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Abstract

Making use of Newton’s classical shell theorem, the Schwarzschild metric is
modified. This removes the singularity at r = 0 for a standard object (not a
black hole). It is demonstrated how general relativity evidently leads to quan-
tization of space-time. Both classical and quantum mechanical limits on den-
sity give the same result. Based on Planck’s length and the assumption that
density must have an upper limit, we conclude that the lower limit of the
classical gravitation theory by Einstein is related to the Planck length, which
is a quantum phenomenon posed by dimensional analysis of the universal
constants. The Ricci tensor is considered under extreme densities (where
Kretschmann invariant = 0) and a solution is considered for both outside and
inside the object. Therefore, classical relativity and the relationship between
the universal constants lead to quantization of space. A gedanken experiment
of light passing through an extremely dense object is considered, which will
allow for evaluation of the theory.

Keywords

Newton’s Shell Theorem, Schwarzschild Singularities, Photon Sphere,
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1. Introduction

The Schwarzschild solution appears to have singularities at = 0 and r = r, with
2GM

S C2

, which causes the metric to diverge at these radii. There is no prob-

lem as long as R> r..
The singularity at r = r; divides the Schwarzschild coordinates into two dis-

connected regions. The exterior Schwarzschild solution with r> r; relates to the
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gravitational fields of stars and planets. The interior Schwarzschild solution with
0 < r < 1, including the singularity at r = 0, is separated from the outer
Schwarzschild region by the so-called singularity shell at r= r;.

The Schwarzschild coordinates give no physical connection between these two
regions.

The singularity at r = r,, however, is an illusion; it is the result of a bad choice
of coordinates or coordinate conditions. When changing to a different coordi-
nate system, the metric becomes regular at r = r; and can extend the external re-
gion to values of rlarger than r. Using a different coordinate transformation,
one can then relate the extended external region to the inner region.

The case r = 0 is different, however. If one asks that the solution be valid for
all r, one runs into a true physical singularity, or gravitational singularity, at the
origin.

At r=0, the curvature can become infinite, if and only if, it represents a point
particle of zero mass. One cannot compress a finite mass into an infinitesimal
point (of radius R = 0). Any finite mass should have a finite radius R > 0. There-
fore, when looking into the point r = 0, one needs to consider the effects of the

outer shells of matter which surround the r= 0 point.

2. Spherically Symmetric, Non-Rotating, Uncharged
Spherical Body

Consider a spherically symmetric, non-rotating, uncharged mass (a stellar object
or an elementary particle).

Under spherical symmetry, and at a remote distance in empty space outside
the object, the Schwarzschild metric [1] [2] [3] [4] is given by:

. 20M
rc
-1
g, = L 2GM (1)
rc?
—r?sin? 6

This metric describes very well the gravitational effects of that mass on gravi-
tational field curvature, and dynamics of moving particles, in the empty regions
outside the object.

However, it suffers of two problems:

1) At the Schwarzschild radius r, = ZGZM
C

, the metric has a singularity.

2) At 1t — 0, the metric diverges.

The first singularity is not a real one, as it can be removed by Painlevé-Gullstrand-
Kruskal-Szekeres coordinate transformations [5]-[17].

The second singularity at r — 0, cannot be removed by coordinate trans-

formation. It is an inherent singularity in any inverse-square-law, central-force
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problem.

To solve this problem, we must investigate the behaviour of the field inside
the mass.

If a mass source has a finite radius R, the solution to the potential as a func-
tion of distance must be modified, so that it includes the inner region where r <
R

In addition, even though the Einstein field equation relates to a non-empty
space, to a very good approximation, the Einstein equation inside of even the
heaviest stellar objects can be considered same as empty space.

This assumption will only be valid for a perfect fluid solution, where of the
T, tensor, only energy density is considered, while momentum density, shear

v

stress, momentum flux and pressure are either null or irrelevant.

3. Impact of Shell Theorem

Let R be the radius of an uncharged, non-rotating, spherically symmetric mass,

of given density p(r), with rbeing the radial distance from center (at r=0).
3

This object has a volume V= and radius R, its average density will be

(p)= 43|\|:3 and since M = fOR 4nr?p(r)dr it is straightforward to see that
n

M = %“Liino R®p(0)

This means that unless p(R) goes to infinity as R — 0, the mass must
vanish (M= 0).

