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Abstract

This paper aims at treating a study of Banach fixed point theorem for map-
ping results that introduced in the setting of normed space. The classical Ba-
nach fixed point theorem is a generalization of this work. A fixed point
theory is a beautiful mixture of Mathematical analysis to explain some condi-
tions in which maps give excellent solutions. Here later many mathematicians
used this fixed point theory to establish their results, see for instance, Pi-
card-Lindel of Theorem, The Picard theorem, Implicit function theorem etc.
Also, we developed ideas that many of known fixed point theorems can easily
be derived from the Banach theorem. It extends some recent works on the
extension of Banach contraction principle to metric space with norm spaces.
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1. Introduction

It is conventional to this work motivated by some recent work on Banach fixed
point theorem for mappings defined on metric spaces with a partial order or a
graph. One of the most important theorems is the Banach fixed point theorem
and it is related to a complete normed space. The study on Banach Fixed Point
Theorem and its Applications is a motivation of the development of Banach
fixed point theorem. Polish Mathematician Stefan Banach had discussed Banach
fixed point theorem as a part of his PhD thesis in 1922. Here, Banach contrac-
tion principle and Banach fixed point theorem is important for nonlinear analy-

sis. It’s a modification of the e-variational principle of Ekeland ([1] [2]) which is
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a crucial tool in nonlinear analysis like optimization, variational inequalities,
differential equations, and control theory. After that, Banach fixed point theo-
rem has been generalized and extended in several directions (Ze. [3] [4] [5] and
the related references there in). Here at present, we discussed Banach fixed point
theorem in normed spaces where Banach fixed point theorem was in matric
space [6]. Finally we have shown some important applications of Banach fixed

point theorem.

2. Preliminaries

We will discuss Banach fixed point theorem in metric spaces with complete normed
spaces and related topics.

Metric Space [7]: Let X be a non-empty set. A mapping d: X xX >R is
called a metricif VX,y,ze€ X the following properties are satisfied:

1) d(xy)=0.

2) d(x,y)=0 ifandonlyif X=Yy.

3) d(x,y)=d(y,x) [Symmetry].

4) d(x,y)<d(x,z)+d(zy) [Triangle inequality].

The set X together with metric d, then it is called a metric space. It is denoted

by d(X.,d).
Example: A trivial but important example a metric is given by the function
0 if x=
d(x,y)= ) y;x,yeX
1 ifyzy

Convergence and limit of a sequence: A sequence (X,) in a metrics space
(X,d) is said to be convergent if there existan X € X such that

limd(x,,x)=0.

Here xis called the limit of (x,) and we write this as rlml X, = X.

Complete metric space: A metric (X,d) is said to be complete if every
Cauchy sequence in it converges to an element of it.

Cauchy sequence: Let (X,d) be a metric space and (x,) be a sequence in
it. Then the sequence (x,) is said be a Cauchy sequence if for every e > 0, there
exists positive integer NVsuch that d (Xp X ) <e forall p,q>N

Complete Cauchy sequence:

Let (X,d) beagm.s. Asequence X ,neN in Xis said to be a Cauchy se-
quence if for all €>0 there exists a natural number n, € N such that for all
mneN, nxn, one has d(x,,X,,)<e. (X,d) is called complete if every
Cauchy sequence is convergent in X.

Fixed point: A fixed point of a mapping f: X — X isapoint Xe X such
that f(x)=x.

Example:

1) The mapping X — x> of R into itself has the two fixed points 0 and 1.

2) A rotation of the plane has a single fixed point.

3) A translation has no fixed point.
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Contraction mapping in metric space: Let (X,d) be a metric space. A
mapping T:X — X is called a contraction on X if there is a positive real num-
ber k<1 suchthatforall X,ye X .

d(Tx,Ty) <kd(x,y)

Normed Spaces [8]: A normed on X is a real function [e|: X — R defined
on Xsuch that forany X,ye X andforall 1eK.

1) |x|=0.
2) ||x|=0 ifand onlyif x=0.
3) [ax] =4l

4) ||x+y|<|X|+[y| (Triangle inequality).

>

A norm on X defines a metric d on X which is given by d(x,y)=|x—y

X,y € X and is called the metric induced by the norm. The normed space is
denoted by (X ,||0||) or simply by X.

