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1. Introduction

Differential and integral equations theory considering fractional order are rele-

vant in mathematics nowadays, which have numerous applications in various fields,
physics, mechanics, control theory, engineering, electrochemistry, bioengineer-
ing, viscoelasticity, porous media [1] [2] [3]. Solution of the nonlinear integral
equation of Volterra-Stieltjes type, and the method is based on an equivalence
relation between the fractional differential equation, and Volterra-Stieltjes integral
equation of the second kind was also reported in our previous works [4] [5].
Here we are describing regularization and the choice of the parameter for nonli-
near Volterra-Stieltjes integral equations of the third kind.

Let us consider the equation,
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t
m(t)o(t)+ [K(ts,o(s))de(s)= f(t), te[t,T], T>t (1)
fo
where K(t,s,0), f (t),m(t) are given functions, m(t,)=0, m(t) are non-
decreasing continuous functions on [tO,T] , 0(t) is an unknown function on
[t,,T], @(t) isan increasing continuous function [t,,T].

Along with Equation (1), we will consider the equation

(e+m(t))o(te)+ [K(ts,o(s,e))dp(s)= f(t)+eu(ty), te[t,T], (@)
where 0 < £is a small parameter, (t,S) eG= {(t,s):to <s<t ST}.

Everywhere we assume that K (t, S, u) is representable as

K(t,s,u)=K,(t,s)u+K,(t,s,u),

where

(t,;s,u)eGxR (3)

Various questions of the theory of the integral equations were investigated in
many works. In particular, in [6] linear integral equations of the second kind
and their systems on finite and infinite intervals were studied. A survey of results
on Volterra integral equations of the second kind was described [7]. The exis-
tence of a multiparameter family of solutions proved for linear Volterra integral
equations of the first and third kind with smooth kernels [8]. But the funda-
mental results for the Fredholm integral equations of the first kind were ob-
tained [9], where regularizing operators according to M.M. Lavrentyev were
constructed for solving the linear Fredholm integral equations of the first kind.
In [10] and [11], Volterra equations of the first kind and inverse problems were
investigated. The uniqueness theorems were proved and regularizing operators
were constructed according to M.M. Lavrentyev for systems of linear and nonli-
near Volterra integral equations of the first kind with nonsmooth matrix kernels
[12] [13]. The systems of nonlinear Volterra integral equations of the third kind,
uniqueness theorems were proved and regularizing operators were constructed
according to M.M. Lavrentyev [14]. In [15], the uniqueness theorems were
proved for systems of linear Fredholm integral equations of the third kind, and
regularizing operators were constructed according to M.M. Lavrentyev. In [16],
based on a new approach, the questions of existence and uniqueness of solutions
for systems of linear Fredholm integral equations of the third kind with a singu-
larity at one point on a finite interval were investigated. Based on the approach
proposed in [17], the class of Fredholm integral equations of the third kind on a
finite interval was studied. Based on the approaches proposed in [18] [19], an
improved new approach was developed for studying systems of linear and non-
linear Fredholm integral equations of the third kind with multipoint singulari-
ties on a finite interval. In [20], according to the concept of the derivative of a
function concerning an increasing function introduced in [19], linear and non-
linear Volterra-Stieltjes integral equations of the first and second kind were in-

vestigated. For the solution of one class of linear Volterra, and Volterra-Stieltjes
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integral equations of the third kind, a regularizing operator was constructed ac-
cording to MM. Lavrentyev and proved the uniqueness theorem [21] [22]. The
regularization parameter is chosen for solving the linear Volterra-Stieltjes integral
equation of the third kind [4].

Here, to solve the nonlinear Volterra-Stieltjes integral equation of the third
kind (1), a regularizing operator which was constructed according to M.M. La-
vrentyev, a uniqueness theorem proved, and a regularization parameter was cho-
sen.

Suppose the following conditions are met:

a) K(t,s)eC(G), K,(t,t)eC[t,, T], Ko(t,t)>0 at te[t,T]

b) If the condition t>7 for any function (t,s),(z,5)eG, the following eq-

uation is fair:
Ky (t,5) =K, (z,5)| <1, i Ko (s,5)de(s)+ m(t)},

where |, is a known positive number.
o) K (t,t,u)=0,(tu)eft, T]xR, K (t,5,0)=0
at (t,S)eG,
at t>7 for any (t,su),(z,s,u),(t,su,),(7,5u,)eGxR following equa-

tion is fair:

Ky (t,s,u,) = Ky (7,5,Uy) = K (t,5,U, )+ K (7,5,U, )
SIZDKO(s,s)dgo(s)+m(t) b, -],

where |, isaknown positive number.

Here C|[t,,T] is the space of all continuous functions v(t), determined on

[t T]
with norm

o (0], = mex o o))

We will denote C/[t;,T],0<y <1 linear space of all functions v(t), de-

termined on [t,,T] and satisfying condition
t
o(t)-v(s)| <My (t)-w(s), w(t)=[Ky(s;s)dp(s)+m(t)
fo

where M s a positive constant depending on v (t), but not on the zand s.
In further the lemmas 1, 2 and 3 are used,
Lemma 1.

