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Abstract

Entanglement in quantum theory is a concept that has confused many scien-
tists. This concept implies that the cluster property, which means no relations
between sufficiently separated two events, is non-trivial. In the works for
some quantum spin systems, which have been recently published by the au-
thor, extensive and quantitative examinations were made about the violation
of cluster property in the correlation function of the spin operator. The pre-
vious study of these quantum antiferromagnets showed that this violation is
induced by the degenerate states in the systems where the continuous sym-
metry spontaneously breaks. Since this breaking is found in many materials
such as the high temperature superconductors and the superfluidity, it is an
important question whether we can observe the violation of the cluster prop-
erty in them. As a step to answer this question we study a quantum nonlinear
sigma model with U(1) symmetry in this paper. It is well known that this
model, which has been derived as an effective model of the quantum spin
systems, can also be applied to investigations of many materials. Notifying
that the existence of the degenerate states is essential for the violation, we
made numerical calculations in addition to theoretical arguments to find
these states in the nonlinear sigma model. Then, successfully finding the de-
generate states in the model, we came to a conclusion that there is a chance to
observe the violation of cluster property in many materials to which the non-
linear sigma model applies.
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1. Introduction

Entanglement [1] [2] [3] is quite difficult concept even for researchers [4], be-
cause it contradicts the classical concept on the locality [5]. This difficulty has
not been reduced when a huge number of researchers apply entanglement to
quantum information [6] [7] [8] after the birth of the concept of quantum com-
puter [9] that originates from Deutsch [10]. Entanglement is the correlation of
quantum objects, which can not be explained by the classical statistics. When the
entangled correlation is found at the infinitely large distance, it leads to violation
of the cluster decomposition [11], or the cluster property [12], which is a fun-
damental concept of physics that there is no relation between two events occur-
ring infinitely apart from each other. Since this violation was found in toy mod-
els or in the academic models [12], there are active studies on the cluster prop-
erty in the many-body systems [13] [14] [15] and in quantum field theory [16]
[17] including QCD [18] [19].

In previous researches [20] [21] [22] we studied two-dimensional antiferro-
magnetic quantum spin systems on the square lattice with U(1) or SU(2) sym-
metry. We presented the methods to observe the violation of the cluster property
on the system where the continuous symmetry breaks spontaneously [11] [23].
In the case of U(1) symmetry [20], we introduced, in order to make the ground
state unique, an explicitly symmetry breaking interaction whose strength is g
Then we pointed out that the violation is the order of 1/ (\/ENX) on the finite
lattice with N, sites. For the quantum spin system with SU(2) symmetry [21],
we discussed the observation of the violation introducing two kinds of explicitly
symmetry breaking interactions. Our results there also indicated the possibility
to observe the violation, although the effect of the violation contains the factor
1/N, so that fine experiments would be necessary. In the following work [22],
however, we found this situation changes when the spin system couples with
another spin system. We showed that the Hamiltonian in this work includes Cu-
rie-Weiss model [24] [25] [26] induced by the violation of the cluster property.
Then we found that the effective Hamiltonian has the factor 1/N_, which is
needed for the thermodynamical properties to be well-defined. We concluded
that it is possible to find the effect from the violation of the cluster property
through observing the thermodynamical properties given by Curie-Weiss model.

In these studies where our models are quantum antiferromagnets, we recog-
nized that the degenerate states due to the spontaneous symmetry breaking in-
duce this violation. As is well known this breaking is found in many materials
[27] [28] [29], including the high temperature superconductor. It is quite im-
portant to examine whether we can observe the violation of the cluster property
in such materials. Therefore we are sure that to observe the violation of the clus-
ter property is not only a theoretical concern but also a subject to be experimen-
tally investigated in many systems.

In order to make quantitative discussions, we need to find a model which ef-

fectively helps us to study the low energy behaviors in many systems. Keeping
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this purpose in mind we now study a quantum nonlinear sigma model, which
has been derived as the effective model for two-dimensional Heisenberg antifer-
romagnets [30] [31] [32] and has been applied to various spin systems [33] [34]
[35] [36]. We also find many applications of this model in particle physics [37]
[38] [39], since the chiral Lagrangian that contains it has given fruitful results on
hadron physics [40]. The reason for such wide applications is that this model
realizes the symmetry by the minimum degrees of freedom when the continuous
symmetry is spontaneously broken.

In our study of the cluster property with spontaneous symmetry breaking in the
system on a lattice with N sites, the key observation is the quasi-degenerated
states |nQ> whose energy EnQ is the lowest one for a quantum number 7,
related to the symmetry. In the spin systems, it has been well known that the
energy gap EnQ —E, is proportional to né/Ns [27]. In our work on the non-
linear sigma model, we will reveal the existence of the quasi-degenerated
states. We then show that the energy gap in this model is also proportional to
[N,

Let us describe the plan of this paper.

In the next section, we describe our quantum nonlinear sigma model on the
square lattice with U(1) symmetry. The first subsection is devoted to comments
on the model which has the continuous symmetry. Then we clarify the quantum
property of our model with the discrete symmetry in the second subsection. The
third subsection discusses relations between these two models.