Convergence: A sequence (X,) inanormed space Xis said to be convergent
if X contains an x such that !Tl"xn - X|| =0. Then we write X, — X. And call x
is called the limit of (X, ).

Cauchy sequence: A sequence (X,) in a normed space Xis called a Cauchy

sequence if for every & >0 there exists a positive integer Nsuch that

[x,=X| <& vnm>N

Banach Space [9]:

Definition-1: A complete normed space is called a Banach space. (Complete
means complete in the metric defined by the norm.)

Definition-2: A normed space, in which every Cauchy sequence is convergent, is
called a Banach space. That is, for every sequence (x,) in Xwith |x, —x,|—0
as (mn)—>o, IXxeX st |x,—x|—>0,as n—oo.

Example-1: Every Banach space is a normed, but the converse, in general, is
not true.

Example-2: R" and C" are Banach spaces with the norm definite by

= (X% )

Contraction mapping in norm space [10]: Let Xbe a norm space and
T:X — X . Then Tis called a contraction mapping if there is a positive real
number k <1 such thatforall X,ye X . ||T (x)-T (y)” <k|jx-y].

3. Application with Result

Here, we present a Study of Banach Fixed Point Theorem and its Application’s

for mapping results which is introduced in setting of normed spaces such as.

3.1. Banach Contraction Theorem (or Principle) [11]

Here we will give the proof of Banach contraction theorem (or principle) both
for metric space and normed space separately.

Theorem-1: Let 7 be a contraction mapping on a complete metrice space X.
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Then 7'has a unique fixed point.
Proof: Let us consider an arbitrary point X, € X and define the iterative se-
quence (x,) by
Xor X =TXg, X =TX, X =TXy oo, X, =TX, 4
Then, x, =TTx, =T?x,
%, =TT 2%, =T, (1)

X, =T "%,

Then the sequence of the image of X, under repeated application of 7. We now
show that (x,) isa cauchy sequence.
If n>m, then

d (Xm+l' Xm): d (Txm’TXm-1)
= d (Xpu1s X ) < Kd (X, Xy )

= d (Xpr Xy ) < Kd (TX 0, T, )

m-1’
= d (Xyags Xy ) < K2 (X0, X00)
Proceeding in this way up to m times we get,
d (X Xy ) < K™d (X, %)

Hence by the triangle inequality we obtain for n>m
d(Xy: Xy ) <A (Xpys Xipag )+ 0 (Xags Xz ) oo+ (X X, )

m? *n m? *m+l n-17"n
<K™d (X, % )+ K™ (Xg, %, )+ + K" d (X5, %)
=Km(l+k+-~+k"‘m‘1)d(xo,xl)

1_ kn—m

k"

d (X, %)

Since 0< K <1, So that the number 1-k"™ <1

m

k
s (X, X )Smd(xo,xl) (2)

m?*n

Again d(X,,X ) is fixed and 0<K <1, so we can make the right hand side as
small as we please by taking m sufficiently large. This shows that (x,) is a
cauchy sequence.

Since X is complete, there exists a point X € X Such that X, — X. Now we
show that this limit x is a fixed point of the mapping 7. From triangle inequality
and by definition we have

d(x,Tx)<d(x,%,)+d(x,,Tx)
=d(x,Tx)<d(xx,)+Kd(X,_3,X)

We know that d(x,y)=0 ifand onlyif X=Y.Since X, — X, So
d(x,x,)—>0 and d(x,,,x)—>0.Itfollows that d(x,Tx)=0 and hence
Tx = X. This shows that xis a fixed point of 7. We now show xis the only fixed
point of 7: Suppose that X, is also fixed point of 7. Then Tx, =X, .
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d(x,%)=d(TxTx)<kd(xx)
Since k <1, this implies that d (x,xl):O. Hence x=x,. Thus, the proof is

complete.

3.2. Hahna-Banach Theorem (Normed Space) [12] [13]

Let fbe a bounded linear functional on a subspace Z of a normal space X. Then
there exists a bounded linear functional Fon X which is an extension of fto X

and has the same norm.

I¥l, <[, ®
where ], =suplF (1), 1], =sup.

