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Abstract 
Experimental campaigns were carried out to extract results from the flow in 
an open cylindrical channel under precession. The bore or the hydraulic jump 
is the main concentration. The experimental results are varied; this includes 
velocity results and geometrical ones related to the depths, phases, and lengths. 
For the geometrical ones a Coupled-Charged Device Camera (CCD) is used 
to extract pictures, those enable us to get quantitative and qualitative results. 
For the velocity results, Acoustic Doppler Velocimeter (ADV) is used to ex-
tract the velocity signals under the bore surface, after analyzing them it turned 
out that they have Cnoidal form, thus a new BBM model is derived, which is 
exactly as the one derived by Peregrine (1966), the only difference is the forc-
ing gravity term, this model is solved analytically after omitting this gravity 
term as it is considered small, and the solution is compared with the real sig-
nals with good match. Finally, a new relationship that connects between the 
conjugate depths after and before the bore is derived which has time-space 
dependency due to the Centrifugal effect, it was also used and compared with 
some experimental results. 
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1. Introduction 

It is well known that the transition between two levels of water have different 
aspects, it can be totally broken highly agitated and turbulent which is well- 
known phenomenon as bore or hydraulic jump, and sometimes this level is cov-
ered by smooth periodic undulations called the dispersive shock waves or undu-
lar bores [1]. In the first case, the energy is totally dissipated by friction, while in 
the second one part of this energy is radiated in an undular form [2]. The main 
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experimental achievements on bore problem are varied, the earliest experiments 
were conducted by Favre (1935) who studied the surge wave propagating from 
the reservoir, his results were summarized in [3], the authors stated that after spe-
cific time some undulations take place on the free surface, those have stable form 
and similar in size and of Cnoidal type of waves. 

The experiments of Favre stimulated other researchers to study this topic, for 
instance, in [4] the authors performed two experimental campaigns on the surges 
moving from a reservoir through rectangular contraction into an open channel 
that was given different slopes, the first one used a light metal planing plate with 
different loads over the surface to maintain the first wave, and then a train of 
undular waves can appear. And in the second one, they used an external weir, 
when the weir was slowly raised into a stream for which the Froude number ex-
ceeded unity, the water being deflected into a stable hump above the weir. The 
authors stated that above Froude number of 1.3 the first wave is broken locally, 
its type is determined using Ursell number, they also compared the results with 
the classical momentum conservation theory. Other experiments were carried out 
in [5], the main concentration was the surface configuration of breakers, bores, 
and hydraulic jumps in flumes with transparant sides, which are considered dif-
ferent modes of quasi-steady breaking waves, their observations indicates that the 
surface roller does not play a dominant role in the dynamics of the wave. 

The bore can be found naturally in rivers, intensive field investigations of tidal 
bore dynamics conducted during several months in the Garonne River (France) 
in [6], it turned out that tidal bores form for a large majority of tides, with an 
occurrence percentage of 90% for low flow dishcarge and 65% for large flow dis-
charge, their results shed the light also on the significant cross-section variability 
of undular bores that contrasts with rectangular channel experiments, which in 
turn pours in favor the experiments conducted in [7] for the trapezoidal chan-
nels. In [7] the author investigated the undular bores (Favre’s waves as he called 
them) in detailed measurements for both rectangular and trapezoidal flumes, the 
author tracked the different type of waves observed in both channels depening 
on the value of Froude number that he extracted from the conservation of mo-
mentum and continuity. Along the channel, many gauges were inserted in dif-
ferent places, which enabled him to draw the hydrographs for both the positive 
and negative surges respectively. The new facilities that are used in studying bore 
experimentally are varied, for instance in [8] the author used the LIF (Laser-in- 
duced fluorescence) and PIV particle image velocimetry to extract velocity and 
depth results, their main concentration is to study the hydrodynamics of large- 
scale bore driven swash on impermeable rough beach slopes. Those facilities 
enabled the authors, for instance, to extract depth time-series, depth-averaged 
velocities, Reynolds stress profilers, depth-averaged turbulent kinetic energy etc. 
Their measurements resolve the backwash shoreline position and the late back-
wash period, when depths are shallow and velocities are high. 

