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Abstract 
Lightweight design has a significant impact on reducing fuel consumption 
and harmful emission of conventional vehicles and improving driving range 
of electric vehicles. Reducing the thickness of components in vehicle bodies 
and closures is an efficient approach for weight reduction. Thickness reduc-
tion, however, will reduce structural stiffness, especially in the presence of 
lateral displacements of buckling when critical stress is reached. In this paper, 
nonlinear FEA models of a thin-walled beam with variable thickness are de-
veloped for calculating the changes of beam stiffness as to thickness reduction 
in the pre- and post-buckling stages. Next, these stiffness values are used to 
calculate gauge sensitivity of the beam, which changes with respect to beam 
thickness changes. It is concluded that the presence of buckling will reduce 
the beam stiffness, worsen the stress uniformity, and increase the gauge sensi-
tivity value of the beam. 
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1. Introduction 

Lightweight design has been a promising approach for reducing fuel consump-
tion and harmful emission of vehicles with conventional powertrains and im-
proving driving range of vehicles with electric powertrains. Kim and Wallington 
[1] [2] developed physics-based models to formulate the relationship between 
vehicle weight and mass-dependent fuel consumption based on vehicle dynam-
ics theories with parameters including rolling, rotating, and acceleration loads. 
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Braking energy via regenerative braking system in electric vehicles, which has an 
effect similar to weight reduction, was taken into account in the developed si-
mulation models. The mass-induced fuel consumption (MIF) and fuel reduction 
values (FRVs) were computed and compared for 13 conventional vehicles and 37 
electric vehicles. Geyer and Malen [3] [4] analyzed the energy demand for ve-
hicles with conventional, battery electric, and series plug-in hybrid electric po-
wertrains. The simulation models were based on driving and powertrain dy-
namics by calculating the force required of the driving wheels and the corres-
ponding torque and rotating velocity transmitted through powertrains. The re-
generative breaking energy and battery charging/discharging losses were consi-
dered in the models. It was concluded that the change in vehicle energy demand 
due to mass reduction (MJ per 100 km driven and per 100 kg reduction) was small-
er for pure electric vehicles due to their efficient powertrains, compared to those of 
conventional vehicles. Electric vehicles are usually heavier than similar convention-
al vehicles due to the batteries, sensors, and infotainment systems, and are restricted 
to short-distance commutes only. Lightweight electric vehicles reduce the battery 
consumption and lower the battery capacity, yielding an improvement of driving 
range under the same driving conditions [5]. In summary, lightweighting re-
mains a crucial approach for reducing fuel consumption and harmful emission 
of conventional vehicles and improving driving range of electric vehicles.  