£ (%)
Bt

Proof: If z={0}, then f =0, and the extension F =0. Suppose Z {0} :
Forall XeZ we have

£ Ol =1l I
From the generalized Hahn-Banach theorem we have

|f (x)| < p(x).
Thus, p(x) can be takenas | f|, x|, that is

p() =[ [, x| )
We see that pis defined on all of X. We have
PO+ y) =[ |, [x+v]
= p(x+y)=|f[,(|x|[ly]) [By triangle inequality]
= p(x+y)=[ [, [+ 1], Iyl
= p(x+y)=p(x)+p(y)
and
p(ax) =t lax] =[] [ ] =[] p ()

Hence by generalized Hahn-Banach theorem we can conclude that there a linear

exists a linear functional Fon X which is an extension of fand satisfies
F)|<p(x)=[f[Ix] xeX
Taking the supremum over all Xe€ X of norm 1, we get

sup|F (x)| <] 1],

b
=[F[, <Ifl, (5)
Since under an extension the norm can not decrease, so we have
IFl <[], ©)

From (5) and (6), then we get, ||F||X = || f ||Z . Thus the theorem is proved.
Theorem-2: Let X be a normed space. Then the following mapping is all con-
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tinuous.

1) (x,y)e XxX > x+yeX

2) (l,x)e KxX > AxeK

3) (x,y)eXxX —>d(x,y)=|y-x|eR

Proof: 1) Let (a,b)e X x X be an arbitrary point, so that a + b is its image.
Now we will prove that the mapping is continuous at (a, b). Le. for given ¢ >0,
36 >0 such that ||(X+ y)—(a+b)|| <& Whenever |x-a|<s and

|y—b|| <& . Let us take & =%£ . Then we have

|(x+y)-(a+b)| =|(x-a)+(y-b)|
= |(x+y)-(a+b)| <[x—a]+]y-b]

:>||(x+ y)—(a+b)||<5+5
=||(x+ y)—(a+b)||<§+%

= ||(x+ y)—(a+b)||<g

2)Let aeK and ae X be arbitrary. Now we will prove that the mapping

is continuous at (a, a). Le. for given >0, 30 >0 such that

[Ax—aal <&
whenever |1-a| <5 and |x—a| <& we have the identity,
Ax—aa=(A-a)(x—a)+la+ax—aa—aa
= Ax—aa=(A-a)(x-a)+(i-a)a+(x-a)a
=|ix-aa| = |(1-a)(x-a)+(A-a)a+(x-a)q|
Taking norm and using triangle inequality we get
= Jix-aa] <|(1-a)(x-a)] |2 - a)al +[(x- a)e]

= |Ax-aa|<|2-al|x~a|+|2-alfa]+|][x 2]

Now choosing & >0 sufficiently small, we get
= |Ax—aa| <55+ 5 |a|+|a|s <&
= [Ax-aa| <&
3) In this case, the function is the metric of a metric space. I follows from the

property of metric spaces that the metric is continuous.
3.3. Banach Contraction Principle [14]

Every contraction mapping 7" defined on a Banach space X into itself has a
unique fixed point X e X .

Proof:

1) Existence of a fixed point:

Let us consider an arbitrary point X, € X and define the interative sequence
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(X,) by XX =TXg, X, =TX, Xy =TX,,-++, X, =Tx, ;. Then
X, =TTx, =T°X,

X, =TT%%, =T°x,

X, =T "%,
It m>n,say m=n+p,p=12,---. Then

n+p-1 n-1
T Xo =T"7X%,

X

T™Px —T"X,

>

n+p — X,

=T (TP =T ) < K

as Tis a Contraction mapping Continuing this process this process N—1 times,

we have

<K"

X

Tpxo—x(," (7)

n+p X
For n=0,1,2,3,--- and all p. Now,

[T2% =% =[[T 7% =T * % +T P =T P2, 4 T2, + T, = X

e S B Y

B L
R E R Y A PR Y

S LR Y

1-KP
1 P = | (8)

p
:>||T xO—x0||£ —k

by the sum of G.P. series whose ratio < 1. Since 0 <Kk <1, so the number
1-KP <1. Using this result in (8) we get