Other type of bore in reality is the Tsunami bore, in [9] the authors carried 
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out extensive experiments using the dam-break waves to simulate the interaction 
between the tsunami-like bore and vertical seawall to measure the bore-induced 
pressures and to estimate forces exerted on the vertical seawall model, where the 
force distribution is affected by the front impact phase, and quasi-steady one, in 
addition to bore run-up, and overflow phase. Other experimental and numerical 
results extracted on dam-breaking bores are examined in [10] the author’s mod-
el was originally used to simulate debris-flow collision on plane walls. His expe-
riments showed a lag time between the maximum wall force and the maximum 
run-up elevation. The author used numerical analysis as well where Finite Vo-
lume Element scheme is implemented to the potential flow problem, the model 
is compared with the experimental measurements. The experiments of Treske 
stimulated many researchers to carry out intensive experimental and analytical 
investigations on undular bore development, like for instance in channels of va-
riable cross-section conducted in [11], the authors discussed mainly two cases: 
the high Froude number (HFN) regime where in the channel axis short waves 
with characteristics similar to those Favre’s waves were observed, and in the 
channel banks longer waves were observed, and the low Froude number (LFN) re-
gime where only the long waves were observed in the whole channel. The expe-
riments focused on comparing their numerical model of Serre-Green-Naghdi 
model with other work related to the wavelength, amplitudes, and steepness with 
good match. 

The real observations in rivers showed that the turbulent mixing and disper-
sion are enhanced by the bore because some significant bed erosion and scour 
take place beneath the bore while suspended material are advected upstream 
with the tidal bore [12]. That is why in [13] the authors carried out extensive 
experimental measurements to study the turbulent velocity in breaking bores 
and the turbulence properties, they discussed the free surface properties based 
on Froude number and the velocity which was extracted using Acoustic Doppler 
Velocimeter (ADV) which showed that some negative longitudinal velocity com-
ponents next to the bed highlighting some transient recirculation „bubble”. It 
was noticed that there is an increment in Reynolds stress between the uniform 
area behind the bore to the bore area, for both smooth bed material or the fixed 
gravel bed. 

In the present work and due to the precession mechanism that provides sud-
den change and push to the free surface elevation, the bore is natural, sometimes 
with totally turbulent broken area other times with smooth undulations. In this 
paper, we shed the light on some experimental results extracted from the bore 
noticed in open cylindrical channel under precession. First by tracking the dif-
ferent free surface aspects and flow patterns based on the classical classifications, 
and next by extracting a new BBM model similar to the one extracted in [14] 
which is going to be solved analytically to compare it with the results extracted 
from the ADV measurements for the undular breaking and breaking bore cases 
that were carried out in the channel and it showed the cnoidal feature of the ve-
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locity along the flume. In Section 2, explanation about the experimental setup, in 
Section 3, explanation about the experimental observations for the free surface 
and the velocity measurement, in Section 4, the new BBM model is derived and 
compared with the experiment, in Section 5, the conclusion and summarization 
of the work. 

2. Experimental Setup 
A flume channel of cylindrical geometry that has an annulus cross-section is 
elevated over the laboratory floor (the inertial frame of reference) using metal 
support, is designed to study the forced oscillations. The cylinder width r is the 
difference between the radii of the inner and the outer cylinders min max,r r , re-
spectively. Full details of the experimental apparatus and the procedure can be 
found in [15]. The base of the cylinders is a rounded-shaped wood table that ro-
tates and tilts, which is in turn elevated over other rotating circular wood table 

that can only rotate. The cylinders rotate about their common axis ( )ˆ,O k  with 

precession rate 2 τΩ = Ω , where τ  the slope of the upper base table. The lower 

table is able to rotate about the inertial axis ( ),O z  with rotation rate Ω . The 

angle between the local axis k̂  and the inertial one z is the angle of precession 
ψ . The cylinders are filled with water of different volumes, Figure 1 shows the 
channel. 

3. Experimental Observations 

The experimental observations are divided into two parts, first for the free surface, 
and then for the velocity measurements and observations. 

 

 
Figure 1. Sketch of the channel flume used in the experiments to track the wave aspects observed. 
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3.1. Free Surface Observations 

We start by the free surface observations, where this is considered the first expe-
riment on the bore in such channel system as far as we know. But first we shed 
the light on the techniques we used to extract the quantitative and qualitative 
results. In order to measure any length for instance the depths on the outer pe-
riphery of the flume, we used the pictures extracted from the CCD camera that 
was fixed firmly on the laboratory floor in front of the channel to record conti-
nuous pictures of what happen inside the flume. The pictures will give us the 
pixels on the pictures. In order to get the right mm depths and lengths, we needed 
to know the corrected pixels and the right mm. 