In many researches, the nonlinear sigma model is defined by the effective ac-
tion [30] [34], where the local field is given by the finite and continuous variable
called the angle variable. This effective action is given by the path integral so that
it is defined by the classical variables, not by the quantum operators. In this
work, on the contrary, we introduce the quantum theory of the discrete symme-
try using a discrete and finite variable instead of the angle variable. The reason
for it is that in numerical approaches we need to fix the quantum number to
calculate the lowest energy with this number. We then introduce a state |n>q ,
where »n= 0,1,~~~,(Ld —1) with the degree of the discrete variable L,. We ex-
pect that the discrete variable is close to the angle variable when L, is large
enough. In order to justify the model with the discrete variable, our discussion
starts from the Weyl relation [41] [42] [43] where the basic operators are not
hermitian but unitary. We replace the basic operators ¢, p by two kinds of un-
itary operators, Uq (t) = exp(itc}) and Up (s) =exp(isp). In other words, we
have the Weyl relation Uq (I)Up (s) = Up (S)Uq (t)em instead of the commuta-
tion relation [c}, ;‘7] =i. Note that the commutation relation on ¢ and p can
not be represented by finite dimensional matrices, while the Weyl relation on
Uq (t) and Up (S) can be extended to the operators Uq and (jp which are
represented by finite dimensional matrices. A brief description for U p (t) and
U » (S) as well as for U , and U , Wwill be found in Appendix.

In the second subsection, we define our model on the square lattice where
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the unitary operators U s and U i are defined at each site 7 The Hamilto-
nian of the model has two terms named A-term and B-term, which correspond
with the kinetic term and the potential term in the ordinary nonlinear sigma
model respectively. Here we introduce g-representation where the B-term of
the Hamiltonian is diagonalized, and p-representation where the A-term is
diagonalized. The Hamiltonian introduced in [31] has the symmetry that it
does not change when we increase the angle variables at every site by the same
magnitude. To this symmetry, we have the generator for which the quantum
number is defined. Therefore we impose that our Hamiltonian is invariant
under increment of the discrete variables, which correspond to the angles in
the continuous symmetry, at every site by the same magnitude. By this inva-
riance, we can define the unitary operator for the increment transformation.

Furthermore, we can introduce the hermitian operator 7, whose quantum

number is denoted by the integer 7, . One of features of oui model is that 7,
is diagonalized in p-representation.

When L, is quite large, we suppose the variable of our model becomes the
angle variable. Discussing the A-term of our Hamiltonian in the large L, case,
we show that this term becomes the kinetic term which is the differential operators
in g-representation. It means that A-term z[(l} o +U;,.) becomes 2102/ 06’
in thelarge L, limit, where 2mn/L, becomes 6.

Sections 3 is devoted to the theoretical discussion for the lowest energy
E,, (L;,N,) with a fixed value of n,, while Sections 4 is to the numerical in-
vestigation for this energy. Our purpose of our work is to show that the energy
gap EnQ (La,,NS)—EnQ:0 (Ld,NS) is proportional to né/NX . In section 3, we
give the theoretical arguments for this form, neglecting the effect due to the
B-term. Through this discussion, we find correction terms for the energy gap
which would be observed on small lattices. Section 4 is to show our numerical
results on lattices with N =5, 9, 16, 36 and 64 sites. In the first subsection, the
results of N =5 and 9 are presented. For the N =5 lattice we employ the
diagonalization so that we are not bothered by the numerical error. The results on
the N =9 lattice are obtained by stochastic state selection method [44]-[51],
where we could make the numerical errors quite small. We extensively examine
the energy gap including the contribution from the correction terms. The results
on both lattices support our discussion in section 3. Calculations for N =16,
36 and 64 lattices are carried out by quantum Monte Carlo methods [52] [53]
[54]. The results, which are also in good agreement to our theoretical predic-
tions, are presented in the second subsection. There we show that we successful-
ly observe the effect from the correction terms on the N, =16 lattice beyond
the statistical errors. On N_ =36 and 64 lattices, on the other hand, part of the
correction effect turned out to be too small to observe.

In the last section, we conclude that the quasi-degenerate states exist in the
quantum nonlinear sigma model by summarizing the theoretical studies and the

extensive examinations by numerical approaches. Also we make comments on
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the dependence of the interaction strength on our conclusion, as well as those on
future studies on the violation of the cluster property and the extension of our

work to the model with SU(2) symmetry.

2. Quantum Nonlinear Sigma Model

2.1. Continuous Model

In many literatures, the quantum nonlinear sigma model has been defined in the
form of the effective action. In this work, however, we define it in the form of
Hamiltonian following to [31]. Instead of SU(2) symmetry which is supposed in
[31] we employ U(1) symmetry for simplicity.

First we introduce a variable @ for which the eigenvalue is @ and the ei-

genstate is | ).
a3|a)>:|a)>a), (a)|a)’>:§(a)—a)’). (1)
The value of @ is continuous and is limited to the range [0,2x], since @

expresses U(1) symmetry.

We also introduce a conjugate operator of @ , which we denote p, .
[@.p,]=1i. )
This commutation relation implies that

. d
v)=iqv (o). 3)

<CU|!//> = (//(Cl)), <CO ﬁ(a

The eigenvalue of p, should be discrete because, for the eigenstate |p,) of
P, the inner product (w|p,)=exp(iwp,) has the same value at w=0 and
® =27 . Therefore we denote |p,)=|n) hereafter,

ﬁw|n>=|n>n, n=0,+1,%£2,---. (4)

For models on the lattice, we introduce operators ®; and p,; at each site j
where j=0,1,---,N, -1 for the lattice size N_. They satisfy the following com-

mutation relations.
[03,-,13&,,} =10, [@f"?’lJ =0, [f’roj’f’w/] =0. (5)

Using these operators given at every site, we define the Hamiltonian for a

nonlinear sigma model on the square lattice by

N, -1
HLattice = fz (ﬁa)l )2 _gzcos(a/\)/ —C(A)n). (6)

Jj=0 (l,n)