1
Py _ _
7% = %] < = k=l
with the help of this result (7) becomes

SRS—
1-k 0

X

n+p - X,

when "% then m=n+p—ow then

X X

n+p ~ “*n

—> 0

This shows that (x

vergent, say limx, =X
n—oo

,) is a cauchy sequence in X. Hence, (x,) must be con-

2) Limit x is a fixed points of T
Since T'is continuous, we have
Tx=T (Iim xn): limTx, =limx_,, =x
n—o n—w n—oo

[Since the limit of (x,,,) is the same as that of (x,)]

Thus, xis a fixed point of 7.
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3) Uniqueness of the fixed point:

Let ybe another fixed point of 7. Then, Ty =Yy, We also have
[Tx-Ty| < K|x—y|, as Tis contraction mapping. But |[Tx—Ty|<|jx—y].
SIX=X and Ty=y .-.||x—y||s K||x—y|| 1<K . Since 0<K <1, So the
above relation is possible only when

ey]=0
=x-y=0
=>X=Y

This proves that fixed point of 7'is unique.

Application-1: Let X =R be the Banach space of real numbers with
||X|| = |X| and [a,b]cR, f:[ab]—[ab]—[ab], a differentiable function
such that | f '(X)| <k <1. Find the solution of the equation f (x)=X.

Solution: Let x,ye[a,b] and y<z<X. Then by Lagrange’s mean value

theorem we have

Thus, £is a contraction mapping on [a,b] into itself. Since [a,b] is a closed
subset of X =R . Therefore, by Banach contraction theorem exists a unique
fixed point X e [a,b] such that f (X*) =x". Hence, X is the solution of the
equation f (x)=x

Application-2:

Find the solution of the system of n linear algebraic equation with n un-

knowns:
A X tapX, £+ X, = bl
Ay Xyt 8y X, +oo-+ Ay X, = bz
ayX +a,X, ++a, X, =b,
Solution:

The given system is

Ay, X +a,X, o+ X, :bl
Ay X, + 85X, +o0 + 8y, X, =D, ©)

A Xy X, o+ X, = bn

This system can be written as
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X :(1_a11)xi_aizxz_"'_ainxn +b1

_—a21x1+(1—a22)x2—a23x3—---—a2nxn+b2 (10)

Xy = =8y X — 8% — -+ (1-ay, ) X, +b,

1 fori=j

. Then the Equation (10) can be
0 fori=j

Let a; =-a; +0; where ;= {
written in the following equivalent form.

X; =zj L% +b, i=123.,n (11)

UR ]

If x= (Xl, Xy ooy X, ) € R" then Equation (11) can be written in the form
Tx =X, where Tis defined by

Tx=y (12)

where y=(y,,Y,,---,y,) and y; = Z ,8;X;+b.Here T:R" - R" and
(aij) isa nxn matrix.

Finding solutions of the system (9) or (11) is thus equivalent to find the fixed
points of the operator (12). In order to find a unique fixed points of 7; that is, a
unique solution of (9), we apply the Banach contraction Principle, Equation (9)

has a unique solution, if
En;|aij|=§n:|—aij +6|<K <1 i=12n
=1 j=1

For

We have [Tx-Tx|=|y-y/|

Za X +b, i=12--,n

iA
Alsoif y=(y,,Y,,--,y,)€R" then ||y||—sup|y,| Therefore

T =Tx =]y - VII—suply. vil

Zau 1+b Zau i I‘

j=1

= Sup
1<i<n

Zn:aij(xj—x})

=t

=sup

1<i<n

= [Tx-Tx’ ||<sup Z|a”||x |

1<i<n

= |[Tx=Tx| < sup Zn:|xj -X; | sup Zn:|aij |
1<i<n j=1 1<i<n jo1

DOI: 10.4236/ajcm.2021.112011

165 American Journal of Computational Mathematics


https://doi.org/10.4236/ajcm.2021.112011

Md. A. Mannan et al.

= |Tx- Tx||<KsupZ|x | Z|a”|<k<l

!
XI_XJ|

This shows that 7"a contraction mapping of the Banach space into itself. Hence,

~ | x= x| = sup

I<i<n

= ||Tx —Tx’|| <K ||x - x’||

by Banach contraction principle, there exists a unique fixed point X~ of 7'in
R", thatis, X isa solution of Equation (9).