1) Millimetres Computations: 
To get the real mm results on the outer periphery, we used a technique de-

pends on pasting some small square papers, those were given specific numbers, 
and they were organized in a grid form on the outer surface this grid has some 
origin, the chosen one was point number 5, the distances were measured be-
tween the points and the origin and depending on some initial guess for their 
positions with respect to this point, we could minimize the distance relationship  

( ) ( )2 2
c cd x x y y= − + −  using the least square method where we minimized  

the error between the real distances and the computed ones based on new com-
puted ordinates and abscissas iteratively, so that we got the exact ordinates and 
abscissas for each point. 

2) Pixels Computations: 
To extract the right pixels on the pictures, first they were calibrated, where 

new program is written by the present author using Python programming lan-
guage to calibrate them, then using the thresholding technique provided by Py-
thon packages, we could get the Gray-Scale image, and then by using the bound-
ing techniques we could detect the centres of the squares pasted on the outer pe-
riphery (x-pixel and y-pixel) which have known mm from the previous section. 
Now in order to compute a length or distance, we use the curve tracking tech-
niques and then we extract again the pixels needed and then using the interpola-
tion and extrapolation techniques between the pixels and the real mm we could 
draw the free surface in mm or get the right length as it appears on the outer pe-
riphery. From the curve tracking techniques, we could draw the free surface 
when the undular bore case as it is clear in Figure 2 which reflects the cnoidal 
type of the waves. 

The cases of the bore free surface are similar to the ones noticed under non-
rotating conditions, which means that one can find the totally broken bore, the 
undular one and the undular bore with first wave is broken. Those cases were 
classified previously in [4] [14] [16], the main criterion was the level difference 
between the two uniform flows after and behind the bore, that is given: 

1 2

2

h h
h
−

∆ =                           (1) 
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Here 1 2,h h  represents the uniform depths before and after the bore. It is agreed 
that if this level is 0.75∆ >  then the connected region between the two uni-
form flows is totally broken (bore) or plain bore (appears as slanted roller), on 
the other hand if 0.3 0.75< ∆ <  then the free surface is undular, but the first 
wave is broken, and for smaller ratio like 0.3∆ <  the free surface is totally 
smooth undular. In the present work, the channel is cylindrical one and tilted, 
the uniform area behind and after the bore were only noticed for the cases of 
small tilt, for bigger angles of tilt like 0.09667τ = , and strong rotation rate the 
free surface behind the bore was totally curved towards the inner cylinder of the 
flume with highly agitated area as it is clear in Figure 3. 

And in fact, we cannot say that we have really totally plain area, there should  
 

 
Figure 2. Free Surface observed at specific point on the flow free surface for undular bore 
case with time, 6000 mlV = , 0.0433τ = , 3 rad sΩ = . 

 

 
Figure 3. Breaking bore, 4000 mlV = , 0.09667τ = , 4.893 rad sΩ = . 
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be small ripples appear on the surface especially that the motion is sinusoidal 
one in the whole flume. But the classification in Equation (1) was tested for 
many cases observed in the flume. To test the validity of Equation (1) more than 
50 samples were taken, using the calibrated pictures and the computation process 
we followed above, we could determine the main properties of the jump like 1h , 

2h , jL , the phase, the height of the jump etc. we have to explain first about 1h  
where the free surface behind the bore appears as if it is slightly narrowing to the 
bore area, thus we cannot say that it is exactly uniform that is why we take three 
points behind the bore and then we take their averaged depth to get the right 
depth, on the other hand the case of 2h  appears from the figures as if the depth 
is uniform and no need to take any averaging. It is worth to mention that for the 
case of undular bore 1h  (the bigger depth) was computed from the average depth 
of water which satisfies the average water level constraint: 