The only case of M> 0 is possible if and only if limg_, p(R)— 0.

However, as will be shown later, density of any object must have an upper
limit and cannot be infinitely large. one must accept, that no mass can be con-
densed to a singular point r= 0. A mass will always have some finite density and
a finite radius (volume).

To resolve this contradiction, one must consider the effects of surrounding
mass. Condensed as it might be, but still of finite density.

In classical mechanics, shell theorem, proven by Isaac Newton [18] [19] states
that:

A spherically symmetric body affects external objects gravitationally as though
all of its mass were concentrated at a point at its center.

If the body is a spherically symmetric shell (Ze., a hollow ball), no net gravita-
tional force is exerted by the shell on any object inside it, regardless of the ob-
ject’s location inside the shell.

A corollary is that inside a solid sphere of constant density, the gravitational
force within the object varies linearly with distance from its center, becoming
zero, by symmetry, at the center.

Hence, the gravitational potential of a spherically symmetric object of mass M

and radius R, as a function of distance 7, from the object’s center is given by:
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oM %(BRZ—rz) forr <R
(D(r)=—? R3 (2)
— forr>R
r

The result for r < Ris obtained by summation of the potential at some point p
inside the mass from its spherical shell between R and r, and the remaining mass
inside sphere of radius r.

The potential at point p due to a shell is given by
@, (D) = 210G (R* —1?) 3)
The potential at same point p due to the remaining inner sphere is given by
D per (P) = —47oGr? (4)

The total potential at point p inside the sphere is a superposition of both

chheII ( p) > and q)inner ( p) .
Thus, for any point inside a spherical mass, at distance r from its center (for r

<R):

R? r?
(Dp(r):q)shell(r)+®inner(r)=—4ﬂpe[7—€j (5)

M 1
(Dp(r):_azGRa (RZ_Erzj (6)

Since M = 4?nlimFHO R®p(0), the 1/R term is not singular as M /R oc R%.

The second singularity at r — 0, is now removed (Figure 1 and Figure 2).

4. The Identification of ®(r) in the Metric

In the Schwarzschild metric, gy, is a function of distance rand one may write:

20
goo(r)=1+—cgr) 7)

Figure 1. The gravitational potential of a spherically symmetric mass at point p, is de-
picted in the following figure, as a function of the distance rform the mass center. Notice,
that unlike the case in a hollow sphere, the potential is not constant inside the sphere.
Rather it falls of proportional with the square of the distance r. The minimum is obtained
at r= 0, where the potential becomes 3 GM/2R.
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o(r)

r=R

r<R >R

> I

-GM/R

3 - GM/2R

Figure 2. Classical gravitational field as a function of radial distance from a spherically
symmetric source mass. At r = 0, the potential becomes —3 GA/2R with no singularity at

r — 0. The 1/R term is not singular since it cancels with the mass term (M /R oc R?).

First argument—dimensions
@(r) is a function of distance r, and must have the dimensions of &. It must
obey the constraint of lim_,, ®(r)—0 as should be the case at infinite dis-

(r)

tance in empty flat space.

Its units should be [G] [Kg]/[m] in order for to be dimensionless.

We therefore have a good reason to assume that ®(z) is the gravitational po-
tential due to a spherically symmetric object, independent of the size and density
of that object. Exactly as described by Equation (2).

Second argument—Einstein equation under spherical symmetry

For a curved spacetime, based on the Riemann tensor, it can be shown that
®(r) must have the form of a gravitational potential (see Appendix 1).

Following these arguments, it is justified to identify ®(r), as the gravitational
potential of the field created by a spherically symmetric, non-rotating, un-

charged mass.

5. Inside the Sphere (r <R)

To see whether this is a true singularity one must look at quantities that are in-

dependent of the choice of coordinates. One such important quantity is the
Kretschmann invariant [15] [16] [17], which is given by R, ; R

For a Schwarzschild black hole of mass M and radius R, the Kretschmann in-
48G°M 2 N 842G?

variantis K = ~
r C4 RG pZC4

. Obviously, it is independent of the radius R,

and is always greater than 0 (provided we accept the physical assumption that
density p, is never infinite).