Let conditions a) holds and

t 7,7
a(t) ] St

Fte)=———~2 g
( g) g+m(t) @)
tK (r,r)
_.t[ K, (ss) e*igim(r)dco(r) E[U(t) —U(S):| do(s).
Le+m(t) e+m(s)
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If v(t)eCl[t, T].0<y<Lo(t,)=0, then

|F(te)| <M (M +M,)s, (5)
where
M = supfo(t)-o(s)/|u(t)-v (o)
M, :s;gg[y’e‘”], M, :Ie‘zzydz.
Lemma 2.

Let conditions a), b) hold and

Ho(t,7,6)=— HT[K (tr)-Kq(r7)]
LKy (S,9) *Iﬁfn dao) 1
+J,.g+—m(t)e g+m(s)[Ko(s,1)—Ko (z.7)]do(s)

The following estimate is fair

Ho (tz,e)|<(e+1)l, (tr)eG,&>0. (6)
Lemma 3.
Let conditions a), ¢) hold and
H(tz,&(r,6))=- 1 [Kl(t,r,u(r)+§(r,8))—Kl(t,r,u(r))]

e+m(t)

tKo(z,7)
h KO (S’ 5) 7£ s+m(r)d¢(r) 1
+}[—g+m(s)e —g+m(t)[Kl(s,r,u(r)+§(r,g))(7)

-K, (5, 7,u (z’))] do(7).
If that, the following estimation is fair

H(tz.é(re)| <l (1+e)é(r.e), (Lr,6)eGxR, £>0 8)

Theorem 1.

Let the conditions a), b), c) be satisfied, and Equation (1) has a solution
u(t) eC/ [tO,T], O<y<l.

Then solution ov(t,&) of the Equation (2) converges in the norm C [tO,T]
to u(t) for &£—0 and the estimate

Jo(t.)-u(t)], < KMM,&7, 9)
holds. Where
| S | — -V
M _tiﬁfﬂkﬂ t) v S| Ml_svlig(vye )

M, =je‘zz’dz, M, =(M;+M,)e,
0

K :exp{(1+e)(l1 +1,)[o(T)-o(t, )J}
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Further let us consider that function f,(t)eCJ[t,,T] and number ug, in

agreement with
[f(t) =10, <5, |u(ty)-uo|<as, (10)

where O<a and 0< ¢ are constant values.

Let us consider the equation
t
(e+m(t))os (t.e)+ [K(ts,05(s.8))de(s) = f, (1) +eu,, te[t,T] (1)
)

From (2) by subtracting formula (11) and introducing the notation
us (te)=v(te)-v,s(te), te[t,T] (12)

We have

(e+m(t))u, (t,5)+;[ K, (t.5)u, (5.2)do(s)

+ j[Kl (t.s,o(s,))— K, (t,s,u; (S,e))]dqp(s) (13)

= ()=, (t)+2(u(ty)-u,), telt,T].

Equation (13) can be written in the form

0y o)+ [0y (s e)do(s)

% g+m(t)

+tj.s+;m(t)[Ko (t:5) =Ko (s:5) Ju; (s.2)deo(s)
o (14)

f ﬁ[m(ns,v(s,e»—K1<t,svu(s<slg)>]d<”<5>
()=, (1) , 2[ult)-u]

= , telt,, T
crm() emy LT
. Ko (s:5) N
Using the kernel resolvents |— , and generalized Dirichlet formula
E+m (t)

[15], Equation (14) is reduced to the following equivalent equation

t
IHO (t,;s,€)u;(s,€)do(s)
fo

+J t 7,0(7,8),04 (r,g))dw(r)+ Fs(t.¢) "
ty
where H, (t, S, g) was determined in the lemma 2,
R (t2)= g+mf( ;t S[S+m(t) ! 6+r1n(t)tJ:Ko(S,S)eztﬁg(:))d‘”(r) Ny
g+mzﬁs) g[z+m(5) - W)
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P(t.7,0(z,¢6),05(7,8))
1

- —[Kl (t.z.0(7,2))-K, (t,7,0; (Tg)ﬂ

e+m(t)
+"[ Ko (s,5) eiz fi(mr(’:))dw(r) 1
L e+m(t) e+m(s)

-K, (S, 7,U4 (7, g)ﬂdgo(s).

It is not hard to be convinced that

- [Kl (tro(z.e))-Ki(t7.0; (Tg))]

e+ m(t)
tKQ(‘[ r)

-1 je+m( 7) ol7)

=—— ~ e- [Kl(t,r,l)(r,é‘))—Kl(t'T’UJ(T'g))]

(17)

[Kl(s,r,u(r,g))

Taking into account condition c) and identity (18), from (17) we have

P(t,r,u(r €),05 (7, 5))
1 e

:g+—m(t) [Kl(t,r,u(r,g))—K(T,z',z)(z',g))
+K(7,7,05(7,6))- K, (t, 7.0, (r,g))] (19)
t Ky (s.5) 5ot

IO eme) Haltro(ne)

-K, (t7,05 (1, 8)) - K, (s.7,0(7,8)) + K, (s, 7,05 (z',g))]dw(s).