( ) ( )max

min

2 , , 2 2
max min0 0

d d d
r h H t r

r
V r z r h r r

η θ
θ

π = +
= = − π∫ ∫ ∫            (2) 

where , ,r zθ  the radial, azimuthal and axial cylindrical coordinates, respectively. 
The results from Equation (1) were in general in good agreement with the nor-
mal classifications (under nonrotating conditions), however only the undular cas-
es were divergent, for instance the case of totally broken bore or the plain bore in 
Figure 4, has level ratio 1.09 0.75∆ = > , on the other hand as clear in Figure 5 
the bore looks undular but locally broken at the first wave, and this case satisfies 
the ratio 0.3 0.641 0.75< ∆ = < . Finally, in the undular case, it was observed by 
the naked eye that there is small stair of waves, but the level difference looks too 
small as clear in Figure 6 however the classical approach is broken where the ra-
tio 0.525 0.28∆ = > . In all cases, the base of the upper titling table is assumed 
the origin of the vertical depth. 

Most of the previous studies connected the breaking property of the undular 
bore with Froude number, for instance in [13] they found that the bore was 
broken if 1.5 -1.6rF > , and in [4] they got the first breaking wave at about 

1.3rF ≈ . Thus, each experiment is different and gives different results, in the  
 

 
Figure 4. Plain bore, 10000 mlV = , 0.04333τ = , 4.71 rad sΩ = . 
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Figure 5. Undular broken bore, 8000 mlV = , 0.04333τ = , 3.824 rad sΩ = . 

 

 
Figure 6. Undular bore, 6000 mlV = , 0.04333τ = , 3 rad sΩ = . 

 
present study the flow in the whole flume is supercritical downstream and criti-
cal upstream with some subcritical cases almost in all cases, because Froude 
number is given in this case in terms of the solid-body rotation speed as in Equ-
ation (3), Some results were reported in Table 1 about the tilt, rotation rate, vo-
lume, and the corresponding value of Froude number. 

max

2
r

r
F

gh
Ω

=                           (3) 

The observer of the transverse direction of the flow (the radial one) will see in 
case of slow rotation a jump of the form similar to the one under nonrotating 
conditions, however by increasing the rotation rate the frontal line of the bore is 
inclined inward towards the inner radius of the channel as it is clear in Figure 7, 
this result is similar to the one extracted in [17] for his measurements on the ro-
tation effect on the hydraulic jump in rectangular channel that is elevated on a 
rotating table, the author justified this deflection to the right to the Coriolis ac-
celeration effect, this is also the result was reached in [18] but their experiment  
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Table 1. Experiment studies of unsteady bore. 

V (ml) H τ Ω case Fr Δ 

10,000 

8000 

12,000 

6000 

4000 

14,000 

2000 

0.0933 

0.074 

0.112 

0.056 

0.037 

0.13 

0.0185 

0.0433 

0.0433 

0.0433 

0.0583 

0.0333 

0.075 

0.0333 

5.092 

3.842 

5.045 

2.884 

4.404 

5.66 

3.88 

plain bore 

undular broken 

plain bore 

undular bore 

plain bore 

undular broken 

plain bore 

1.5 

1.29 

1.32 

1.19 

2.22 

1.5 

2.22 

1.108 

0.675 

0.882 

0.874 

1.14 

1.03 

1.25 

 

  
(a)                                           (b) 

Figure 7. (a) Plan view of propagating hydraulic jump to the right due to high rotatio rate, 4000 mlV = , 
0.0333τ = , 4.403 rad sΩ = . (b) Plan view of propagating hydraulic jump straight under low rotation rate, 
2000 mlV = , 0.0333τ = , 2.785 rad sΩ = . 

 
was little different than the result extracted in [17], where they studied the jump 
in a semi-infinite ocean, and they could determine the exact angle of that oblique 
offshore which depends on the strength of the jump, this results contradicts the 
one observed in [17] where the angle mainly depends on the rotation speed, the 
work here accords with Fedorov’s results where the effect of rotation rate plays 
the role in this deflection with the other factors like the tilt and the volume, the 
analytical calculations of this deflection was not considered in this work. 