Application-3;

Let the function K (x, y) be defined and measurable in the square

A={(x,y):a<x<ba<y<b}.
Further, let .[:.[:|K(X’ y)|2 dxdy <o, and g(x)eL,(a,b). Then the integral

equation
F(x)=09(x)+2[, K(xy)f (y)dy (13)

has a unique solution f(x)e L, (a,b) for every sufficiently small value of the
parameter 4.

Proof: Let x=L,, and consider the mapping T
T:L(ab)>L,(ab)
Tf =h
where h(x /1.[ y)dy . This definition is valid for each

fel, (a b) h € L (a b). Slnce g € L (a,b) and A isa Scalar, it is sufficient
to show that

=1 I y)dy e L,(a,b)
By Cauchy -Schwartz inequality we have
jb K(xy)f (y)dy‘

v (x)] =
=y (9= [JK(xy) f (y)]y
verdiwestol ot
SO < oy o) [ o)
= o (o o= [T Goyf a1 () o)

By the hypothesis [*['|K (x,y) dxdy <0 and jb( [1tf dy)dx <o

f:|w(x)|2 dx < oo

Thus, w(x)z_[:K(x,y) f(xy)f(y)dyeL,(ab). We know that L,(a,b) is

a Banach space with norm

1= (71 o o)
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We now show that T is a contraction mapping. We have ||Tf —Tf || _||h hl”
Where h (x)=g +/1.[ ) f,(y)dy. But,

||h—hl||:Hg X +1LK x,y) f(y)dy—g,(x _[ (y)dy”
:||h—n||=H[g(x)—gl<x>J+aJ:[K<x,y){f(y)—f1<y)}]dyu
= Ih-tu] <o (-0, (| AL [K (£ ()= 6 ()} ]y
= h-nf< [T () F ()-8} o]
2 W2
dx}
= Ih-nl <Lk G ) (11 )= L f o)

[By using Cauchy —Schwartz-Bunyakowski inequality]

IRCRICRAIEY

~h-n <l

2
= - <[4 [ [k (xo ) axay) -

b ¢b 2 y2
Hence, [T ~T,| <[] ! [ (. y) dxay| |- 116

|/1| < ! then

(11K () ey

[Tf —Tf | < K| f -1

where, K = |/1|(J.:f:|K (X, y)|2 dXdy)l/2 <1.

Thus T'is a contraction and so 7 has a unique fixed point. That is, there exists
a unique f eL,(a,b) such that Tf" = f". This fixed point " is a unique
solution of the Equation (13).

Application-4: Show that the fredholm integral equation
x(s)=y(s)+ ,uJ.: K(s,t)x(t)dt has a unique solution on [a,b]

Solution: We assume that K (s,t) is continuous in both variables a<s<b
and a<t<b.Let yeCJ[a,b].Hence, |K (S,t)| <A forall (s,t)e[a,b]x[a,b].
We first consider the integral equation on C[a,b], the space of all Continuous

defined on the interval [a,b] with the metric.

d(x, y)=max|x(t)-y(t)|

te[a,b]
Write the given integral equation in the form X =TX, where
Tx(s) = y(s)+ u K(st)x(t)dt (14)

Since the kernel K and the function yare continuous, it follows that Equation (1)

defines an operator

Cla,b]—>C[a,b]
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It follows that
d(Tx,Ty) = max |Tx ~Ty(t)|
_trggxb] y(t) +,uj t)dt—y ,uj
= max|uf K y(t)Jdt\
=i max|[; K(s,t)[X(t)— y(t)]dt\
= d (Tx,Ty) <|u|max max |, (s,t)||x(t)—y(t)|dt
d(Tx,Ty)£|y|/1trErE?%<] X( U dt

=d (Tx,Ty) <|u|Ad(x,y)(b-a)
= d(Tx,Ty) <Kd(X,y), where K =|u/i(b-a)

If K<1>|yd(b—-a)<l=|y|< ﬁ , then 7' becomes contraction. Under
—a

this condition, we conclude that 7'has a unique solution xon [a,b].

