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Abstract 
We study the behavior of quantum Fisher information for a qubit probe that 
is interacting with a squeezed thermal environment. We analyzed the effect of 
squeezing parameters on the dynamics of quantum Fisher information which 
affects the optimal precision of the estimation parameter. We show that the 
squeezed field may offer a significant role in the precise measurement of the 
parameter cut-off frequency which is linked to the environment correlation 
time. Our results may be useful in quantum metrology, communication, and 
quantum estimation processes. 
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1. Introduction 

Quantum Fisher information (QFI) is a core concept in quantum metrology and 
quantum parameter estimation because it establishes a lower bound for parame-
ters estimation [1] [2] [3] [4] [5]. In recent years, quantum metrology has gained 
much attention which explains the quantum mechanical effects to achieve pre-
cise parameter estimation [1] [6] [7]. Recently, QFI has been widely studied in 
various fields such as investigation of uncertainty relations [8] [9], estimation of 
quantum speedup limit [10], characterization of quantum phase transitions [11], 
detection of entanglement [12] and quantum thermometry [13]. 

Recently, QFI has been widely used to make high precision measurements of 
given parameters by using quantum systems and quantum resources. Practically, 
the quantum systems can never be closed completely and their interaction with 
the environment cannot be ignored which in turn, transfers the information to 
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the quantum system. In such situations, it is essential to study the dynamics of 
QFI which quantifies the quality of transmitted information. The dynamics of 
QFI provides information about the different parameters of the environment, i.e. 
its temperature, time of interaction, and cut-off frequency which is linked to the 
environment correlation time and indirectly to the coherence time for computa-
tion and communication [14]. 

A common methodology used to enhance the precision of the estimation pa-
rameter is to increase the QFI. The higher the QFI is, the higher will be the pre-
cision of estimation. Several techniques are used to enhance the QFI for a precise 
measurement of parameters. The enhancement of QFI is very meaningful be-
cause its inverse characterizes the ultimate achievable precision in parameter es-
timation [15]. Unfortunately, the inevitable coupling of a quantum system with 
an uncontrolled environment rises the issue of robustness of QFI due to various 
sources of decoherence [16]. Researches have demonstrated the fragile behavior 
of QFI which is broken by the environment noise easily [17] [18] [19] [20] [21]. 
This would be the most liming factor for the applications of QFI in quantum 
metrology, quantum teleportation, and other quantum tasks. This demands the 
protection of QFI from decoherence for different estimation procedures.  

Different strategies are employed for the enhancement of QFI which includes 
partial measurements, partially collapsing measurements, and dynamical coupl-
ing pulses [22] [23] [24]. 

In this work, we consider the squeezed thermal environment for the en-
hancement of QFI. We investigate the dynamics of QFI for a qubit probe inte-
racting with a squeezed thermal environment. This model is well considered to 
describe the physical systems which include molecular oscillation, the exci-
ton-phonon interaction, and the photosynthesis process [25] [26] [27]. Plenty of 
studies has been made on this exactly solvable model [28] [29]. Here we adopt 
that the environment begins with a squeezed thermal state and numerically ex-
amines the effects of squeezing strength, relative phase, and temperature on the 
dynamics of QFI. We notice that squeezing enhances the QFI with respect to 
time and cut-off frequency which depicts the possibility for precise estimation of 
cut-off frequency which will increase the environment correlation time. 

We arrange the paper as follows: In Section II we present the Hamiltonian of 
our physical model and briefly review the concept of QFI. The analytical results 
obtained through numerical simulations and discussion are presented in Section 
III. Finally, the main results are concluded in Section IV. 