General relativity predicts that any object collapsing beyond a certain point
(for stars this is the Schwarzschild radius) would form a black hole, inside which

a singularity (covered by an event horizon) would be formed.
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As will be shown in the following, no such singularities exist.
In the case where r< R (inside the mass), K#0 where

161G

K= o2

G =6.6743x10"" andso K ~37x107, so unless the internal density p is of
the order of 10”7 Kg/m?, the Einstein field equation can be solved under the as-
sumption of Kp=0.

Even the heaviest neutron stars have overall densities of the order of 6 x 10"
Kg/m®. For elementary particles, the neutron for instance, has density of ap-
proximately 3 x 107 Kg/m®. So, for all practical calculations one may assume
K =0 inside any mass (that is, for r< R).

For the internal pressure P, as long as the internal pressure is much less than
10%* Pa, and so KP =0. For the Sun for instance, the internal core pressure is
10" Pa.

Finding a solution to the homogeneous differential equation with Kp =0
and KP =0, will lead to the non-homogeneous solution with K = constant .
But we will concentrate on the homogeneous solution, since K~0.

In case of a constant K, the non-homogeneous solution can be found.

This is the case for a perfect fluid.

Under the assumption of K =0, for the interior of the sphere, the proper

time separation inside the sphere is given by dz’ =g L aXax”

20
dr? :(l+ (r)]dtz —Ciz(h(r)rzdr—rzdﬁ2 —r?sin’ 9dg’ ) (8)

CZ

6. A Modified Schwarzschild Metric and the Photon-Sphere

Inserting the expression for ®(r):

CD(r):—4an[R7—%j (for r<R)
R3
(I)(r)=—4an(§] (for r>R)

The Schwarzschild metric inside the sphere (r< R) becomes
2
3r. 1(r 1 .
dr’ =[1-==|1-2| — dt2 ——(h(r)r?dr -r’d6* — r?sin’ 6d p* 9
( 2R( 3(Rj]] c2<() (0) ©)
while outside the sphere (r> R) it is

I, 1 .
dr? = (1—?]dt2 —C—Z(h(r)rzdr— r’dg’ —r’sin’ 6dg’ ) (10)

Defining the photon sphere radius r, :%rS , there are now three different

possibilities:

A. When both r; and r;; are inside the object’s radius R. r, <r, <R.Thisisa
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standard object.

B. When r; is inside the object’s radius R (a standard object) while . is out-
side the object. 1, <R<r,.

C. When both r;and 1, are outside R R <r, <r, . (a Black hole). Therefore,
B represents a possible situation where a photon-sphere light ring exists, sur-
round a standard (not a black hole) body.

For said cases, the photon-sphere radius r,, = g r, may fall inside or outside
R (Table 1).

Case A is a standard object, with both r;, and 7, falling inside R.

Case B is a white object, with r; falling inside R but 7, falling outside R. Light
is trapped in the photon sphere, causing the object to have a white glowing ring
around it. There is no gravitational collapse.

Case C is a true black body, with both 7, and r,, falling outside R.

For case A, both r; and r,; are inside R (holds for most stellar objects — but not

for black holes). One obtains:
3r(, 1(rY 1 :
dr? ={1-==|1-2| — | ||dt* == (h(r)r’dr-r?d@® -r’sin* 0dep*) (11
‘ { ZR( S(RJD z(h) o') (D
Picking the coordinate system so that the radius ris along the xaxis, the #and

@ terms are zero

In other words, for r> R

dz? =dt2[l—r—5] (12)
r

dr? =dt2[1—§r—5[ —l(ij D (13)
2Rl 3R

Obviously, for r= R, dz? = 1—% , for both.

r 2
__m 1_1[Lj >0
R 3R

we see that in Case B, forall r €[0,R], aslongas , < % R there is no singular-

while for r< R:

Investigating the condition

ity in the Schwarzschild metric.

Table 1. Three possible zones defining photon-sphere for different objects.