Here j denotes the site number, while (/,n) denotes the nearest neighbor on
the square lattice. For this Hamiltonian, we can introduce the generator Q..
defined by

Ng—1
QLaﬂice = z ﬁwj' (7)
Jj=0

Using Equations (5) and (6) it is easy to see that
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|:I:I Lattice > QLatt[ce :| =-8 (%‘,) [COS(CZ)I -, ) > QLattice :|

:_g(z)[cos((z)l—d)n)’ﬁwl+ﬁ(unj| (8)
ln

=—ig " {sin(@, —a@,)—sin(&, -, )} =0.
(1)

2.2. Discrete Model

We would like to obtain the energy for the quantum number of the generator
0,.... in numerical calculations by the diagonalization or quantum Monte
Carlo methods. Since these methods are formulated through a finitely dimen-
sional linear algebra, we employ the discrete variable instead of the continuous
one. For this purpose, the commutation relation (5) is not suitable, because it
can not apply to the quantum theory of the discrete variable. In order to make a
model that has the discrete variable and that is a good approximation to the
model with A,

to satisfy the Weyl relation.

of the angle variable @, we would like to make our model

Based on the discussion in Appendix A2, we introduce two kinds of unitary
operators U , and U , at each lattice site j, and impose the following Weyl

relation to them.

A A A A

0,0,=0,0,exp(is,), §,=2n/L,,

poa
10,.0,]=0.10,.0,]=0,[0,.0,]=0, forj=L 9)

i’

Assuming the existence of an eigenstate |O>q/_ of U, and the relation (9) we

obtain, for n=0,1,---,L, —1, the eigenstates of U, or U, .
|n>q/ ([}pj )" 0>q/ > Uq/’ |n>qj = |n>q/ exp(_in5d )’
|n>ﬂf = (U‘l/) J

0),,,-’ U, |”>p,- :|n>pj exp(ind, ). (10)
is defined by |0> A

4

Here |O> )

yZ)
also obtain

following Equation (63) in Appendix. We

A

A~ n+l A~ A n+l
Upj|n>q/:<Upj) |0>qj:|n+1>qj ? U‘I/|n>p/:(U‘l/) |O>pj:|n+1>pj' (11)

Here |Ld >q/, = |0>q/, and |Ld >W, = |0>pj, as is shown in Appendix. Also the in-
ner product J <n|m>w_ is given by

q/<n|m>pj :(pj <m|">q/) :\/lL_deXp(_""m@)- (12)

The state in g-representation on the lattice is defined by

|n0’nl’n"nNA.—1>q E|no>qo ®|n1>q1 ®"'®|nNs‘]>qu-1 ’ (13)
Similarly the state in p-representation on the lattice is defined by
|n0,n1,---,an_1>p =|n,) . ®|m) | ®---®|nNS_1>pNJ_] . (14)

We then define a Hamiltonian H, for the discrete variables on the lattice by
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H,=
-4y (0, +U}, -2
1

For H, we can introduce an increment operator Q, defined by

0, =[10,.. 0,U,0} =U, exp(i5,). (16)
1

+H,,

~—
-

qn™ ql

Hy=- Z(U*U +0L0,)- (15)

We can obtain the eigenstate which is common to H, and Q,, because

[ﬁD,QD]=—B(%[(U* 0, +05,0,).0, |

o . (17)

--8Y|(0}0,,+0},0,).0,0,, |T10, 0.

(L,n) j#l,n
In the last equation of Equation (17), note that, for [ # n, we have
03,0,0,0,,=0,0,0,0,,=10,0} exp(i5,){U,,0,, exp(-id, )}
SR dan g T
= Upl ql anqn - U Uanquqn’
t i f T

anUq,U U Uq"Uq,Uanpl Uanpquan, U Uananq, (18)

Operating Q, to the state |n0,n1,~-,nN 71> given by the definition (14) we
s p

obtain

QD no,nl,-~~,anl> HUW|”0’”1’ "y, 1>
:|n0,nl,...,an_l>p gexp(lﬁdnj) (19)

N1
= |n0’n1""’an—l>p exp(zé‘d Z nj}.
=0

2.3. Hamiltonian for Large Lq4

As described in the previous section, the eigenvalue of U , 1s discrete. When
L, is quite large, however, the continuous eigenvalue of U, would be realized
so that the physical quantities of our model become good approximations to
those of H

Lattice *

Consider the case 0, = 2n/L < 1. If we introduce a notation

0=,n=2mn/L, , we canreplace |n) by |6) . Then we have
U,6), =16), exp(-i). (20)
Let us operate (U, +U},~2) toastate of [¥) =3,|0) w(6) atasite,
of the lattice. Then
(Up/ +U), - )

(0, +0},-2)10), v (0)
(|9+5 +|9 5,),-210), )w(0)

| ) { (0- )+w(9+5d)_2,,(g)} (21)

=
2
%
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We apply this discussion to the whole state |490,6’1,---,6’N 71> (13). The state
s q
|CD>q is given by

Z|‘90’91a h N 1> ¢ (90’015”"0va—1)' (22)

Hereafter we abbreviate ¢, (190,191, 0y 1) as ¢, ({ }) Operating H, in
Equation (15) to this state we obtain
Ng—1 ) 62¢q ({6/})

A, @), ~—AZ|6’0,92,“',9N;1>(, D6

10 00; @)
= !