Prevailing approaches for reducing vehicle weight include substitution of ma-
terials (high-strength steels, aluminum alloys, composites, etc.), advanced man-
ufacturing technologies (additive manufacturing, laser welding, high-pressure 
die casting, etc.), and optimal structural designs (size, shape, topology optimiza-
tion, etc.). Bai et al. [6] proposed a bridging method to transform topologically 
optimized vehicle frame structures into thin-walled frame structures. The thin- 
walled cross-sectional properties were designed by referring to the solid cross 
sections from topological optimum results. Further size and shape optimization 
was conducted for lightweight design under constraints of structural stiffness 
and manufacturing requirements. Czerwinski [7] assessed the current trends and 
technologies in lightweight vehicle design. It was stated that except of structural 
efficiency, material substitutions represent a key part in current lightweighting 
strategies for optimizing structures, maximizing weight reductions, and fulfilling 
required performance and safety standards. The importance of steels, especially 
the advanced high-strength steel (AHSS) with very high tensile strength, had 
been emphasized in this paper due to their advantages over nonferrous alloys on 
material price, manufacturability, and sustainability. Burd et al. [8] compared 
the AHSS and aluminum alloys in their applications for lightweight design of 
electric vehicle bodies and closures. Cost analysis was conducted for material 
substitution with AHSS and aluminum alloys. It was illustrated that application 
of AHSS will reduce the manufacturing and assembly cost, while application of 
aluminum alloy will have advantage on battery and motor cost. Steels remains as 
a cost-effective material for fabricating vehicle bodies and closures. Steels have 
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exceptional strength, ductility and stiffness combinations which ensure occupant 
safety and achieve satisfied noise, vibration and harshness (NVH) control. Ex-
cellent formability of steels, aligned with existing manufacturing technologies, 
allows and facilitates architectural innovative designs of vehicle frames. The 
availability of high-strength steel, advanced high-strength steel and ultra-high- 
strength steel grades provides automobile designers the option of incorporating 
more thin-walled components in vehicle bodies and closures for weight reduc-
tion. One advantage of thin-walled components lies in high material effective-
ness which results in high stiffness-to-weight ratio. However, thickness reduction 
will result in stiffness reduction of components. When critical stress is reached, the 
component stiffness will be reduced further due to the onset of lateral displace-
ments of buckling [9] [10]. In this paper, nonlinear FEA has been conducted to 
investigate the stiffness changes of a thin-walled beam in pre-buckling and 
post-buckling stages. Gauge sensitivity, derived from stiffness-related parame-
ters for accessing the effect of thickness change on structural performance, is 
calculated for the beam with different thickness for validating the effect of buck-
ling. It is illustrated that the presence of buckling will reduce the beam stiffness, 
worsen the stress uniformity, and increase the gauge sensitivity value of the 
beam. In Section 2, the concept of gauge sensitivity index is reviewed, and the 
effect of local buckling on gauge sensitivity values is illustrated. In Section 3, 
nonlinear FEA models of a thin-walled beam with variable thickness are devel-
oped for calculating the changes of beam stiffness with respect to thickness 
changes in the pre- and post-buckling stages. The effect of local buckling on the 
beam gauge sensitivity has been validated based on the obtained stiffness values. 
Finally, conclusions are drawn. 

2. Gauge Sensitivity Concept 

Gauge sensitivity index was developed to assess the effect of thickness changes 
on stiffness-related parameters of thin-walled beams [11] [12]. The derivation 
was based on the cross-sectional moment of inertia of a hypothetical twin-flange 
cantilevered beam with negligible web elements. For a cantilever beam, it can be 
validated that the webs resist most of the transverse shear force, while the flanges 
resist most of the bending moment experienced by the beam. Gauge sensitivity 
index, λ, was derived by ignoring the webs as 

I
I t

λ
′

=                             (1) 

where I is the cross-sectional moment of inertia and I ′  is the derivative of I 
with respect to the characteristic thickness t. It is concluded based on the hypo-
thetical twin-flange beam that λ changes from 3 for thick-walled beams to 1 for 
thin-walled beams.  

Figure 1 shows a beam with closed-hat cross section whose λ can be expressed 
as a function of thickness based on its cross-sectional moment of inertia using 
Equation (1) by 

https://doi.org/10.4236/jamp.2022.105101


S. Y. Zhang 
 

 

DOI: 10.4236/jamp.2022.105101 1435 Journal of Applied Mathematics and Physics 
 

 
Figure 1. Beam with closed-hat cross section. 
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    (2) 

where b represents the width of the flange, h the height, c the lip length, and t 
the thickness. 

Thin-walled beams have advantages over thick-walled beams on the effective-
ness of material usage. Materials in a thin-walled beam tend to be efficiently 
loaded, resulting in near-uniform internal resultant loading distributions in the 
beam. λ value of 1 indicates thin-walled beams have high material effectiveness 
and high stiffness-to-weight ratio. With increasing of thickness, the internal load 
distribution in the beam changes to be more and more nonuniform due to the 
requirements for maintaining static equilibrium states. Correspondingly, λ val-
ues increase from 1 up to 3 for thick-walled beams as shown in Figure 2(a). 

