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Abstract

The spectral radius of a graph is the maximum eigenvalues of its adjacency
matrix. In this paper, using the property of quotient graph, the sharp upper
bounds for the spectral radii of some adhesive graphs are determined.
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1. Introduction

/
The spectral radius of the graph powerfully characterizes dynamic processes on

networks, such as virus spread and synchronization. In [1], the authors pointed
out that the maximum eigenvalue of a graph (ie, the spectral radius) plays an
important role in the network virus transmission mode. They found that the
small spectral radius and the large robustness suppress the spread of network
viruses. At present, a group of excellent experts have used parameters such as
maximum degree and girth to give the bounds of the spectral radii of many
graphs, see [2]-[11]. In this paper, we will use special methods to give research
on the precise spectral radii of some graphs.

Let G= (V, E) be a simple connected undirected graph. A(G) denotes the
adjacency matrix of G. Its characteristic polynomial is denoted by ¢(G,4).
A(G) is a real symmetric matrix, as its characteristic roots are all real, and can
be sorted as follows: 4 (G)214,(G)=--->4,(G). Multi-sets of n characteristic
roots are called the spectrum of graph G ﬂl(G) is usually called the spectral
radius of graph G.

A partition 7 :(Cl,Cz,---,Ck) of V (G) is equitable if, for all 7 and j, the
number of neighbours which a vertex in C; has in the cell C; is independent
of the choice of vertex in C,.

Given an equitable partition 7 =(C,,C,,---,C,) ofa graph G, we now define
the quotient G/z of G with respect to 7. Let C; denote the number of
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edges which join a fixed vertex in C; to vertices in C;.Then G/z is the di-
rected graph with the cells of 7 as its vertices, and with C; arcs going from
C, to C;.Thensay G/z a quotient graph of graph G corresponding to parti-
tion .

An outline of the rest of the paper is as follows. In Section 2, we will present
important results about quotient graph. In Section 3, we will give the main re-

sults.

2. Some Preliminaries

Godsil [12] presented important results about quotient graph as follows.

Lemma 1. ([12]) Let 7= be an equitable partition of the connected graph G.
Then A(G) and A(G/r) have the same spectral radius.

Lemma 2. ([13]) Suppose G is a connected graph, H is a proper subgraph of G,

then 4 (H)<4(G).
3. Main Results

Theorem 1. Let G be a graph obtained by identifying a vertex of K, to every
vertex of C,. Then

_k+vk® -4k +12

5 (1

4(6)

Proof. Checking the structure of graph G, we can obtain an equivalence parti-
tion 7 =(C,,C,), where G = {all the vertices on the cycle G}, C,=V(G)-C,,
then

A(G/ﬂ)Z[Z k_lj. (2)

1 k-2

Thus, ¢(G/x,A)=4°-kAi+k—-3.ByLemma 1, we know

k++k? -4k +12
4(e)- M
By Theorem 1, we know that the spectral radius of the bonding graph G'is in-

O

dependent of the coil length, only depends on the number of vertices of the
complete graph that is bonded.

By Theorem 1, we directly obtain the following result.

Corollary 1. Let G be a graph obtained by attaching a single vertex to every
vertex of C,. Then 2 (G)=1++2.

A sun-like graph, denoted by S (I; Py » P, 7" Pry ), obtained by attaching a
vertex of degree one in P, (m >2,i=12,-,1) to a vertex of cycle C,. The
resulting graph see Figure 1.

From the above definition, it can be seen that S (I; [ ) is a un-
icyclic graph. We have the following theorem for the spectral radius of a unicyc-
lic graph.

Theorem 2. ([3]) Let G be a unicyclic graph with maximum degree A . Then
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Figure 1. S(I;m,m,,---,m).

4(G)<2JA-1, (3)

where the equality holds if and only if G =C,.

Graph S (I;l,l,~~,1) is a sun-like graph. And S (I;l,l,-u,l) is a ver-
tex-induced subgraph of a sunlike graph. By Lemma 2, Corollary 1 and Theorem
2, we get that

Corollary 2. 1++2< Al(S (m; Pany s Py + "5 Py )) <2\2, where the equality
holds if and only if p,, = 1(i=12--1).

Corollary 3. Let G be a graph obtained by identitying a vertex of C, to every
vertex of C,. Then 2,(G)=3.

Theorem 3. Let G be a graph constituted by splicing m complete graphs of

order k on vertex v. Then

k—2+K? — 4k + 4+ 4mk —4m

7 (4)

4(G)

Proof. Checking the structure of graph G, we get an equivalence partition
7 =(C,,C,),where C, ={v},C,=V(G)-V.So, we have

A(G/;;):(O m(k—l)]’ 5)

1 k-2

Hence, ¢(G/z,A)=A%—(k—2)A—m(k-1).By Lemma 1, we know that
k—2+vk? -4k + 4+ 4mk —4m

4(6)- d .