9;
Asfor H, note that, for one nearest neighbor pair (/,n),
(U300 +U3,0,1 )| 00,000-+.64 1),
{ (19 )exp( —i0 )+exp(1€ )exp u9 | NEIEN N 71> (24)
s q
2co

Therefore

a,|o), Z|6’0,€2,- >¢q({0j}){—2BZcos(@—9n)}. (25)

(1.n)
With Equations (23) and (25) we obtain

H |CD Z|90"923 . N 1>

N1 92 (26)
x —Aéjzw 2B¢, ({ })Zcos( 0,). 8

= 06

3. Energy with a Fixed Number nq

In this section, we present a theoretical argument about the lowest energy with a
fixed number 7, . In the first subsection, we discuss the effective Hamiltonian
where the operator 7, is clearly separated. The second subsection is to esti-

mate the energy gap using this effective Hamiltonian.

3.1. Effective Hamiltonian

Here we use new operators I}q, and I}p, instead of U , and U s+ We will
show that we can express the increment operator O, (16) by the single opera-
tor I}po. In addition, we express ﬁB in Equation (15) by V. 4l (I>1). As for
a,

plicit form.

in Equation (15) we present an expression where Q, is included in an ex-

First we consider an operator 7z, which is definedby U, as

exp(i&dﬁtj)slj (27)

7

Note that n%j is hermitian. For a set of operators {n%J} (j=0,1,---,N,-1)

we can introduce a set of new operators {g" 1} .
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Za/jmj’ m, _Z 14/15 Z 1%y = O Zazj i = Oy (28)

Let us assume that the matrix [aﬁ] is orthonormal, ie. b, =qa, and they
are real. Therefore Z a,a, =38, and Y a.a, =6, . Alsowe assume

ay; = I/JN for any j, which means that b, =q,; = 1/,/ , and A
ZjaOAjbjO = zj(l/Ns) =1.Using a, and b, we define unitary operators V,

and 7,
s Ny s N g
Vql = (Uqf) ’ Vpl = (Upj) : (29)
=0 =0
Then we express Uq/' and Upj by I}q, and Ap,
I\ﬁl(I} )alj _ Nod Iﬁl([} )ka }alj :Nfl(U )ziﬁilbkz“/f
o " ol A o "
Ng—1 R 5. R
:k:()( qk)kj:qu’
Nl Nt (Nemt VP N Nl
(7,)" = H{ (U,.) } =10,
1=0 =0 | k=0 k=0 (30)
Ng-1 R (5,{/ R
= 11(0.)" =0,

Next we show that a set of operators {Vp,, V. } has the same Weyl relations as

those of {U . U } given by Equation (9). Namely,
V.V =VV,exp(id,),

[Vq,,V ]_ [Vp,,V ]_0 [VZ,VW]=O, for [ # n. (31)
The first Weyl relation is verified by notifying
A Nyl ay Ne—-l Bin Ne=l | @i (A \Djy
szan:H(Uw’) H(qu) -1 ( Pf) ( ‘ﬂ')
=0 k=0 =0
ST1(G,)” (0, eo(id,a,b,) (32)
j=0

=V, exp(ié’d Dagb, ] V.V, exp(is,5,).
7

The rest of relations are trivial from Equations (9) and (29). By this proof we

confirm that the set of {Vp,,V } is independent and complete.

Then we will express H, in Equation (15) by I} For this purpose, we cal-
culate l}q,U;n , noting UT = U;n1 and a, =a,, = 1/1/ g

N, -1 N, - 1 N, -1

NA

0,0, =110, )" T1(0%) ™ = T107,)" ™ - (V) (33)
Jj=0 k=0 Jj=0 J=1
It should be noted that U g ; contains no V . Therefore we can express
H, by (N,-1) operators I}q (j=1).
Ny~ A ,1*‘1/»1 Nt ajy=aj
H ") (34)
j=1 Jj=1
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Next we express H , in Equation (15) by means of new operators I , de-
fined in Equation (28). It should be noted that, from Equations (27) and (28), we

obtain
n sz . No-l Ny-1
o = . 0, =11Y, :exp(ié‘dng), Ay =DM, (35)
VNS J=0 Jj=0

Then we can express [:IA in Equation (15) using 7, and éc, (I>1) be-

Up, =exp(id,m, ) = exp{ié (z Co+ \/VJ}
Xp i 3y, 2 4t
= P{l@(; b,¢, +FSJ}
. Nloooon
Ul =exp {—i&d ( Z; b,<, +VQJ} (36)

The result is, with 7, = ij‘:‘;lblngan ,

:_A]tz;{exp{za‘ (m N H”Xp{ 104 [ﬁ’JrZ_QsH_Z}

cause

(37)
Ny—-1 ;lQ
=-24 cos +—|-17.
Zlo(o3
Now consider the case &, < 1, where we expand H, by &, .
S L AINE)
H sk =24 A2 || 21
' SiEalie)
(38)

:—ZA{;ﬁzkE 1); 2(;( jk}

It should be noted that ﬁfj’) =0 due to the definition of A, and h(2k+1) =

because A, ishermitian. In the second order of &, we obtain H 51 ),

=0
No-1 A 5\
= A5 Y \h] + 25, 2+ (FQJ (39)
=0 s

N,
Nl w2
= A5? 5+ —= |
=0 N,
Here note that

N,-1 NIN-1 Nl Nl R N,-1{ N,-1
Z 771 = blné/n = [ ban n = \/F Z bln Nl
- ‘/7 (40)

A 2
A% =05~ 252 CUN 5 1 e
A A d d 2' 1
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For later use we also calculate H, 74 h( )52 + h 54 We obtain