Application-5: Show that the Voltera integral equation on

b

X(S) = y(s)+yJ'a K(S,t)X(t)dt has a unique solution on |a,b| for every u,
where a<t<s and a<s<b

Solution: We notice that here a is fixed and s is variable limit of integration.
Suppose that yis continuous on |a, b| and the kernel K (s,t) is continuous on

the triangular region Gin the s-¢plane givenby a<t<s, a<s<b

A

| | >
>

Writing the given equation as X =TX. Where T :C[a,b] > C[a,b]. Defined by
Tx(s) = y(s)+quK(s,t)x(t)dt. Since K(s,t) is continuous on and G is
closed and bounded, it follows that |K(S,t)| <c for all (s,t) e G . We define

the metric
d(x,y)=max|x(t)-y(t)|

te[a,b]

By using this metric we get
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|Tx(s)_Ty(s)|:‘y(s)wjjx(s,t ety (s) - K (s:)y(O)et
=\ﬂr O(x(t) >dt\
K (s8)(x(t)- (1)
R
1)-y(v)|[;d

lufed (. y)(s-2)
= [Tx(s)-Ty(s)| <|u|c(s-a)d(x,y)

By induction, now we will prove

<Jole gl

|T x(s)-T"y(s |<|,u| %d(x,y) (15)
For n=1, the rersult holds, assume that this holds for n=m. Then
[T 5x(5) =Ty ()] =[l|[- K (s:6)(T™x(1)-T"y (1)
s|y|j:||<(s,t)| m (t)—T’“y(t)|dt

m m(S t—-a m
<|ulc|y" c L%d(x,y)dt

(S a)m+l
m+l my \°
Sl

d(xy)

m+1
Tm+1X S)-T m+1 s) < m+1 Cm+1 (5 _a) d(x,

This completes the inductive proof of (15). Using (s—a)<(b-a) on the right

hand side of (15) and then taking the maximum over te [a, b] on the left, we

obtain from (15)

d(me,T"‘y)Samd(x, y)

where «a,, = |,u|m c" %

For any fixed 4 and sufficiently large m we have «, <1. Hence the cor-
responding T" isa contractionon C |a, b|.

Therefore, by Banach fixed theorem, T"™ has a fixed point x on [a,b]. We
know thatif T" has a fixed point, then 7Thas the same fixed point. Thus 7 has
a unique solution xon [a,b].

Application-6: (Picards Theorem): Let f(x,y) be a continuous function
of two variables in a rectangle, A= {(X, y):a<x<bc<y< d} and satisfy the
Lipschitz condition in the second variable y.

Further, let (X,,Y,) be any interior point of A. Then the differential Equa-

tion % = f (X, y) has a unique solution, say y=g(x) which passes through
X
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(%6:Yo) -
Proof: Given that the differential equation is
dy _
=f(x 16
o= ) (16)

Let y=g(x) satisfy (16) and the property that g(x,)=y,. Integrating (16)

from x; to x we get
I, =, Fto(®)
=9(0)-9(%)=], f(ta(t)dt [-y=g(x)]
:g(x):yoJr.[:J f(t.g(t))dt (17)

Thus a unique solution of (16) is equivalent to a unique solution of (17). Since

f(x,y) satisfies the Lipshitz condition in y; there exists a constant >0 such
that |f(xy;)-f(xy,)|<aly,—Yy,| where (x,,).(x.y,)eA

y.A
d T A

Yo

v
>

The Rectangle A.
Since f (x, y) is continuous on a compact subset A of &, it is bounded. So
there exists a positive constant m such that |f (x, y)| <m, V(x,y)eA. Let us

choose a positive constant psuch that pg <1 and the rectangle.
B:{(x,y)|x0—psxsx0+p,y0—pmsys Yo + pm}

is contained in A.

Let Xbe the set of all real -valued continuous functions y =g(x) defined on
[% — P, % + p] such that "g (x)- y0|| <mp ie Xis a closed subset of the Ba-
nach space C|[x,—p,X, + p] with the sup norm.