Based on the Equation (10), from (16) we have
)
IF, (b)), < z(;msj. (20)

Based on Lemma 2, H,(t,s,&) estimate (6) is fair.
By estimating P (t,7,0(7,£),U, (7,¢)). Taking into account conditions a) and
¢) from (19) we obtain
|P(t,r,u(r, €),0s (r,g))|

7} Ko(7.7) 4

e otm(®) o) E Ko (7,7)do(7)+ m(t)}|’)(71 &)= Vs (T'5)|

<I;
S eem(t)

t K ( )I t T, T T)+m
At om0

KO 7, r
e+m(r )

-]

xe s

" o(z,6) -0, (7.6)|do(s)
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tKo(s:s)

- do(s)+ mi() t S.S m
< |2|U(z',8)—l)5 (r,g)|{ee be#ﬂ(s) (s) ﬁm(tJ D Ko (s, )d(p(S)+ (t) }

Le+m(s) e+m(t)

tKo(z.7) m(t)
Ky (s.5)e (2o T [ K (217) m(t)
M PP @) o 20) ey

< Ize{svliop(evv) +;fevvd v}|v(r, e)-us (7, g)|

=1, (e +1)|U(T, £)—U; (T,8)|.

Based on the estimate (20), (6), (21) and taking into account (12), from (15)

we have

|u§(t,g)|sJt'(ll+I2)(e+1)|u§(s,g)|d¢(s)+2(§+a5}, e[ 7] @2

fo

Further, based on the generalized Gronwall-Bellman inequality [6], from (22)
we obtain the following estimate

o, ), <M 20, (23)
where
M, =2exp{(|1+I2)(e+1)[go(T)—(p(t0)}}. (24)
It is known that
"Ua (t,g)—l)(t)

Here taking into account (23), we have

o (t.6) v (), <M, (§+a5j+||u<t,g)_u(t)||c. (25)

. S||u5 ('[,(9)"c +||U(t,8)—l)(t) )

c

where number M, determined by the formula (24).
||Ug(t,5)—u(t)|| £M4(é+a5j+ M., (26)
¢ &

where M, = KMM,, numbers K; Mand M, were determined in Theorem 1.
1
Assuming ¢ =02 from (26) we obtain

ud(tﬁ;]—u(t)

where numbers M,, M. are determined in Equations (24) and (26).

L 4
£M4[52+a5J+M552. (27)

c

Thus, Theorem 2 was proved.
Theorem 2. Let conditions a), b), c) be satisfied, and Equation (1) has a solu-

tion

U(t)eCuf [tO,T], 0<y<1,
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t
w(t)=[K(s,s)dp(s)+m(t), teft,T]
fo
1
Then the solution vy (t,g) in Equation (11) ¢ =52 50 converges at the

norm

C[tO,T] to o(t).

Wherein, Estimate (27) is fair.

Example. Let us consider Equations (1) at

t, =0, T =1 p(t) =k, Ky(t;s)=(1+t)(1-s),

m(t)=t, Kl(t,s,u)z(t—s)#, tef0,1],

Le, let us look at the following equation

tu(t)+j (1+t)(1—\/§)u(s)+m d(vs)=f (1), te[o1]. @

1+0%(s)

In this case, conditions a), b), c) of Theorems 1 and 2 are satisfied. Since at

conditions t>7, t,ne [0,1] , the following estimate is fair
t
Ko (£,8) =Ky (m,5) = (t=n) (1=/s ) <m(t) < [ Ky (s,5)do(s)+m(t).
n

Here |, =1.
At t>7 for (t,s,u,),(t,s,u,),(7,5,u),(z,5,u,) e GxR
the following estimate is fair

K, (t,5,0,) = Ky (2,5,0) = Ky (t,5,U, ) + K, (7,5, )|

<(t—r)|—2 -2

1+v} 1+02

1+|vy|[v,|
<1+ Uf)(1+ 1)22)

<(t—7)|v,—v,|, Inthisway I, =1.

S(t—r)|ul—uz|

2. Conclusions

After choosing the regularization parameter for solving nonlinear Volterra-Stieltjes
integral equations of the third kind, we made the following conclusions:

1) Sufficient uniqueness conditions and regularization of solutions of nonli-
near Volterra-Stieltjes integral equations of the third kind were found;

2) The choice of the regularization parameter for solving a class of Volterra-
Stieltjes nonlinear equations of the third kind was considered;

3 Uniqueness theorems for solutions proved for the nonlinear Volterra-Stieltjes

integral equations of the third kind.
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