A Standard object rs<R rph <R
B Standard object surrounded by white ring ;<R R <rph
C Black hole ;>R rph > R
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2
At :§R (and r, =R). dr’ becomes zero, and the object evaporates

into photons (dz =0). Thus, r, > % R is the condition for a gravitational col-
lapse.

Aslongas r, < % R the object is a standard object and does not undergo any

gravitational collapse. This, in contrast to the current assertion (for r > R), is
based on Equation (37), which states that r, > R, is the condition for a gravita-
tional collapse.

We see that as long as the photon sphere is inside the object (T, € [0,R]), the

2
Schwarzschild radius T, € {0,5 R:| . In other words, as long as the photon sphere

does not show, the object is stable and does not suffer gravitational collapse.
Once the photon sphere shows up (r, >R ), the object undergoes gravitational

collapse.

2
Anywhere in the region where I, € {5 R, R} the object undergoes gravita-

tional collapse, and since r, =3/2R, the photon sphere is outside the object,
creating a bright light ring outside R, at r=r, .

Near the sphere’s center, where r — 0 and r< R, one has
2 2 o
dz =dt*|1-— (14)
R

And, as long as, rm <R, dz > 0. It may be re-written as:

dr=dt,[1- 28 R2 (15)
c

In the case of infinitesimally small r, the time component becomes independ-
ent of distance r from origin. In any case, the divergence at r — 0 is removed.

The proper time dz, must remain well defined. Therefore, an upper limit on
the density must exist for a given radius R, otherwise the expression for dr be-
comes undefined.

Notice that this assertion leads to the constraint

CZ

: 47GR? (16

P

In other words, there is an upper limit on the density p, of any object with ra-
dius R. When R —0, the density may increase indefinitely, but as will be

shown next, there is an upper limit on the density

7. Density Must Have an Upper Limit

Simple dimensional arguments show that the physical phenomena where quan-

tum gravitational effects become relevant are those characterized by the Planck
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length 7, = /@ =1.616x10* m. Here / is the Planck constant that gov-
c

erns the scale of the quantum effects, G is the Newton constant that governs the
strength of the gravitational force, and c is the speed of light, that governs the
scale of the relativistic effects. The Planck length is many times smaller than
what current technology is capable of observing. Physical effects at scales are so
small. Because of this, we have no direct experimental guidance for building a
quantum theory of gravity [14].

Suppose there exists a quantum minimum for distance. We call it the Planck
length and denote itby /.

0, =" _1616x10% m.
C

Define in addition the Planck mass

Planck’s mass
m, = f@ =2.176x10°kg.
G

If this assumption is true, then the minimal spherical volume possible is
y 4n€3p
-3

It is given by

Let m'denote the mass of this volume, so its density will be given by

’

3m

o0 = an

Since by assumption ¢ is the minimal length possible in nature, then for
any mass m 'the density p, is the maximum possible.

It can be showed, that for a classical spherically symmetric object of mass m

and radius R, the general relativistic limit gives

dr=dt [1- TG g2 (17)
c

Since the expression in brackets must be real, we arrive at the restriction:

47pG

CZ

1- R%>0 (18)

and therefore

CZ

: 47GR? (19)

Yo,

For an object of any given mass m’ and radius R we have

’ ’

m'  3m
V  4nR’?

(20)

Since for any mass m'of radius R one must have, by Equation (16) above,
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_3m 1)
P = 4R 4nGR?
The result is that for any mass m’
2
m'(R) < RFC (22)

Obviously, the smaller the radius R, the smaller the allowed mass m’

For the minimal possible length (according to Planck) R =/, one obtains:

' < ¢ PCZ (23)
m < —
G
1 . . . nG
Recall now, by Planck’s dimensionality analysis) that ¢, =,/— and
c
Aic
m, = ,f— S0
G
m 2
T O (24)
t, G
Therefore
' f PCZ
m’' < = =m, (25)
Therefore, for any mass m'(with radius /¢ o )
m'<m, (26)
And since
m'_m,
=—<—P- 27
P VIRRY, Pp (27)

We have the result that p, is the maximal possible density, namely Planck
density.