3.2. Conjugate Depths 

Water levels before and after the breaking area are called the conjugate depths; 
in normal channels there is a relationship between those depths, which can be 
written either in terms of Froude number or the volume flow rate per unit width. 
This relationship is going to be derived here as well by taking into account the 
additional forces resulting from rotation; by applying momentum conservation 
the problem can be written as: 

( )2 1F Q V Vρ= −∑
  

                       (4) 
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Here, 1V  denotes the velocity of the uniform flow propagating at higher level 

1h . 2V  represents the velocity of the uniform stream after the bore at level 2h . 
The velocity at section (1) in the channel corresponds to the case of subcritical 
conditions, and to the supercritical conditions at section (2). As in any simple 
channel, the forces that affect the flow mainly the pressure and gravity, but other 
forces resulting from rotation should be added as well. Euler wobbling force, for 
instance, is small in comparison with the Centrifugal one; thus, it is neglected. 
The motion takes place in one direction of the flow, the azimuthal one. In this 
azimuthal projection, there is Coriolis force term that has vertical velocity com-
ponent, but due to the small width this velocity can be neglected, that is why this 
projection is factored out, the rest is only the Centrifugal force and one can 
simply write: 

( )

( ) ( )

1 2
1 1 2 2

2
2 2 1 2 1 2

1 2

sin
2

sin cos
2

j

j

h hh A h A r t L

h h h hQr t t L
gr h h

γ γ γτ θ

γ τ θ θ

+ − + Ω −  
 

 + −  − Ω Ω − Ω − =        

     (5) 

The cross-section of this channel is a rectangular one that has width  

max minr r r= − . 1 2,h h  the distances from the centroids of water sections (before 
and after the jump) till the free surface of water are given by: 

( ) ( )1 1
1 2cos , cos

2 2
h hh hψ ψ= =                   (6) 

where ψ  the angle of tilt in the channel. jL  the jump length. 1 2,A A  the wa-
ter section areas before and after the jump, and are given by: 

1 1 2 2,A r h A r h= ⋅ = ⋅                       (7) 

Ω  the angular velocity, the rotation rate about the z axis, ρ  the density of 
water in the channel. The Froude number in this channel can be given for the sec-
tion before the jump: 

2
2
1 3

1
r

Q rF
g A

=
⋅

                          (8) 

By arranging Equation (5) in terms of the proposed depths we get a simple 
quadratic equation: 

2
22 2
2

1 1

2 0h h G
h h

   
+ − =   

   
                     (9) 

( ) ( )2
2 1
2

1 1 2

sin
, cos jr L tFG G

G G h h
τ θ

ψ
Ω −

= = +
− −

           (10) 

( ) ( )
2 2

1
1 2

sin cosjL
G t t

h h
τ

θ θ
Ω

= Ω − Ω −
−

               (11) 

Thus, to find the conjugate depths the determinant of Equation (9) will give 
two different values. 

22
2

1

1 1 1 8
2

d G
d

 = − + +  
                    (12) 
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If the channel is totally horizontal 0ψ = , then 0τ = , 
( )
2
1

2 cos
rFG
ψ

=  and  

Equation (12) will be similar to the cases of conjugate depths under normal con-
ditions: 

22

1

1 1 8 1
2 r

d F
d

 = + −  
                     (13) 

Equation (12) is going to give each time different result depending on the 
phase of tilt tΩ  and the azimuthal coordinates θ , for instance the computa-
tions here first determined the length of the jump on the outer surface from which 
we could compute the angle θ  in terms of maxr , this corresponds to specific time 
which accords with the figure extracted, as the CCD camera is taking continuous 
figures at specific rate 30 frames per second and each frame has specific number, 
by counting the number of frames that are recordered from the starting time till 
the wanted picture we can calculate the time. By choosing some arbitrary cases, 
we put this relation in Figure 8 compared with the classical momentum in Equa-
tion (23) and the experiments. 

3.3. Velocity Observations 

The velocity was recorded as well while bore is on the free surface. The experi-
ment utility was the ADV or the Acoustic Doppler Velocimeter, the device is 
composed of four heads surrounded the transmit transducer, and it was hung on 
a metal rod next to the channel where it can be hold and fixed and it is inserted  

 