2. Physical Model 

We consider a single qubit probe which is interacting with a squeezed bosonic 
thermal environment. The Hamiltonian describing the dynamics of composite 
system can be expressed as  

( )† † *
0

1 ,
2SR z k k k z k k k k

k k
H b b g b g bω σ ω σ= + + ⋅ +∑ ∑             (1) 
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where on the right, the parts from left to right, represent the Hamiltonian of the 
qubit, the reservoir, and the interaction between the two components. In the first 
part, ( )0 1ω =  is the transition energy of the qubit and zσ  is the Pauli matrix 
acting on the space of the qubit. In the second part, kω  is the energy corres-
ponding to the frequency of kth mode of the reservoir, and ( )†

k kb b  is the anni-
hilation (creation) operator obeying the usual commutation relations of bosonic 
operators. In the third part, kg  represents the coupling strength of the corres-
ponding mode with the qubit. Since the Hamiltonian of the qubit commutes 
with the interaction part, the overall effect of H on the qubit’s space is to deco-
here it. The squeezed thermal state of the environment can be written as [30]  

( ) †0 ,R ThS Sζ ζρ ρ=                        (2) 

where 1 e RH T
Th Z
ρ −=  is the thermal state, e RH TZ Tr − =    represents the 

partition function, RH  is the Hamiltonian of environment (second part in Eq-
uation (1)) and T represents the temperature of environment. The the squeezed 
operator Sζ  for the bosonic environment can be written as  

( )2* 21 1exp , e .
2 2

ki
k k k k k kS b b r θ

ζ ζ ζ ζ = − =  
†             (3) 

where e ki
k kr

θζ =  with 0r ≥  and [ ]0,2θ ∈ π  that denote the squeezing and 
phase parameters respectively. Moving to the interaction picture, the evolved 
reduced density matrix of the qubit probe is written as:  

( ) ( ) ( ) ( )†0 ,S R I SR It Tr U t U tρ ρ =                  (4) 

where ( ) ( )0 0SR S Rρ ρ ρ= ⊗  is the state of the combined system and is written 
in the tensor product because the interaction of qubit with the environment is 
initially considered uncorrelated whereas ( )0Sρ  is the initial state of the qubit. 

The unitary evolution operator in the interaction picture can be written as  

( )
† *

2e
z

k kkb b

IU t
σ

α α −  =                       (5) 

with ( )2
1 e ki tk

k
k

g ωα
ω

= − . 
Starting from the pure state of the qubit probe in the form  

( )0 cos 0 sin 1
2 2
α α   Ψ = +   
   

. Along with this and ( ) ( ) ( )0 0 0sρ φ φ= , 

the density matrix for the qubit probe after doing some algebra can be written as  

( )

( ) ( ) ( )

2 2, , cos 0 0 sin 1 1
2 2

1 sin exp , , 1 0 0 1
2

s c

c

T t

T t

α αρ ω

α ω

   = +   
   

 + −Γ + 

       (6) 

where ( ), , cT t ωΓ  contains the information of environment which are embed-
ded on the state of qubit and its exponent is written as  

( ) ( )† *
,e e k kb bT t

k

β β−−Γ = ∑                      (7) 

Note that the above expression for ( ), ,e cT t ω−Γ  is the characteristic function of 
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Wigner representation of ( )0Rρ , which is a squeezed thermal state of all modes 
[31] [32]. 

Thus we get  

( ) ( ) 21, coth ,
2 2

k
k

k
T t t

T
ω

β  Γ =  
 

∑                  (8) 

where 

( ) *cosh e sinhki
k k k k kt r rθβ α α= +                   (9) 

Hence the decay factor can be written as  

( ) ( )2
2

1 cos
, 4 cosh 2 cos sinh 2 coth .