N, -1 4
i 200t 3 192

- [=0

Aa‘*Nf a2 2 a2 ) (41)
+47 2+ + +| —
¢ 1=0 l 771 s ’71 Nv 771 Ns‘ Nv

1 — '\2 Ny-1 4
g) A54z{_2z + IZ(;U’ 22 12N3}

1=0 910

In Equation (41) we dropped the term of )’ ,71; because of Equation (40).
3.2. Energy with a Fixed Value of n,

In order of §; the Hamiltonian 1:11(32) is given by

Ly

~ ~ A ~ n
aY =AY +A, =A%) + 452 2,

N,-1 N1 aq-a, Ns7l ay,-a;
AY =453 A2—BZ+ (I?q,.)ﬂ " | (Vq,)j ﬂ}. (42)

1=0 (1,n)

When we calculate the energy in p-representation, where the basic state is
My, 1y, My, My, 71> (14), the eigenvalue of the operator 7, is n, = Z m,
s p
Therefore the lowest energy with a fixed value of 7, is given by
2
2 2 9
EY) = EY) + 45; - (43)

Here Eé2) is the lowest energy from H (023 . We conclude that the energy gap

ATQ’Z with a fixed value of n, is given by

h2 _ p(2) @ _ 2o
Ang = EHQ —E;” =49, FS (44)

Then let us discuss energy up to &, . The effective Hamiltonian I-Alg) is giv-

en by

'\2
A =AY H5’0+A52N 4538, + &y + ] + 8,

s

1

1’61 NZ% ) =
s 1=0

A

1
€ Z 771 5 4 W (45)

I

15
12 “ 2N2

As for terms with ¢, we estimate their contributions by the first-order per-

turbation theory. When the eigenstate of 1:11(320) with the eigen energy E(()z)

is
| Eé2)> , the energy is given by
“) 2 g O A0 _ g g
EY) =B+ (D {4 - A5} ED)

2 2 4
n N n n n
:[E(()Z)JrA(Sj—Z\fj—Aéj{ A L L ]

12 30 2N, 12N

s

DOI: 10.4236/wjcmp.2021.113003 39 World Journal of Condensed Matter Physics


https://doi.org/10.4236/wjcmp.2021.113003

T. Munehisa

Nyl
2

=0

—k _ 1 (2)
n = N <E0

Here we see that 77° vanishes. The reason is that A, is invariant under the

E§2)>. (46)

exchange of U , and Ul o as well as the exchange of U o, and Ut o> Which
means to replace 77, by -7,. In conclusion, the energy gap up to & is given
by

2 4
a = B B = asia Ty o
0 0 i NS 12N
N
B =) - 5] it )y 51—%55772- (47)

Note that the value of a;Z’z depends on not only A, butalso H,.

4. Numerical Results

Now we present our numerical results of the lowest energy from the Hamilto-
nian H, (15) with a fixed value of n,, which we denote E,, (L;.N,), for
several values of L, on the square lattice whose size is N, . In order to obtain
the energy for each value of 1, we employ the basis states in p-representation,
which consist of |m0,ml,---,mer>p (14) with > m, =n,. We examine the

numerically obtained energy gap defined by
A, (Ld,NS)EEQ(Ld,Ns)—EO(Ld,NS). (48)

n,

Throughout this section we fix A in H, to be &;>=(2n/L,)", so that
A8; =1,and B =1. Note that the energy gap scarcely depends on B. Our study
is carried out on N, =5, 9, 16, 36 and 64 lattices with L, =32, 36 or 64. The
fixed value ranges from n, =0 to n, =L, /2. Note that the result for L, —n,,

which means the result for —ny i the same as the result for 7n, because of the

o
periodicity of the operators.

We will show that A, (L,,N,) is well described by Afo’Z (44) or Afo’“
(47) which we discussed in the previous section. For this purpose, we introduce

three ratios,

7[2
D1, (L, N,)= {Ang (L;.N, )—NQ}/AHQ (L,,N,),

s

s

n2
2t = o () 2] o ),

D3, (L, N,)={A

no

(LN =A% /A, (LN, (49)

)'IQ
Here DI, (L,,N,) is useful to compare numerical results with AZ’; , while

D2, (L;.N,) is for the comparison with the first term of Af,h;. Since
7 = (B

arguments, we numerically estimate this expectation value by E |z N

A2

E(2 > / N, in a’Z’Z of the expression (47) is beyond analytical

E)/N,
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where |E,) is the state of the lowest energy with n, =0.

0

4.1. Results on N; = 5, 9 Lattices

In this subsection, we present the numerical results of A, (L, =32,N, =5)
and A, (L, =32,N, =9).

The edge vectors for the N, =35 lattice are (2,1) and (-1,2). On this
lattice we calculate the lowest energy with n, =0 to 16 by means of the di-
agonalization so that we can obtain precise results to start with. The number
of the states we should consider amounts to 32° =2 ~3.4x10". For the
N, =9 lattice, which is already too large to apply the diagonalization, we
employ stochastic state selection method [44]-[51] to obtain
A, (L, =32,N,=9).

