor § on Optimal Investment
z*(t) and Consumption C*(t)

In Figure 5 and Figure 6, the optimal investment 7~ (t) and consumption
C*(t) increase with larger values of risk aversion factor & as this lead to
smaller relative risk aversion 1-J for the investor. The investor becomes vi-
gorous in investing in the stock resulting in more wealth and thus more con-

sumption.

DOI: 10.4236/jmf.2022.124032 622 Journal of Mathematical Finance


https://doi.org/10.4236/jmf.2022.124032

S.Jereetal.

Optimal investment 7(t)

-1 -0.8 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
Risk aversion factor §

Figure 5. The effects of risk aversion factor & on optimal investment
ﬂ*(t) when t=-1:01:1; k=06; o0,=02; a=08; b=09 ;
0,=12; n=06; 1=05; 6,=0.25; 6,=0.26; ¢=1 and o,=1.1.
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Figure 6. The effects of risk aversion factor 6 on optimal consumption
C*(t) when t=-1:01:1; k=06; o0,=02; a=08; b=09 ;
0,=12; n=06; 1=05; 6,=025; 6,=0.26; ¢=1 and o,=1.1.

8.4. Effects of Weight for Intermediate Consumption ¢ on
Optimal Consumption C(t)

In Figure 7, C (t) is increasing as weight for intermediate consumption ¢
increase. When ¢ gets larger, optimal consumption amount will also increase
for p=-1 and p=1. In conclusion, the amount to consume increases for

larger values of ¢.
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Figure 7. The effects of weight for intermediate consumption ¢ on optimal
consumption C'(t) when t=0:0.01:1; k=0.6; 0,=02; a=08;
b=09; 6=-1; n=0.6; 21=05; 6,=025; 6,=0.26 and o0,=12.

8.5. Effects of Risk-Free Interest Rate r on Optimal Investment
z"(t) and Consumption C*(t)
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Figure 8. The effects of risk-free interest rate r on optimal investment 7" (t)
when t=0:0.01:05; k=06; 0,=02; a=08; b=09; o0,=12;
n=06; 1=05; 6,=025; 6,=0.26; ¢=1 and o,=1.1.

8.6. Effects of Risk-Free Interest Rate r on Optimal Consumption
c ()

In Figure 8, the optimal investment il (t) decreases as interest rate rincreases
when p=1 and vise verse for p =-1.In this case, the investor will reduce the
investment amount in the stock in order to avoid the risks and invest more in

risk-free assets since income is increasing in this asset. In Figure 9, consumption
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c (t) increases as interest rate r increases when p e {—1,1} . Again the inves-
tor will reduce the investment amount in the stock in order to avoid the risks
and invest more in risk-free assets since income is increasing in these assets. Net

wealth still increases resulting in more consumption.

8.7. Effects of Volatility of Risky Security o, on Optimal

Investment z*(t) and Consumption C*(t)

In Figure 10, the optimal investment policy 7~ (t) increases as the volatility of
risky security 7 increases when p=-1 but decreases when p=1. Implying
the value of correlation is key when making an investment decision in this fi-

nancial market setup. In Figure 11, the consumption policy C"(t) increases as
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Risk-free interest rate r

Figure 9. The effects of risk-free interest rate r on optimal consumption
C’'(t) when t=0:0.01:05; k=06; 0,=02; a=08; b=09 ;
0,=12; n=06; 1=05; §,=0.25; 6,=0.26; ¢=1 and o,=1.1.

1.5 Y
________ =
...................................................................................... —p=1}
|
T
=
E oal
§ 0.5
]
>
B
= L
g 0
2
o
05

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05
Volatility rate

Figure 10. The effects of volatility of risky security 7 on optimal investment
7 (t) when t=0:0.001:05; k=06; 0,=02; a=08; b=09;
6=-1; r=06; 1=05; 6,=0.25; 6,=0.26; ¢=1 and o,=12.
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Figure 11. The effects of volatility of risky security 7 on optimal consump-
tion C'(t) when t=0:0.001:05; k=0.6; 0,=02; a=08; b=09;
6=-1; r=06; 1=05; 6,=025; 6,=0.26; ¢=1 and o,=12.

the volatility of risky security 7 increases. Higher risky investments yield higher
returns implying more consumption. This agrees with practical investments and

our intuition.

9. Conclusion

This research work builds on the celebrated work of Merton [1] [2] who origi-
nally studied continuous-time investment and consumption problems. We in-
vestigate an optimal investment and consumption problem for a single investor
with a portfolio consisting of one risk-free security (e.g. a money market account
or bond) B(t) and one risky security (e.g. a stock or stock index) S(t). The
interest rate dynamics of risk-free security follow a Ho-Lee model. In addition,
the risky asset price follows Heston’s model with its volatility evolving as the CIR
model. Our main goal is to allocate initial wealth X, between risk-free security
and risky security to maximize the discounted expected utility of consumption
and terminal wealth over a finite horizon. By applying the Dynamic Program-
ming Principle (DPP), we obtain the HJB PDE. Upon solving the HJB PDE, we
derive the closed-form solutions of optimal investment and consumption strate-
gies for the power utility case. The impact and economic implications of market
parameters on optimal investment and consumption strategies showed that the
wealth X', the weight for intermediate consumption ¢, the risk aversion factor
o0 and the expected returns parameter of risky asset k affect the optimal in-
vestment 7 (t) and optimal consumption C’(t) is a positive way regardless
of the value of the correlation coefficient p e {—1,1} . In addition, an increase in
risk-free interest rate r and volatility of risky security 7 led to an increase in
net wealth resulting in more consumption. Also the value of pe{-1,1} is key
for optimal investment in this financial market setup. The future research will

focus on extending our study to include other utility functions. We will also
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introduce multiple risky securities resulting in more sophisticated nonlinear

second-order partial differential equations.
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