λ value of 1 is important but it has not embodied the effect of buckling when 
the wall thickness becomes very thin. For a beam with very thin sections, local 
buckling may occur in the compressive components when critical stress is reached. 
The buckling manifests itself as a kind of out-of-plane deformation and creates a 
non-uniform longitudinal membrane stress distribution along the width of the 
components. The elastic post-buckling behavior is governed by equilibrium eq-
uations and compatibility equations. These equations may be solved by post-
ulating a form of deflection and evaluating the corresponding stress function for  
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(a) 

 
(b) 

Figure 2. Variations of λ with respect to changes in component thickness. (a) Without 
buckling being present; (b) With buckling being present. 
 
specified loadings and boundary conditions using the compatibility equations. 
Exact solutions can be attained by expressing the total potential energy in terms 
of stress and deflection functions and applying the principle of minimum poten-
tial energy. However, exaction solutions are only available for some simple 
loading and constraint conditions. Alternative solutions based on the concept of 
effective width, developed by von Karman [9], have been applied to the design 
and analysis of cold-formed steel members in the post-buckling stage. The effec-
tive width method states that the ultimate load sustained by the compressive 
components does not increase in proportional to the actual width and is insensi-
tive to variation in actual width when the critical stress is reached. With the on-
set of buckling, the membrane stress distribution will become nonuniform over 
the full width of the compression elements. 
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Gauge sensitivity index is a measurement of uniformity of internal loading 
distribution. λ value decreases as the thickness reduction proceeds in the pre- 
buckling stage. λ value of 1 indicates prefect uniform stress distribution. When 
buckling occurs in the compression elements, λ values are expected to increase 
accordingly, indicting an increasing of non-uniformity in stress distributions. 
Effective width method suggests replacing the post-buckling non-uniform stress 
by uniform stress distributed over the so-called effective width near supports. 
With decreasing in thickness, the flange which is in compression will lose its full 
effectiveness when the critical stress (75% of the material yielding strength in 
this study) is reached. Corresponding effective width of the flange is used in the 
calculation of its cross-sectional moment of inertia. The moment of inertia is a 
function of thickness and is subsequently used for calculating λ values. Figure 
2(b) shows the variation of λ with respect to thickness changes. It is illustrated 
that the presence of buckling will lead to an increase in λ with the reduction of 
thickness. 

3. Nonlinear FEA of Thin-Walled Beam for Pre- and  
Post-Buckling Performance 

The beam with rectangular cross section as shown in Figure 3 is analyzed for 
calculating the bending stiffness and gauge sensitivity at different thickness in 
the pre-and post-buckling stage. The beam is meshed using shell elements. One 
end of the beam is rigidly constrained. Forces being applied on the top flange 
and bottom flange at the other end have same magnitude but opposite direction, 
resulting in compressive stress and tensile stress in the top and bottom flanges, 
respectively.  

FEA is conducted in three stages: linear structural analysis, eigenvalue buck-
ling analysis, and nonlinear structural buckling analysis. Geometric model of the 
beam is meshed with shell elements in the linear FEA model with specified ma-
terial properties. Two remote points are created at the loaded end of the beam 
through which compressive force and tensile force are applied to the top and 
bottom flanges, respectively. FEA data and results from the linear FEA analysis 
are input to the FEA linear eigenvalue buckling model for determination of buck-
ling modes. Both linear static analysis and linear buckling analysis are configurated  
 

 
Figure 3. FEA model of a beam with a width of 75 mm, height of 52 mm, length of 225 
mm, and variable thickness ranging from 10 mm to 1 mm. One end of the beam is rigidly 
fixed, and the other end is loaded. 
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and the mesh convergence analysis has been verified in this process. Based on 
the above FEA results, nonlinear structural buckling analysis is conducted in 
which the large deflection function is activated for evaluating the effect of buck-
ling on beam stiffness. Beam thickness decreases progressively from 10 mm to 1 
mm, with a decrement of 0.5 mm in this research. Figure 4 shows the buckling 
deformation and non-uniform stress distribution in the post-buckling stage.  