Figure 1 shows our results A, (L, =32,N,=5) and A, (L, =32,N, =9)
plotted as a function of n,. We also plot A;héz =n, / N, in the figure. We see
the data agree with A;’;z when 7, is small. For large values of n,, on the
contrary, we observe a little discrepancy between the data and AZ’;. Then in
Figure 2 weplot D2, (L;,N,) and D3, (L,,N,) togetherwith DI, (L,,N,)
for L, =32 and N, =5, where aff has been calculated to be 0.98984. Here
we can see that the theoretical prediction up to 5, agrees well with the numer-
ical results because D3, (L;»N,) is almost zero in all range of n,. As for
D2, (L;.N,), on the other hand, they differ from zero in most range of n,.
These results tell us that the second term of Aff’g’4 is important except for very
small values of 7, . In Figure 3 we compare our numerical results for N =9
using Dk, (L,,N,) (k=1,2,3). We employ two values of L,, L, =32 and
L, =36, for which the estimated aéZ’z is 0.98431 and 0.98764, respectively. Here
we plot the data with 7, >2 only, because A, (L,,N,) istoo small to avoid
large statistical errors in Dk, (L;»N,)s (k=1,2,3). For large values of n,
we observe large discrepancies between Ang s and AZ;Z s as well as Ang s and
h2

. 4 . .
a,”"s, while A!"*sare consistent with A, s.
q ng ng

L
50 | P
40t " :
30 [
20 |
10

Gap
T LI
1

N=5 ®
! Ns=9| ®

"||‘|]‘||I‘|‘
0 50 100 150 200 250 300

an

Figure 1. Energy gap A, (L, =32,N,) defined by Equation (48) for N, =5 and9asa

function of né .
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Figure 2. Dk, (L,=32,N,=5) (k=1,2,3) defined by Equation (49), which measure

differences between numerically obtained energy gaps and theoretical estimations, versus

g . Black down triangles, blue up triangles and red circles are results for £ =1,2 and 3,

respectively.
0004 ——T T T T ]
0 '—-‘—.—.—0—0-—.-—.—-.———'A 222 ]
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oo P04
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e

Figure 3. Dk, (L,,N,=9) (k=2,3) defined by Equation (49) for L, =32 and 36
versus 7, . Blue triangles (£ =2) and red circles (k=3 ) are results for L, =32, while

green triangles (k =2 ) and yellow circles (k=3 ) are results for L, =36.

4.2. Results on N5 = 16, 36, 64 Lattices

For larger lattices with N, =16,36,64 we estimate the energy gaps by means of
quantum Monte Carlo methods [52] [53] [54]. The reasons why we employ
these methods are that we can easily apply them to the study on these lattices
and that we can obtain reliable results on the energy. In quantum Monte Carlo
methods we have two technical parameters, which are inverse temperature /3
and Trotter number / . For the lowest energy, we need large S as well as large
/,. Since our concern is the energy gap, we judge that S and [/ are large
enough if the gap calculated with some values of S and /, does not change
for slightly smaller or larger values of B and /. Table 1 shows the results for
A1 (L, =32,N, =16) with several values of S and /. We observe the
gaps coincide within the statistical errors for £>3.5 and [ >112. We also
calculate the energy gap using stochastic state selection method to obtain

A1 (L, =32,N,=16)=15.71£0.03. Based on these results we use values
S =3.5 and [ =148 in our Monte Carlo study.
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What we want to examine is whether our results agree with Aff’; within the
statistical error, which we will denote &, hereafter. It should be noted that
&y is scarcely dependent on values of n,. Then we need to estimate values of
o
cussions in the previous section we see that, with 45, =1,

for which we can see the effect of the correction terms in A;”;. From dis-

2 4
3 : = _ " __
AZQ“ —A;}’QZ :—5; (01772 +C2), Cl :W’ C2 = 12N3 . (50)

Note that the first correction term in Equation (50), which enables us to dis-
tinguish D2, (L,,N,) from DI, (L;,N,), is observable in the range of 7,
to satisfy &,¢,77° > &y, - Similarly we should search for values of 7, which satisty
the condition J;c, > gy, in order to find difference between D3, (L,,N,) and
D2, (L;N,).

Now let us first present our results on the N, =16 lattice. Figure 4 plots
Dk,, (L;»N,) (k=1,2,3) with L, =32 and L, =64 as a function of n,.
Instead of af;’z in the expression (47) we use

o2 .
a;\;{c,Z =]- 2]515 <E0 |ZT],2

E,). (51)

Table 1. Results of the energy gap A, (L,=32,N, =16) given by Equation (48) ob-

tained by means of the quantum Monte Carlo method.

ﬁ lx AV,L, 16
3.8 164 15.70 £ 0.02
3.8 140 15.70 £ 0.02
3.8 120 15.70 £ 0.02
35 152 15.69 £ 0.02
35 132 15.70 £ 0.02
35 112 15.70 £ 0.02
0.01 T T T T T LI T T
0 \.,' vo—2 28 e 2 e, o]
Fo Y 1 yyw - 2 2 S
N i 1 1
£ 001} ]
- D1(Lg=32) 1
i D2(Ly=32) - ¥ ]
_ - i D3(Lg=32)
0.02 D1(Lg=64) 1
L D2(Ly=64) A& |
_0.03 >| L P 1 | I | 1D|3|(le1=614|)| L |-

4 8 12 16 20 24 28 32

Na
Figure 4. Dk, (LN, =16) (k=1,2,3) defined by Equation (49) for L, =32 and 64
versus n,. The results for L, =32 are plotted by pale blue up triangles (k=1), green

down triangles (k =2) and orange circles ( k =3 ), while the results for L, =64 by yel-
low down triangles (& =1 ), blue up triangles (k =2) and red circles (k =3).
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2
as well as

Table 2 shows numerical results on <E0|21ﬁ,2 |EO> and a:;c’
ey, and 5jcj (j=12). Since the statistical error is &, _, ~0.02 for both
L,=32 and L, =64 we need, with L, =32(64), n,>5(10) to see the ef-
fect of the first correction term and n, >13(18) to see the effect of the second
correction term. In Figure 4 we observe that only D3, (L;,N,)s are consistent
with zero.