Let T:X > X be defined as Tg=h where h(x)=y,+ J
Here [n(x)- o] <[ f (t o(t))e]

:>||h( —y0||§j;|f(t,g(t))|dt

= ||h(x)— y0|| < m.[:o dt
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= [In(x) - yo| < m(x=x;) < mp
~h(x)e X andso Tis well defined. Let g,g; € X . Then
[Tg-Ta,| =[h-n|
%+ﬁfﬁgﬂ»m—%—ﬁfﬁgK0w%
JL(f(to()-f (Lo ()e
<[] (o)~ (1o (0))]at

< q.[:o g(t)-g, (t)||dt
=q(x=%)[9-a,
< pafg-g

[To-Ta.[<klg-a..
where O0<k=pq<l1l.
Hence, Tis a contraction mapping of X onto itself. Therefore, by Banach con-
traction theorem, 7 has a unique fixed point g~ € X . This unique fixed point
g, is the unique solution of (17).
Problem-1: Let T:R— R be defined by T(x)=x’. Determine the fixed
point of T.
Solution:
Given that T (X)=X*. From the definition of fixed point we have,
T(x)=x
ST (x)=x"=x
= x> =X
=x2-x=0
= x(x-1)=0
~Xx=0 or X-1=0
=x=0,1

Thus the fixed points of T"are 0 and 1.

Problem-2: Does a translation mapping T (x)=x+a where a is fixed have a
fixed points.

Solution:

Given that T (x)=x+a. From the definition of fixed point we have,

T(x)=x
SX+a=x+0
= a=0 [By Left Cancellation Law]

Since T(Xx)=x+a is a translation mapping, so a# 0. Thus, the translation

mapping T (Xx)=x+a has no fixed point.
Problem-3: Show that f(x)=-x for xe[-2,-1]U[1,2] has no fixed po-
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int.
Solution:
Given that f (x)=—x. From the definition of fixed point we have

f(x)=—x
f(x)=x=-x

It is clear that no point of [-2,-1]U[1,2] will satisfy the Condition
f(x)=x=-x.Thus, f(x)=-x hasno fixed point x e[-2,-1]U[12].

Problem-4: Let 7'be a mapping of R in to itself defined by T (X) = %X. Show

that 7has a unique fixed point.

Solution:

Given T (X) :%X

.'.T(y):%y
T e)-T(y)= %X-%yuﬂlx—yll

Thus T'is a contraction mapping. Hence, by Banach fixed point theorem, T has a
unique fixed point.

Problem-5: Given an example to show that 7 satisfies "T (X) -T (y)|| = ||X— y||
may not have any fixed point?

Solution:

Let T:R— R be defined by

x—%eX forx<0

T=1 7, (18)
——+=x forx=>0
2 2

y—%ey fory<o0

~T(y)= 11 (19)
-—=+=y fory>0
> 2y y

Now for X,y <0

[T (x)-T(y)|= x—%ex—y+%ey = (x—y)—%(ex—ey) <|x-y]|
For x,y>0
1 1 11 1
||T(X)—T(Y)"ZH—?LEXJFE—EYH:HE(X—Y) <[x-v]

Thus 7 satisfies, "T (X)—T (y)" < ||X— y|| But from the definition of fixed point
we have T(x)=x.
Now for x<0.

T(x):x:x—lexzx:x—lex:>O:—£eX:>ex:Ozel
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This is not acceptableas x<0.
For x=0

T(x):x:—£+1x: x:—£+£x:1x:—1:> Xx=-1
2 2 2 2 2 2
This is not acceptableas x20.
Thus, 7 defined in (18) is an example which satisfies the given condition (Ba-
nach contration theorem) but have no fixed point.

Again from the definition of fixed point we have

T(y)=y
Now for y <0
T(y):y:y—ley:>y:y—1ey:>O:—£eV:>ey:O:e1
2 2 2
=>y=1
This is not acceptable as y <0.
For y>0
11 11 1 1
T(y)=y=—4+=-y>y=——+-y>-y=—Ty=-1
(Y)=y=-S+3y=y=—toy=y=—"=y

This is not acceptableas y=>0.
Thus, defined in (19) is an example which satisfies the given condition (Ba-

nach contration theorem) but have no fixed point.

4. Conclusion

The Banach theorem seems somewhat limited. It seems intuitively clear that any
continuous function mapping the unit interval into itself has a fixed point. We
hope that this work will be useful for functional analysis related to normed
spaces and fixed point theory. Our results are generalizations of the corres-
ponding known fixed point results in the setting of Banach spaces on its norm
spaces. Then all expected results in this paper will help us to understand better
solution of complicated theorem. In future, we will discuss of Banach spaces on

its norm spaces related properties to physical problem.
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