In other words, for any given radius R, the mass m{R) becomes smaller and
smaller with R, but when one reaches the smallest possible radius /¢ 0> the mass
must be smaller than the Planck mass m, and so, the density will always be
smaller than the Planck density p; .

One can reduce the radius R, but the density will never exceed the Planck

density.

f 3
lim_,, p(R):[ij Pp (28)

Assume next, that the sphere has density p(r), which varies with distance r
from its center.

Assume the sphere is of minimal possible radius 7.

We need to calculate the radius R of a quantized particle by its average nor-
malized density so that we obtain a reduced average radius.

By comparing the integrated variable density over the Planck radius, to a

volume, with constant density p, one obtains:
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_ 471;,00€3p

47:[0"’ r’p(r)dr 3 (29)

2

By definition, the average classical distance <|’ > is given by the integral over

the normalized density:

of 1 (0
<r2>“;7 r2p(r)/pydr (30)
p
Thus
Anp (°
4n€pp0<r2>=% (31)
and so

(r):W:%zp (32)

Hence, the actual measured classical radius R is given by
R:(r):izp (33)
NE]

The above result shows how the lower limit of the classical gravitation theory
by Einstein, is related to the Planck length, which is a quantum phenomenon
posed by dimensional analysis of the universe constants.

Therefore, classical relativity and the relationship between the universal con-

stants leads to quantization of space.

8. Quantization by Planck’s Units and Maximal Density Limit

In the limit where R — 0, one needs to consider quantum limits and the un-
certainty principle.

Planck’s mass m, = e _ 2.176x10%kg.
G

Planck’s length 7/ = fE =1.616x10*m.
C

However, dimensional analysis can only determine the Planck’s units up to a
dimensionless multiplicative factor. For instance, use 4 instead of 7.

Based on Planck’s units one obtains Planck’s maximal density pp as
Planck’s mass/Planck’s volume (assuming ¢, is the lowest possible physical
distance, leads to the maximal possible physical density assumption).

m

= P —1.23074x10" 34
P> " 4nl /3 (34

(If one uses the Planck constant instead of the reduced Planck’s constant, the
Planck density will be modified by a factor of 2m).

Since one must assume that Planck’s density is the maximum possible density
allowed, we now ask, what should the minimum classical radius R be, in order

for p < p,. (Any classical density cannot exceed the Planck density).
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Therefore:
c? 3mp

=—< = 35
4nGR? T ans? G

o

Doing the calculation, we find that one must have

R2 ié =0.93325x10% m.
B
Compared to Planck’s length 7 =1.61625x10"*m, the classically derived
radius R is smaller than the allowed Planck’s length 7, by an unexplained fac-
tor of 0.5774.
167G

o>
CZ

These calculations were based on the assumptions of negligible K =

and R—>0 (r<R).

It seems now, that the classical solution to the metric of a spherically symmet-
ric object, puts a lower limit on the radius R of an object. It looks like there is a
sort of quantization limit to small scale objects in spacetime.

Instead of having R>/ ,wefind R>05774/ .

The reason for this 0.5774 factor is due to the fact that we have assumed a
constant density inside the sphere. If instead we assume variation in density with
radius (highest density at r — 0 and then it falls off to zero at /). We need to
calculate the radius R of a quantized particle by its average density so that we
obtain a reduced average radius.

By comparing the integrated variable density over the Planck radius, to the
same volume, but with a constant average density p, one obtains (see para-
graph VI on density upper limit)):

1

R=<r):ﬁ

l, (36)

1
Since 0.5774 = —, it is now clear where the reduction factor came from.

V3

The above result shows how the lower limit of the classical gravitation theory
by Einstein, (Schwarzschild radius), and the dimensional constraints between

the constants of the universe, result in a quantized material space.

9. A Tunnelled Sphere “Thought Experiment”

Consider a sphere with a thin penetrating tunnel through center of sphere be-
tween opposite surfaces.

The sphere of radius R and of mass M will exert a gravitational attractive force
on a remote particle. The force will be directed towards the center of the sphere,
as if all of its mass is concentrated at its center (where r=0).