Next we present results of Dk, (L, =64,N,=36) (k=1,2) in Figure 5.
Since the statistical error turns out &, _;; ~ 0.03 , we see that the minimum #,
to find the correction from the ¢, term is 17. In this figure we did not plot
D3, (L,,N,) because, as we can see in Table 2, the correction from the ¢,
term on this lattice is too small to distinguish D3, (L,,N,) from D2, (L,.N,).
As is shown in Figure 5 the difference D1, (L,,N,)s are consistent with zero
until 7, <18 but, even taking account of the statistical error, they clearly differ
from zero when 7, >19. On the other hand, we see that the difference
D2, (L;»N,) is consistent with zero for all values of n,. These results sup-
;Z’z in the expression (47).

Finally Figure 6 plots our results on Dk, (L, =64,N,=64) (k=12). We
observe that D1, (L, N,)s differ from zero when n, > 24 , while D2, (L,,N,)
is consistent with zero for all values of n,,.

o
Conclusively speaking, therefore, numerical results presented in this section

port our argument on a

on N, =5,9,16,32 and 64 lattices strongly support our discussions on the

energy gap in section 3.

Table 2. Values obtained from our Monte Carlo studyon N, >16 lattices.

L, N, max(dfc,) max(zifcz) £, <E0 ‘Z/ﬁf E[,)/N‘_ ay?

32 16 0.31 0.05 0.02 0.818 0.98423
64 16 0.31 0.21 0.02 0.814 0.99606
64 36 0.14 0.03 0.03 0.820 0.99605
64 64 0.08 0.003 0.03 0.820 0.99605

001 —+———

0
D L
-0.01
D1 —@— |
r D2 —@—
_0.02|...\ P R T S "
15 20 25 30

Ng
Figure 5. Dk,,g (L‘, =64,N, = 36) (k=1,2) defined by Equation (49) versus n, . Black

circles and red circles are results for k=1 and 2, respectively.
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-0.01 f
D1 @ |
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-0.02 —_— —
24 28 32

Nq
Figure 6. Dk, (L, =64,N, =64) (k=1,2) defined by Equation (49) versus n, . Black

circles and red circles are results for k=1 and 2, respectively.

5. Conclusions and Comment to Future Study

In this paper, we studied the quasi-degenerate states, which is essential on the
violation of the cluster property, in the quantum nonlinear sigma model with
U(1) symmetry. Here we present our conclusion on the quasi-degenerate states
by summarizing previous sections. Also in addition to the influence of the inte-
raction strength on these states, we comment on the observation of the violation
and the extension to the model with SU(2) symmetry.

In previous researches [20] [21] [22] we have shown that it is possible to ob-
serve the violation of the cluster property in spin systems when the continuous
symmetry breaks spontaneously. The quite important question is whether we
can observe the violation in other systems. It is specially interesting to examine
whether the nonlinear sigma model shows the violation or not, because this
model can be used as the effective model in the low energy region for the system
with the spontaneous symmetry breaking. The study on the spin system showed
that the existence of the quasi-degenerate states is the key for the violation. If
there exist the quasi-degenerate states whose energies are proportional to the
squared value of the quantum number, we can apply the same discussion as that
in the spin system to the nonlinear sigma model. Therefore in this paper, we
have presented the extensive study on the energy of this model.

In this work we have considered a quantum model defined on a lattice, intro-
ducing discrete and finite variables instead of the continuous angle variables. In
order to justify these discrete variables, our discussion has started from the Weyl
relation [41] [42] [43] for the basic unitary, not hermitian, operators. Based on
this model we have defined the increment operator of the discrete variable QD.
Then we have introduced the quantum number 7, and calculated the energy
with the fixed value of n, adopting theoretical and numerical approaches.
Through discussions in section 3 we have theoretically calculated the energy gap
which includes né / N, and the correction terms. Our numerical results in sec-
tion 4, which we have obtained by the diagonalization on the N_=5 Ilattice, by
stochastic state selection method [44]-[51] onthe N, =9 lattice and by quantum
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Monte Carlo methods [52] [53] [54] on the N =16, 36 and 64 lattices, showed
good agreement with the theoretical estimations. By these numerical examinations
as well as the theoretical studies we conclude that the quasi-degenerate states exist
in the quantum nonlinear sigma model with U(1) symmetry.

A few comments are in order now.

First let us comment on the parameter B in our Hamiltonian H 5 (15), which

we chose to be 1 in section 4. Although the estimated value of 77> increases as B

becomes large, the second term 677" /2 in a;Z’z in the expression (47) will
still stay small compared to the first term 1. We therefore expect that our nu-
merical results in this paper will not be largely changed even if we use larger
values of B. In order to confirm this expectation, we carried out several addi-
tional calculations on the N =5 lattice with L, =32, increasing the value of
B up to 50. The result is (|4 |E,)/N, =079 (6.2) when B=1 (50).
Then the difference D3, (L,,N,) in Equation (49) becomes ~3 x 10~ for
B =50, which should be compared with the value ~4 x 10™ for B =1. Summa-
rizing the results for B =50, we confirmed that D3, (L,,N,)<0.015 for all

values of N,.

The next comment is on the violation of the cluster property in the nonlinear
sigma model with U(1) symmetry. Based on discussions in the previous work
[20], where we studied an antiferromagnetic spin system with U(1) symmetry,
we would need an additional interaction such as —igzi{lj g —(j;,.} in the Ha-
miltonian to explicitly break the symmetry. Then the model would have the
unique ground state and the violation would be observed with the magnitude
1/( g\/ﬁx ) when we measure a correlation function in the ground state at the
large distance. More quantitative studies will be made in future works.