Bending moment is obtained by multiplying the applied force acting on one 
flange by the distance between the two flanges. The corresponding rotating angle 
of the line connecting the middle points of the two flanges, θ, is measured in the 
unit of radians as shown in Figure 5. In this study, the beam bending stiffness, k, 
is defined to be the quotient of the bending moment and corresponding rotating 
angle. Beam bending stiffness is plotted as a function of thickness that ranges 
from 10 mm to 1 mm in Figure 6(a). For comparison, Figure 6(a) also shows 
the variation of beam bending stiffness without consideration of buckling effect 
in FEA modelling. It is found that the onset of compressive buckling reduces the 
bending stiffness further as to thickness reduction. 

 

 
(a) 

 
(b) 

Figure 4. Buckling deformation and corresponding non-uniform stress distribution. (a) Deformation in the lateral 
direction in the post-buckling stage; (b) Non-uniform stress distribution with the presence of buckling in the 
compression flange. 
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Figure 5. Rotating angle θ for calculating beam bending stiffness. 

 

 
(a) 

 
(b) 

Figure 6. Variations of k and λ in the pre- and post-buckling stages. (a) Variations of 
bending stiffness; (b) Variations of gauge sensitivity. 
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λ value of the beam is calculated by replacing I in Equation (1) with beam 
bending stiffness as 

k
k t

λ
′

=                               (3) 

For example, to calculate λ value at t = 10 mm, we substitute the k in the Equ-
ation (3) with the stiffness value at t = 10 mm, and the derivative of stiffness with 
respect to thickness, k ′ , is approximated by dividing the stiffness change at t = 
10 mm and t = 9.5 mm by the thickness change, which is 0.5 mm. Similarly, to 
calculate λ value at t = 9.5 mm, the derivative of stiffness in Equation (3) is ap-
proximated by dividing the stiffness change at t = 9.5 mm and t = 9.0 mm by the 
thickness change, which is 0.5 mm again, and so forth.   

In the pre-buckling stage corresponding to thickness change from 10 mm to 
around 6 mm, the resulting stress in the compressive flange is lower than the 
critical stress, and the beam stiffness decreases linearly with respect to thickness 
reduction. Thin-walled beams have high material effectiveness, leading to more 
and more uniform distributions of internal loads. Accordingly, λ values decrease 
as thickness decreases in the pre-buckling stage. 

In the post-buckling stage as thickness reduction proceeds from around 6 
mm, buckling occurs in the compressive flange and causes a further reduction in 
beam stiffness, as shown in Figure 6(a). Stress distribution becomes more and 
more non-uniform and the material in the central region of the compressive 
flange becomes less effective in sustaining loadings. Figure 6(b) shows the cor-
responding variations of λ and it is obvious the λ values increase, due to the 
buckling in the compressive flange, as thickness reduction proceeds.  

4. Conclusion 

This paper investigates the effect of local bucking on the gauge sensitivity index 
of thin-walled beams. It has been illustrated λ values decrease with decreasing of 
thickness in the pre-buckling stage. At very thin component thickness, however, 
the onset of local buckling results in a loss of effective length in the compressive 
segments. The effect of buckling on the λ values has been analyzed based on the 
effective width method and it has been illustrated λ values will increase due to 
non-uniform stress distributions in the post-buckling stage. Nonlinear FEA are 
conducted for a thin-walled beam to validate the effect of local buckling on 
changes of gauge sensitivity. Bending stiffness has been first calculated for the 
beam with different thickness ranging from 10 mm to 1 mm. Corresponding λ 
values are computed based on the obtained beam stiffness values in the pre- and 
post-buckling stages. It is found local buckling in the compressive beam com-
ponent will lead to an increase in λ values, indicating the stress distribution 
changing from a uniform status in the pre-buckling stage to non-uniform status 
in the post-buckling stage. It is validated from the nonlinear FEA results that 
gauge sensitivity index can be used for indicating and measuring the onset and 
degree of compressive buckling in thin-walled beams. Further investigations in-
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clude numerical validations of thin-walled beams with open cross sections.   
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