 
Figure 8. Ratio of conjugate depths as a function of the bore Froude number. (*) using Equa-
tion (12), (■) experiments, (●) using Equation (13). The solid line is linear fit for the momen-
tum principle. 
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in the channel. The channel width is only 10 cm, and the channel was tilted us-
ing different angles of tilt, for big ones and during the rotational motion the rod 
that holds the ADV scratched the inner cylinder, thus it was hung all the time 
almost in the centre line of the flume 0 0.045 mr = . The position of the vectrino 
vertically also should be taken into account, where making it next to the free 
surface during the motion can be out of water and the signal will be full of spikes 
and bad results, this also may happen by making it close to the bed where the re-
flected signal will be very bad by the effect of bottom conditions, that is why it is 
advised to keep it far from the bottom about 3cm and from the free surface 
about 2 - 3 cm to never touch the air. To enhance the correlation level (over 70%), 
some seeding materials were used, mainly sand of diameter d = 0.25 mm, the 
sampling frequency was 25 Hz. The vectrino does not move or tilt with the 
flume but it is affected by the motion of the flow over it, the extracted results had 
spikes that should be corrected using averaging or interpolation and extrapola-
tion techniques. The signals were for long time like 100s or more, thus, to figure 
out their type those were divided into smaller parts like only 5 - 10 s. To analyse 
the signals, we used ADV Converter and MATLAB reader to extract the veloci-
ties in numbers, the signals are all of Cnoidal form when splitting them into 
small time intervals. 

4. Benjamin-Bona-Mahony (BBM) Model 

As mentioned in the previous section that the bore signals are cnoidal ones, thus, 
in this section a new BBM model similar to the one extracted in [14] is derived 
and compared with many cases of tilts and different volumes. To handle this, the 
motion is assumed to be two-dimensional, and the predominant direction of the 
flow is the azimuthal one, the flow is assumed inviscid one, only Coriolis force is 
taken from the rotational forces, and Navier-Stokes equations with the kinematic 
and continuity conditions are: 

( ) ( )sin 2 cost z
uu P

u wu g t t w
r r
θ θτ θ τ θ

ρ
+ + = Ω − − − Ω Ω −       (14) 

( )2 cosz
t z

uw Pw ww g t u
r
θ τ θ

ρ
+ + = − − + Ω Ω −            (15) 

, 0t z
u

w u rw
r
θ

θ
η

η= + + =                    (16) 

where ( ), ,u z tθ , ( ), ,w z tθ  the velocity components in the azimuthal and axial 
directions, respectively, P the pressure, g the gravity acceleration, r radial coor-
dinate. The dimensionless analysis is assumed: 

( )0

2

, , , , ,

, , ,

,

Hr H z H

c HP P H z gH t t
H c

cw

r z

P

uw u c

η ε η τ εδτ θ θ
δ

δγ ερ
δ

ε ε
δ

→ → → → →

→ + − + Ω→ Ω →

→ →

        (17) 
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With: Hδ
λ

=  the shallowness parameter, and c gH=  the long wave speed, 

the wavelength max2 rλ = π . The equations will take the final form after dropping 
the bars and balancing the shallowness with the amplitude parameters in the 
form ( )2Oε δ= : 

0zu rwθ + =                          (18) 

t
u

w
r
θηη ε= +                         (19) 

( ) ( )2sin 2 cost z
uu P

u wu t t w
r r
θ θε τ θ ε τ θ + + = Ω − − + − Ω Ω −    

   (20) 

( )2 2 cost z z
uw

w ww P t u
r
θε ε ε τ θ

  + + = − + Ω Ω −       
       (21) 

The unknown parameters ( ) ( ), , , , ,B z t P w uθ η=  in Equations (18)-(21) are 
going to be expanded in a series form in terms of the amplitude parameter: 

( ) ( ) ( )0 1 22B B B Bε ε= + + +                   (22) 

At the leading order of the problem, it is assumed that as 0ε → , then  
0τ → , so that we get rid of the gravity term at the initial state, then for the next 

order we have: 

0 0
1 1 1 0 0 10,z z t

u
u rw w w

r
θ

θ
η

η η+ = + = +               (23) 

( )0 0 1
1 sint

u u P
u t

r r
θ θτ θ+ = Ω − −                  (24) 

2

1 0 1
1

2 t
zP u

r θ η
 −

= + 
 

                     (25) 

On substituting the values of the zeroth order of azimuthal velocity into Equa-
tion (24) and assuming that: u η= , and then by adding it to the balanced ver-
sion between continuity and the kinematic condition we get the final BBM mod-
el of the problem which is the same as in [14] but with forcing term from gravity 
force in the cylindrical geometry: 

( ) 2

3
sin

2 2 6
t

t
uu u u

u t
r r r
θ θ θθτ θ+ + = Ω − +                (26) 