The final comment is on an extension of our work to the nonlinear sigma
model with SU(2) symmetry. The essential element of our present work is
founded on the formulation of the model in p-representation, where we can fix
the quantum number 7, . In addition, we introduced discrete variables so that
we can calculate the energy using the finite dimensional matrices for the Hamil-
tonian. Can we apply our ideas to the study of the model with SU(2) symmetry?
The answer is perhaps yes, but more technical improvement would be required.
The reason is the following. The nonlinear sigma model has been defined by
fixing the magnitude of the scalar field whose Hamiltonian is the same as that of
the free field. Then we have the variables with SU(2) symmetry only, which are
the angles in the polar coordinate. It is difficult, however, to define the conjugate
operators corresponding to these angle variables. Therefore we have no naive
method to construct the nonlinear sigma model in p-representation. The tech-

nical improvement to solve this problem is under study now.
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Appendix
A1l. Weyl Relation

Here we present a brief description for the Weyl relation. In quantum mechanics
for one particle the commutation relation of the hermite operator of the position

g and the operator of the momentum p is a starting point.
[3.P]=1i, 4la)=|a)a. P|p)=|p)p. {P|a)=cxp(-irq). (52)
In the Weyl relation, we introduce unitary operators defined by
Uq (1)=exp(igt), Up (s)=exp(ips). (53)

Here sand fare real numbers. In this representation, we define the Weyl rela-
tion by

0, ()0, (s) =0, (s)U, (t)exp(=ist). U, ()0, (6)=U, (1)U, (s)exp(ist). (54)
Using these operators we have
U, (1)|g)=lg)exp(itg). U, (s)|p)=| p)exp(isp).
U,(s)l9)=lg-s). U, ()| p)=|p+1). (55)
The third equation is led by

0, (5)la)=[ap =0, (5) P){pla)
(56)

S it -

A2. Wely Relation for Discrete Variable

In our work, we introduce an unitary operator U, with a discrete value n
where n=0,1,---,L, -1 for a finite integer L,. We then introduce another

unitary operator U, which satisfies the following Weyl relation.
U,U,=U0,0,exp(id,), 6, =2n/L,. (57)
Note that
0,(0,) =0,0,(0,) =0,0,(0,) exp(-is,)
o) 0, (0,) " exp(-ims,) (58)

= (Up )” U, exp(-ind, ).

We suppose that U , hasan eigenstate |n0 )q whose eigenvalue is
Ay =exp(iy) with a real number y.

Uq|n0>q :|n0>q/10. (59)

Here we can make A, =1 by using U P exp(—i}/) instead of U ;- Then, with
this re-defined U, ,» We obtain
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0),

The state |n (
U, with the e1genvalue A, = exp(—fnc?d )-
Let us consider the state |Ld >q =U, |Ld - 1>q . Then

U4|Ld>q =0,0,|L, —1>q =U,U, exp(-is, )|L, —1>q

=U,|L, —1) exp(—id, )exp{—i(L, ~1)3, }=|L> 1.

Uq(Up)n (U ) U |O> exp(—ind, ) = ( p)n|0>q exp(—ind,;).  (60)
,)10)

is therefore the eigenstate of the unitary operator

(61)

Therefore |L > is the eigenstate of U with the elgenvalue 1 so that
|L >q —|0> 7 holds for a real number /. Re-defining U el s U we

obtain

|Ld>q :|0)q. (62)

Let us next make a new state |O>p defined by
1 Ll
=— k
>p \/E ;0( ) \/— Z |
This state is the eigenstate of U with the eigenvalue 1, because
L kel 1 Le ok
\/7,( 0( ) 0>q :TZ;(UP) |0>q
1 Lf Ak
_ { () +(0,)" }|0) (60
1 { 5 1} 0) =0

g .

S @) <10, =10,

We then see that |m> = (Uq)

value exp(imd, ), since

(63)

U,[0), =——

>p is the eigenstate of U with the eigen-

A

U, m)p = Up (Uq )m |O>p = (Uq )m Up |0>p exp(imd,) )
= (Uq )m |0>p exp(imd, ) = |m>p exp(imd, ).
Finally we calculate the inner product <n| m)p . Note that
010, {010, 10,01} =0} 0,0 }0* -0 {00,520
(66)

{UjU }{UqU;}exp( i5,)=0,0

p-p

P(_igd)'

Using (64) and (66) we obtain
(nlm), = (0l(@7) (9,) " |0), =, (0
41

. <0|0>p exp(inmd, ) = . <0| \/27 (Lkz: |k>q]exp(—inm5d) (67)

=0

(Uq )m (U; )” |0), exp(~inms,)

||
3

exp(—inmd,,).

)_L

DOI: 10.4236/wjcmp.2021.113003 52 World Journal of Condensed Matter Physics


https://doi.org/10.4236/wjcmp.2021.113003

	Degenerate States in Nonlinear Sigma Model with U(1) Symmetry
	Abstract
	Keywords
	1. Introduction
	2. Quantum Nonlinear Sigma Model
	2.1. Continuous Model
	2.2. Discrete Model
	2.3. Hamiltonian for Large Ld

	3. Energy with a Fixed Number nQ
	3.1. Effective Hamiltonian
	3.2. Energy with a Fixed Value of 

	4. Numerical Results
	4.1. Results on Ns = 5, 9 Lattices
	4.2. Results on Ns = 16, 36, 64 Lattices

	5. Conclusions and Comment to Future Study
	Acknowledgements
	Conflicts of Interest
	References
	Appendix
	A1. Weyl Relation
	A2. Wely Relation for Discrete Variable