The attracted particle will be accelerated until it reaches the surface, but then
will continue its path through the hole. It will continue with no acceleration in-

side the shell and then come out through the opposite hole.
GM

CZ

On its journey, the particle will pass twice the Schwarzschild radius r, =
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on its way towards the center and on its way out.

The metric of this shell will be similar to that of a spherical mass. Only that
this time, even though r; is inside the body, one can reach the Schwarzschild ra-
dius independently of whether it is a black hole or a standard mass.

One way of doing the experiment would be to send a photon through the hole
in the mass and compare its time of arrival at the other end, with a simultane-
ously emitted photon traveling outside the mass. One would then be able to
compare differences in the time of arrival for the two photons.

This gedanken experiment can reveal whether the approach to r; will last for-
ever in the eyes of the external observer. If it does, then the particle will never be

able to come out through the opposite hole.

10. Dynamics near Center

It is interesting to see what are the equations of motion near center (where r <<
R).
Assuming spherical symmetry [20] [21] [22], it is allowed to investigate it
along the radial distance 7 and assume it is the x axis.
d?x* e &7 dx”
dr’ “dr de

(37)

where

1,
Egl (aﬂgw +aygrxz _argw) (38)

A
r wm =
The total time of flight in the classical case will be given by (see Appendix 2):

B 3
2T = 2 cos™ 2[1—Q°—R}

N6} oM

Whereas in the general relativistic case it will be:

_ 2 af,f, OR
2T_\/acos _2(1 oM ]_

Comparing the two results, Tgy re > Toass -

As an example, for the Sun, with R = 6.963x10°m and density
Py =150x10° kg / m® the predicted general relativistic cross time will be 6.6

mSec longer than the classical calculated cross time. This result is based on av-
erage Qover rfrom 0 to R.

For an average Neutron star of radius R = 11,000 m and density
p(r)=4x10"kg/m*, the passage time under general relativity prediction, will

last 0.13 mSec longer than under classical calculation.

11. Conclusions

Using Newton’s classical shell theorem, the Schwarzschild metric was modified.
This removed the singularity at r= 0 for a standard object (not a black hole).
For all practical matters, r < R can be treated as an empty space even for the
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densest known stellar objects (neutron stars) and also for elementary particles
(neutrons for instance).

It was demonstrated how general relativity evidently leads to quantization of
space-time. Both classical and quantum mechanical limits on density give the

same result.
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Appendix 1
For a curved spacetime we define the Riemann tensor:

RY, =0,0% -0 T4 +T4T% -T4T?

apy Bray Tyt ap of” ar or” af
where I'f; =9“T",,; are the Christoffel symbols:
1
Ly :E(algik +0,9y —994) (39)

The Ricci tensor R, is defined by:

Raﬂ = gO'Q Ragaﬂ (40)
And the curvature scalar R is defined by:
R = gaﬂRaﬂ — gaﬂgooRaﬂJg (41)
For the Einstein equation one has:
1 8nG
Ryv _E g,uvR = C4 Tyv (42)
In empty space T, =0 everywhere and therefore R, =0 everywhere.
Due to spherical symmetry, the metric must be of the form
9(r)
h(r
O = (r) 2 (43)
r’sin’ 6

where g(r) and A(r) are functions of the distance r from the coordinate center
(located at the center of the mass.
So, the infinitesimal proper time interval dr between two events along a

time-like path is given by
dz? =g, dx“dx" =g (r)dt—iz(h(r)rzdr —r’dg* —r’sin® 0dg’)  (44)
c

With the flat space metric g, = (+-——-).

In order to solve Einstein’s equation everywhere, one can no longer assume
that the curvature R is null anywhere. This is true only outside the mass and
so R =0 onlyforr>R

Assuming the mass density of the object being homogeneous and at total

freeze of motion, T,, =0, except for Ty, = pc’, with pbeing the mass density.