This equation should be scaled back into the dimensional form to get: 

t tA u B uu C u D u Eθ θ θθ⋅ + ⋅ + ⋅ − ⋅ =                (27) 

The forcing term will be neglected in the process of the direct integration due 
to the small values of the slope in all cases. The coefficients A, B, C, D are given 
by: 

( )

2 2 2

3

3 2 2

3, ,
2

, sin
26

H H HA B C
c rc c r

HD E t
c r

εδεδ ε δ
τ θ
εδεδ

 = = =

 = = Ω −

               (28) 

https://doi.org/10.4236/ojfd.2022.121004


H. Alshoufi 
 

 

DOI: 10.4236/ojfd.2022.121004 82 Open Journal of Fluid Dynamics 
 

Analytical Solution 

The classical direct integration of Equation (27) can be processed by assuming 
that we have a progressing solution in a frame moving with the wave on path ϑ  
so that ( )u u ϑ= , and r r tϑ θ= − Ω . This means that: 

,r r
tθ ϑ ϑ

∂ ∂ ∂ ∂
= = −Ω

∂ ∂ ∂ ∂
                   (29) 

Then Equation (27) can be written as: 

( ) 2 0C A u Buu Dr uϑ ϑ ϑϑϑ−Ω + +Ω =                (30) 

By following the classical integration method like the one presented by Deb-
nath (2012) the final solution can be written in the cniodal form as: 

( ) ( )2
2 2

3
, ,

12 4
A CB b A Cu a cn a b

BDr Dr
ϑ ϑ

  Ω −⋅ Ω −
= ⋅ = = 

Ω Ω 
     (31) 

The solution in Equation (31) can be approximated into: 

( ) ( ) 2
, 1 cosu t a kr tθ β θ ω= ± −                   (32) 

where β  is ratio to be determined from the experiment 0 1β< ≤ , in general it 
is 0.5, k and ω  are given by: 

( )
2

2
,

33
B a bB b Ck

A ADr
ω

−⋅
= = +

Ω
                (33) 

The signals extracted from the previous section will be compared with the so-
lution in Equation (32) where most of the cases reported below are of the type 
undular breaking or totally breaking bore cases. The solutions in Figures 9-11 
with satisfactory match: 

 

 

Figure 9. Cnoidal Wave solution for type of wave behind the bore, 0.112 mh = ,  
5.05 rad sΩ = , 5.15 rad sω = , 0.0433τ = . 
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Figure 10. Cnoidal Wave solution for type of wave behind the bore, 0.0933 mh = ,  
5.31 rad sΩ = , 5.952 rad sω = , 0.0233τ = . 

 

 

Figure 11. Cnoidal Wave solution for type of wave behind the bore, 0.13 mh = ,  
5.347 rad sΩ = , 5.461 rad sω = , 0.03667τ = . 

 
The captions of the previous figures show that the computed angular velocity 

ω  in good accordance with the ones extracted experimentally only for relative-
ly small rotation rate provided to the system, however in many cases the signal 
does not match perfectly, or only the first two waves match, the rest of the signal 
is shifted to the right, this can be ascribed to the increase in the rotation rate, and 
it could be a defect in the solution where we omitted the gravity forcing term to 
follow the direct integration, also it was noticed that the vectrino’s place verti-
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cally may affect the signal, as mentioned in the previous section that one has to 
make it far from the bottom and from the free surface so that we can get smooth 
signal. 

5. Conclusion 

In this paper, some experimental results on the bore phenomenon were reported 
and compared with some analytical new models that were derived for this pur-
pose. The experimental observations focused on the type of the free surface be-
hind the bore and whether the classical norms can be used to classify it under 
precession conditions, the front of the bore was deviated towards the inner cy-
linder when increasing the rotation rate similar to other experiments carried out 
in [18] and [17] to study the rotation effect on hydraulic jumps, and this is due 
to the Coriolis effect. A new conjugate depth relationship was derived also, so 
that the rotation forces’ effect was included, the new equation has time-space 
dependency, and it was compared with the experimental and the classical equa-
tion under nonrotation conditions. Other observations were on the velocity sig-
nals that were extracted from the ADV measurements, the signals all have Cnoidal 
form, thus a new BBM model was derived and integrated analytically, the agree-
ment with the experiments is good for relatively medium rotation rate but it di-
verts when increasing the rotation speed. 
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