2
k k

k k k k
k k

t
T t g r t r

T
ω ω

θ ω
ω

 −   Γ = − −       
∑ (10) 

For continuous reservoir modes, the summation over 2
kg changes into 

integral and introducing the ohmic spectral density ( )J ω  that is  
( )2 dkk g J ω ω→∑ ∫ . Applying continuous mode approximations, the decay 

function can explicitly be written as  

( ) ( ) ( )2

1 cos, cosh 2 cos sinh 2 coth .
2

t wT t J r t r
T

ωω θ ω
ω

−   Γ = − −        ∫  (11) 

The above decoherence function depends on temperature and also on the 
spectral density ( ), cJ ω ω  of the coupling frequencies of reservoir, so for 
ohmic family, it is given by  

( ) 1, exp
s

c s
cc

J ω ωω ω
ωω −

 
= − 

 
                    (12) 

where cω  is the cut off frequency which describes a natural boundary in 
frequency response of the system and s is the true positive number that controls 
the behavior of spectral density at low frequencies and is called ohmicity 
parameter. Various values of the ohmicity parameter usually correspond to rad-
ically different types of dynamics, and therefore, it would be greatly recom-
mendable to have an estimation scheme for their precise characterization. This 
dimensionless parameter classifies the environment into three classes, i.e. ohmic 
(s = 1), sub-ohmic (s = 0.5) and super-ohmic (s = 3). 

3. Quantum Fisher Information 

QFI has different useful versions but in this paper we will consider symmetric 
logarithmic derivative based QFI [1] [7] [33] [34]. The QFI for any parameter θ  
is defined as  

2I Tr Lθ θρ =                           (13) 

where Lθ  is found by [ ]1
2

L Lθ θ
ρ ρ ρ
θ
∂

= +
∂

. 
The QFI with respect to a parameter β , for a spectrally decomposed density 

matrix ( ) ( ) ( ) ( )i j iiρ β λ β φ β φ β= ∑  matrix can be expressed as [35]  

( )
( ) ( )

2 2
2

2 ,c

c

s l m
c l m

s l ms l m

I ω
ω

λ λ λ
ω φ φ

λ λ λ≠

∂ −
= + ∂

+∑ ∑           (14) 

https://doi.org/10.4236/jqis.2021.111002


A. Ullah, K. Khan 
 

 

DOI: 10.4236/jqis.2021.111002 17 Journal of Quantum Information Science 
 

where the first part depends only on the eigenvalues and corresponds to classical 
Fisher information. The second part, in addition to eigenvalues, also depends on 
eigenvectors and is thus quantum mechanical in nature. A measurement on the 
final density matrix is said to be optimal for which the QFI reduces to classical 
Fisher Information. Moreover, being used as an estimation tool for different 
purposes [3] [36], it is required to search for the parameters of the system’s 
space that maximizes QFI. The eigenvalues and eigenfunctions of the density 
matrix in Equation (6) are calculated as,  

( )( ) ( )1 1 exp , , ,
2 cT tλ ω κ α±  = ± Γ Γ                (15) 

and 

( ) ( ){ } ( ), , exp , , cot csc , 0 1 ,c cT t T tω ω θ θκ α±  Φ = Γ ± Γ +      (16) 

with function ( ) ( ){ } 2 22 1
, exp 2 , , cos sincT tκ α ω α α Γ = Γ +   After substituting 

Equations (15) and (16) in (14), expression for the QFI reads to  

( )
( ) ( )

( )

22

2 , ,

sin , ,
, ,

e 1
c

c

c
c T t

T t
I T t ω

ω

α ω
ω

Γ

 ∂ Γ =
−

             (17) 

The QFI is maximum when 2α = π  and the corresponding initial pure state 

of qubit probe is ( )1 0 1
2

+ = + . By considering this initial state of the  

qubit, the function ( ), 1κ αΓ =  and eigenvectors become temperature inde-
pendent and the second part of Equation (14) vanishes.  

4. Numerical Results and Discussion 

In this section, we will present the results by using the numerical simulations of 
Equation (17) due to a complex form of ( ), , cT t ωΓ . Using these results, we will 
investigate the effects of different parameters of the environment on the dynam-
ics of QFI. For simplicity, the interaction time t has been scaled out, i.e., one unit 
of time is given by the inverse of the coupling constant g. 