If Gis a graph constituted by splicing two complete graphs of order 4 on ver-

O

tex v; see Figure 2.
Corollary 4.

k—2+vk? -4k +4

5 (6)

4 (G)

Assume that Gis a prism graph. Then 4 (G)=3. The following we investi-
gate the spectral radius of a graph obtained by removing the lateral edge of a
prism with a plane.

Theorem 4. Let G be a polygon with the same number of upper and lower
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Figure 2. Graph G.

undersides after cutting off the side edges of the prism with a plane. Then the
spectral radius of the resulting graph is

4(G)=2+2. 7)
Proof. Checking the structure of G, we get an equivalence partition
7 =(C,,C,), where

C, = {the vertices of a polygon on the upper and lower sides of a prism},

G, = {the vertices of a polygon with a prism section},

we get
A(G/z)= [2 ;j (8)
that is
2 (G)=2++2. ©)
O

By Theorem 4, if C; = {the vertices of a polygon on the upper and lower sides
of a prism} and G = {the vertex of a polygon of two cross-section planes in a
prism}, then we can obtain the following result.

Corollary 5. Let G be a polygon with the same number of upper and lower
undersides after cutting off the side edges of the prism with two planes. Then the
spectral radius of the resulting graph is

@(G):SJFZ‘E. (10)

Theorem 5. Let G be a pyramid, and let the base polygon has n vertices. Then
4 (G)=1++1+n. (11)

Proof. According to the structure of graph G, we get an equivalence partition
7 =(C,,C,), where G = {the cone point of a pyramid}, G, = {the vertex of a po-
lygon on the base of a pyramid}. We can construct quotient graph G/7 of G,
and

A(G/7)= ((1) gj (12)

hence, ¢(G/z,A)=A*~24-n.ByLemma L1, we know 4 (G)=1++1+n.0
If the above pyramid is expanded into a plane, also known as wheel graph.
The undersides (with n vertices) of two identical pyramids are glued together to
form a spindle graph, the spectral radius of this graph satisfies the following co-
rollary.
Corollary 6.
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7 (G)=1++1+2n. (13)

The cone points (with 22 vertices on the base) of two identical pyramids are
glued together to form a dumbbell graph, the spectral radius of this graph satis-
fies the following corollary.

Corollary 7.

7 (G)=1++1+2n. (14)

The cone points (with 22 vertices on the base) of two identical pyramids are
glued with one edge to form a barbell graph, the spectral radius of this graph sa-
tisfies the following corollary.

Corollary 8.

_3++1+4n

> (15)

4(6)

Theorem 6. Let G be a graph that obtained by gluing a complete graph K,
on each vertex of complete graph K,, Then

A(G):I+k—3+\/(l—l;)2+2(l+k)—3. o

Proof. According to the structure of graph G, we get an equivalence partition
7 =(C,,C,),where C,={thevertexinK;}, C, =V (G)-C,. So that we have

A(G/ﬂ):[l ; 'k‘:;j 17)

evidenced by the same token. O
Theorem 7. Let G be a graph obtained by corresponding adhesion between
m-order subgraphs (m <K ) of two k-order complete graphs. Then

_ k—2++k?—4m? + 4km

2

4 (G) (m<k). (18)

Proof. According to the structure of graph G, we obtain an equivalence partition

7 =(C,,C,), where G = {m vertices bonded to each other}, C, =V (G)-C,. So
that we have

m-1 2(k—m)
A(G/z)= , 19

(/)[m k—m—lj (19)

thus, ¢(G/7,A)=2%—-(k-2)A+m’*—km—k+1. O

Theorem 8. Let G be a graph that obtained by adding m edges with

one-to-one correlation between m pairs of vertices of two k-order complete

graphs, then

_ k—1+vk?—-2k+1+4m

2

4(G) (m<k). (20)

Proof. According to the structure of graph G, we obtain an equivalence parti-
tion 7=(C,,C,), where G = {2m vertices associated with m edges added},

C, =V (G)-C,. We can construct quotient graph G/7z of G, we have
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m k-m
A(G = . 21
(6/7) [m k—l—mj 21
Thus, ¢(G/7r,ﬂ) =22 —(k —1)1 —m, evidenced by the same token. O

Corollary 9. Let G be a graph that obtained by adding one edge between two
k-order complete graph. Then

k- k-1)°
4(6)= 1+ (2 1) +4. o)

4. Conclusion

Lemma 2 shows that, the above results give an upper bound of the spectral ra-
dius of the corresponding subgraph. The key to characterizing the spectral ra-
dius of a graph by using the property of quotient graph is to construct equiva-
lence partition. The adjacency matrix of the quotient graph is always smaller
than the adjacency matrix of the supergraph, so it is a beautiful way to use the

property of quotient graph to depict the spectral radius of graph.
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