” 1 8nG .
g” (va —Engj 20—49’ T (45)
pc?
Under perfect fluid conditions, T, = P , where p is the
p
p
pressure.
Define K = 16725G , and so,
C
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161G
Roo = o2

p=Kp (46)

For all other terms, R, =R,, =R,;:
_ 167G

Ry == P=KP (47)

From the definitions of the Riemann tensor and the Ricci tensor we obtain

5 5 5 A 5 A
R, =05, -0, s+, —T,1%, (48)
Ry = asrgo - aorgs + rg/lrgo - rgzrgo (49)
Following some tedious mathematical work, one arrives at [4]:
167G rh(r)
o, In(h(r r))=- — (50)
n(h(r)s(n) =258 T

And so

o) m e ad)

We have then two equations:

o, In(h(r)g(r)):—K :;((rr)) (52)
r h(r)
IO RO '”(ng o

Outside the mass (r> R)

K =0 and so:

h(r) g (r) =a (some constant).
Substitute in Equation (2) to obtain:

Rzzzw—l——rg(r)arln( Z j:o (54)
a 2a 9°(r)
And after few steps:

a=0,(rg(r)) (55)
So finally:

a(r)=ar+p (56)

a
h(r)_ar+ﬁ (57)

The metric becomes:

ar+p

9, = ar+p (58)

r¥sin?é
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Comparing this metric with the asymptotic weak-fie/ld metric (r > R):

1- ZGIZ/I
rc
_ 1
g, = ,_26M (59)
Irc
—r?sin?0
It is suggested that
20(r)
ar+pf=1+—; (60)
C
Therefore,
p=1 (61)
20(r
a= (2 ) (62)
rc

This shows us that the structure of the Schwarzschild metric in Equation (7),
is not only a result of dimensional considerations discussed above, but also a re-
sult of spherical symmetry considerations of the Einstein Equation, Equation
(17).

This result was obtained based on symmetry arguments only, and it is inde-
pendent of the weak-field approximation.

Inside the mass (r< R)
K>0:

The only approximation made was the assumption on empty space solution.
For non-empty space, it will be valid for a perfect fluid of zero pressure.
However, one may use a model where the pressure P is proportional o the

density [16],and so P =@p where wis a proportionality factor.

Appendix 2

Since by coordinates choice and symmetry, only '}, and Tj; are non-zero

(assuming constant gravitational field 0,g,, =0).

d’x  , (dt) 1(dx)2
— =TI — | =I5 | — 63
dz? Oo[dr) "ldr (63)
1 4
Iﬁ%)o ZEgl (509,0 +aogro —5,900)
1
= Egll (aoglo +60 O10 _algOO) (64)
1
Z_Egua1goo
and likewise
11 4y 1 5
rllzzg (61911"'61911_81911):59 61911 (65)
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The equation of motion in the x direction becomes

d’x (1 4 j(dtjz ) (1 " J[dsz

—=|=0g 0 — | = =90 — 66

i (29 1900 || 5 59 00 || o (66)

Since the choice of coordinates is such that xis represented by r, one can write
dar 1, (dtjz , 1 4 (dtjz

= =2g"0,0,| — | ¢ -=g"0,9,,| — 67

4.7 =29 99| 4 R (67)

From the proper-time result (which holds inside the sphere, where r< R)

2 2
oct - 1422 12| o o
Define for convenience
4nGpR2(, 1(r
=A(r)=1-—"—|1-2| = 69
o = (1) =1- 7 [ (5 ()
And so
dr
oA 70
ot (70)
dr_drdt_idr o
dr dtdr Adt
And
d’r 1 d*r
- - - - 72
dr®> A% dt? (72)
From the metric definition:
dz? =g, dx“dx” = gedx’dx’ + g,,dx‘dx’ (73)
and since
O = A (74)
1 1
gy =——=—— (75)
T A
One obtains:
1
0,9y :_zargoo (76)
00
Inserting into Equation (49) one obtains:
1dr 1 4 1, 1 1(drj2
== =2 gM8,g, | - — 77
A 290 0| g2, A% dt 77)
And so
dr 11 1 (dry
S oo () .
dt 2 9go Ogo \ dt
For L<<l
R
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_ 4nGpR*

00 2
C

1 (79)

d’r
Andso 0,9y =0, which means that prene 0.
The acceleration near the center is zero.