Figure 1 describes the behavior of QFI with respect to the cut-off frequency 

cω  (upper panel) and the interaction time t (lower panel) for three different 
choices of the temperature, squeezing parameter r (first column) and the phase 
parameter θ  (second column) for the sub-ohmic regime with ( 0.5s = ). The 
QFI increases as the value of the squeezing parameter r is increased as a function 
of cut-off frequency cω  and it can be observed that the peak value is highest at 

2r = . From the plot of Figure 1(b) and Figure 1(c), it is obvious that, at 
0.5r = , the QFI is not considerably affected by squeezing the field and the rate 

of increase and decrease at either side of the peaks is moderate and the peaks are 
broadened that shows, more time is needed for information to be imprinted on 
the qubit state. However, upon increasing the squeezing strength such that at 

1.5r = , the broadness of both peaks diminishes but it is more notable when QFI 
is plotted against time and the peak sharpened at 2r = . The peaks are shifted  
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Figure 1. (Colour online) QFI versus cut-off frequency cω  (upper panel) and QFI 
verses time t (lower panel) at different values of temperature, squeezing parameter and 
phase parameter for sub ohmic ( 0.5s = ) case. Here the other parameters used are: (a) 

0.1t = , 0.1θ = , 0.1r = ; (b) 0.1t = , 0.01T = , 0.1θ = ; (c) 0.01T = , 0.1θ = , 
0.5cω =  and (d) 0.01T = , 0.1r = , 0.5cω = . 

 
towards the origin which shows that maximum information about the parameter 
cut-off frequency is encoded onto the state of qubit at these peaks. This type of 
behavior of QFI is very advantageous in various estimation procedures. 

For different values of phase parameter, θ  (Figure 1(d)), the QFI increases 
and reaches its maximum value at 0θ =  and then oscillates between the upper 
( 0θ = ) and lower (θ = π ) bound. The QFI reaches its maximum value sooner 
but decreases gradually and ultimately saturates for each chosen value of θ . It 
was observed from numerical simulations that the value of QFI is the same when 
θ  is odd and even integral multiple of π , also an odd integral multiple of 

2
π . 

When QFI is plotted against cut off frequency for different values of the temper-
ature of the environment (Figure 1(a)), the QFI decreases sharply from a max-
imum value and approaches to infinity at 0cω = . At higher temperature for 

3T = , QFI decays rapidly from maximum to minimum value while at lower 
temperature 0.5T = , QFI decays slowly which shows that the information loss 
from the environment is slow as compared to high temperature. Hence it is con-
cluded that the two peaks where the QFI is maximum i.e. Figure 1(b) and Fig-
ure 1(c), the maximum information about the cut off frequency is encoded on 
the state of the qubit and it will increase the optimal value for the projective 
measurements that are taken over the state of the qubit. These results show the 
strong dependence of QFI on squeezing strength r rather than temperature and 
phase parameter. The theory of quantum metrology suggests that an increase in 
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QFI means that the precision in the estimation of parameters is improved. Since 
squeezed state has reduced uncertainty, therefore squeezed thermal environ-
ments may play efficient role in quantum metrology. 

Figure 2 depicts the behavior of QFI for the ohmic regime ( 1s = ) with the 
same set of values of the parameters which were selected in Figure 1. It can be 
clearly seen that the QFI with respect to cut-off frequency and time increases 
with the increase in squeezing parameter r and the peak again reaches its maxi-
mum value at 2r = . However, it can be observed that in the ohmic case the 
peak of QFI with respect to cut off frequency is more broadened as compared to 
the sub-ohmic case whereas the peak of QFI with respect to time (Figure 1(c)) is 
shifted towards the left and less broadened. This shows that in the ohmic case, 
the QFI is maximum compared to the sub-ohmic case but the time required to 
get information about cut frequency from the environment is reduced this time. 
The peak values of QFI against time for different values of θ  are highly re-
duced as compared to the case of the sub-ohmic regime. The QFI increases first, 
then decreases gradually, and eventually saturates for each value of θ . 