However, if one moves away from the center:

4nGpR* ([, 1(rY
=——  |1-Z|—| |-1 80
gOO CZ ( B(R) ] ( )
And so
AnGpR*( 2r j 8nGp
0 = —— | == r 81
r0m c? [ 3R? 3c? (81)
dr 11 1 (drY
=2 0,0 cz——z(—rj (82)
dt 2 9go O LAt
d’r 1 1( 8iGp 1(dry
ol r)[‘**?(a‘] )
d’r  4nGp 1(dry
— =y | — 84
dt?  3c’A? { A“(dtn (84)
d’r  4nGp 1 (drY
— = rl1+ = 85
dt? 3A? { c%‘(dt” (85)
2
Near center (where r—>0), A’ =1—4nG—fR depends on r only through
C

the density p(r).

We may write
d’r v(r)Y
o -o(r>r(1+vv<r)(—c j } (50

Here, v(r) is the approach velocity. Q and W depend on rand are defined
by:

def 411:Gp(r)
Q(r)_ 3A2(I’) (87)
W(r)= A41(r) (88)

The result shows how on approach to center (r — 0), where p(r) is as-
sumed constant, the acceleration decreases in proportion with r on one hand,
but depends also on the square of the approach velocity.

For small approach-to-center velocity (v/c < 1)

d?r
o (89)
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One may approximate though for a slow approach velocity (v/c <1):
d*r
—==-Q(r)r 90
=-Q(r) (50)

where
4nGp(r)

Q(r){lw(lé(ém

(Recall that by the assumption on the maximal density (Equation (38)),
4nGp(r)R?
CZ

(91)

<1,and so, Q(r)>0. Also, note that [Q] = 1/sec?]).

One may solve this under certain approximation:
p(r)=p, constant density inside r< R.
In this case (z) is nearly a constant independent of r, and the equation be-
comes
d*r
-7 =—Qr (92)
dt’

Which general solution is

r(t)= B+Ccos(\/6t)+ Dsin(\/ﬁt) (93)

4nGp(r)R?

Even though Q(z) is not constant, the term > in the denominator
C

of (1) is of the order of, or less than, 9.2 x 10~°. ((r) may be approximated as:
4nGp(r) ~4TtGp(r)

3{1—9.%10{1—;[;)2]}_ ’
f(t) = -C/Qsin(Qt)+ DQ cos({/Qt) (95)

Assuming zero start velocity, f(O) = —\/6 D one must have D=0.

(94)

Q(r)=

Hence
r(t)=B-C cos(\/at) (96)
Also, r(0)=R.
Therefore
R=B-C (97)
r(t)=B-(B-R)cos(Qt) (98)
Assume the acceleration ¥(0) = —G—I\ZA ,
R
f(t)=B-Ccos({/Qt) (99)
Using these assumptions, one obtains:
GM
r(t)= R+W(cos(\/6t)—l) (100)

DOI: 10.4236/jhepgc.2022.84070 1010 Journal of High Energy Physics, Gravitation and Cosmology


https://doi.org/10.4236/jhepgc.2022.84070

D. Kwiat

Furthermore, if the object arrives at the center (r = 0) at some later time 7,

one has:
GM
r(T)—O—R+QRZ (cos(\/aT)—l) (101)
The time to cross the diameter 2R (from surface to surface through the center)
is thus
3
2T =icos‘1 1—£ (102)
JQ GM
where
4nGp(r)
Q)= 4nGp(r)R*(, 1(rY
3)1- 2 1—(rj
c 3\R
In this case
d’r 4nG
—=——""7rp(r 103
=3 ") (103)

Classically, a falling object of mass m, starting at r < R, will be accelerated to-

wards center according to the potential:

@(r):—SM (3R*-r?) (104)

R3
And the acceleration will be

dr ow(r) GM
m—- =-m =-m

F=m—=- =- 2r 105
dt? or 2R® (105
? G4mp,R® 47G
d—2r=—G'\3/|r=— np;’ r=-—2FP (106)
dt R 3R 3
Classically, the acceleration will be
d’r  4nG
with Q, = % Po
This, in comparison to the general relativistic solution:
d’r
—-=-Q(r)r 108
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