Finally we study the dynamics of QFI for a super-ohmic regime ( 3s = ) by 
considering the effects of squeezing parameters on QFI. In Figure 3, we have 
plotted QFI against cut off frequency and time for the same set of values of pa-
rameters as selected earlier in sub-ohmic and ohmic case. It can be noted that 
QFI against cω  increases upon increasing the value of r and the QFI is once 
again maximum for 2r = , however, one of the interesting facts is that the peak 
value of QFI is highly reduced as compared to sub ohmic and ohmic regimes. In 
the super-ohmic regime, the behavior of QFI is relatively different from pre-
viously discussed cases. For 0.5r = , the peak value of QFI is very less broa-
dened as compared to previous results and for 1.5r = , the QFI reaches its 
maximum value rapidly, and then, it also reaches zero very immediately. The 
same is the case when squeezing strength is further enhanced ( 2r = ). In both 
cases, the sharpness of the peak is the same which shows that very less time is 
required to obtain information from the environment. Looking at Figure 1(c) 
and Figure 1(d), one can clearly observe that the Peak of QFI is more shifted 
towards the left and QFI reaches its maximum value sooner as compared to 
Figure 1 and Figure 2. Moreover, this shows that in a super ohmic case, the 
higher values of QFI are achievable when the interaction of qubit with its envi-
ronment is longer and it will provide easiness to estimate the cut-off frequency 
more precisely. Therefore, it is concluded that the optimal estimation precision 
for the desired parameter cannot be obtained easily in the super ohmic case. One 
of the important different results can be drawn from Figure 3(a), where at some 
specific cut off frequency, the curve with low temperature gives more informa-
tion because there is no saturation at low T while information saturates at high 
temperature. Further investigation shows that the peaks of QFI against θ , i.e. 
Figure 3(d), are less broadened and no saturation effect is observed for given 
values of the phase parameter θ . 
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Figure 2. (Colour online) QFI versus cut-off frequency cω  (upper panel) and QFI 
verses time t (lower panel) at different values of temperature, squeezing parameter and 
phase parameter for ohmic ( 1s = ) case. Here the other parameters are: (a) 0.1t = , 

0.1θ = , 0.1r = ; (b) 0.1t = , 0.01T = , 0.1θ = ; (c) 0.01T = , 0.1θ = , 0.5cω =  and 

(d) 0.01T = , 0.1r = , 0.5cω = . 

 

 

Figure 3. (Colour online) QFI versus cut-off frequency cω  (upper panel) and QFI 
verses time t (lower panel) at different values of temperature, squeezing parameter and 
phase parameter for super ohmic ( 3s = ) case. Here the other parameters are: (a) 0.1t = , 

0.1θ = , 0.1r = ; (b) 0.1t = , 0.01T = , 0.1θ = ; (c) 0.01T = , 0.1θ = , 0.5cω =  and 

(d) 0.01T = , 0.1r = , 0.5cω = . 
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5. Conclusion 

We have theoretically studied the dynamics of quantum Fisher information for a 
qubit probe that is interacting with a squeezed thermal environment. We have 
examined the behavior of QFI through numerical simulations and found that 
how QFI is maximized through the initial state of the qubit probe. Furthermore, 
we have described the effects of squeezing parameters on the QFI to extract 
maximum information about cω  that is imprinted onto the state of the qubit. 
We extended our results for three types of environments, i.e. sub-Ohmic, Oh-
mic, and super-Ohmic environments. It was found that for all three cases 
squeezing enhances the QFI which means that the precision of the estimation 
parameter is improved. When QFI is investigated with respect to time and cut 
off frequency, it is found that we have more time required to obtain optimal pre-
cision of the parameter, i.e. cut off frequency in sub-Ohmic and Ohmic case. 
However, in the super-Ohmic case, the QFI decays rapidly which shortens the 
interaction time for optimal measurements due to decoherence effects. Our re-
sults show that more squeezed fields lead to interesting and nontrivial effects on 
the optimal precision of cut off frequency. These results can play a significant 
role in quantum metrology, communication, and quantum estimation processes. 
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