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Abstract 
This work extends to third-order previously published work on developing 
the adjoint sensitivity and uncertainty analysis of the numerical model of a 
polyethylene-reflected plutonium (acronym: PERP) OECD/NEA reactor 
physics benchmark. The PERP benchmark comprises 21,976 imprecisely 
known (uncertain) model parameters. Previous works have used the adjoint 
sensitivity analysis methodology to compute exactly and efficiently all of the 
21,976 first-order and (21,976)2 second-order sensitivities of the PERP 
benchmark’s leakage response to all of the benchmark’s uncertain parame-
ters, showing that the largest and most consequential 1st- and 2nd-order re-
sponse sensitivities are with respect to the total microscopic cross sections. 
These results have motivated extending the previous adjoint-based deriva-
tions to third-order, leading to the derivation, in this work, of the exact ma-
thematical expressions of the (180)3 third-order sensitivities of the PERP lea-
kage response with respect to these total microscopic cross sections. The 
formulas derived in this work are valid not only for the PERP benchmark but 
can also be used for computing the 3rd-order sensitivities of the leakage re-
sponse of any nuclear system involving fissionable material and internal or 
external neutron sources. Subsequent works will use the adjoint-based ma-
thematical expressions obtained in this work to compute exactly and effi-
ciently the numerical values of these (180)3 third-order sensitivities (which 
turned out to be very large and consequential) and use them for a third-order 
uncertainty analysis of the PERP benchmark’s leakage response. 
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Total Cross Sections, Expected Value, Variance and Skewness of Response 
Distribution 

 

1. Introduction 

Until recently, only the first-order sensitivities (i.e., functional derivatives) of a 
computational model’s responses (i.e., quantities of interest) to the respective 
model’s imprecisely known (i.e., uncertain) parameters have been taken into ac-
count when assessing the uncertainties induced in the respective responses by 
the parameter uncertainties. The second- and higher-order sensitivities could 
not be computed, except for very simple models comprising a handful of para-
meters, so these sensitivities were ignored. The Second-Order Adjoint Sensitivity 
Analysis Methodology (2nd-ASAM) recently conceived by Cacuci [1] is the only 
practical method that enables the exact computation of the large number of 
2nd-order sensitivities arising in large-scale problems comprising many parame-
ters. The application of the 2nd-ASAM to a multiplying nuclear system with 
source [2] [3] [4] has opened the way for the large-scale application presented in 
[5]-[10] to a polyethylene-reflected plutonium (acronym: PERP) OECD/NEA 
reactor physics benchmark [11]. The numerical model of the PERP benchmark 
includes 21,976 uncertain parameters, as follows: 180 group-averaged total mi-
croscopic cross sections, 21,600 group-averaged scattering microscopic cross 
sections, 120 fission process parameters, 60 fission spectrum parameters, 10 pa-
rameters describing the experiment’s nuclear sources, and 6 isotopic number 
densities.  

All of the 21,976 first-order sensitivities and (21,976)2 second-order sensitivi-
ties of the PERP leakage response with respect to the benchmark’s parameters 
were computed, ranked, and analyzed in [5]-[10]. The results obtained in [5]-[10] 
showed that the contributions stemming from the second-order sensitivities of 
the leakage response with respect to the group-averaged microscopic total cross 
sections are the largest, by a significant margin, by comparison to the contribu-
tions from the other uncertain model parameters, including the number of den-
sities, fission parameters, microscopic scattering cross sections, source parame-
ters, etc. For the extreme case of fully correlated microscopic total cross sections, 
for example, neglecting the 2nd-order sensitivities of the leakage response with 
respect to the total cross sections would cause an error as large as 2000% in the 
expected value of the leakage response and up to 6000% in the variance of the 
leakage response [5]. Given that the effects of these 2nd-order sensitivities are 
much larger than the effects of the 1st-order sensitivities [5] [10], it is logical to 
posit the question of quantifying the magnitudes and contributions that would 
stem from the 3rd-order sensitivities of the PERP benchmark’s total leakage re-
sponse with respect to the microscopic total cross sections. To enable to 
compute such 3rd-order sensitivities, Cacuci [12] has recently conceived the 
“third-order adjoint sensitivity analysis methodology for reaction rate responses 
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in a multiplying nuclear system with source.” Cacuci’s results [12] are applied in 
this work to the PERP benchmark in order to derive the exact analytical expres-
sions of the 3rd-order sensitivities of the PERP benchmark’s leakage response 
with respect to this benchmark’s microscopic total cross sections. Two subse-
quent works, designated as Part II [13] and Part III [14], respectively, will report 
numerical results as follows: 1) Part II [13] will present the numerical values the 
3rd-order sensitivities derived in the present work, showing that the largest of 
these is over 400 times larger than the largest 2nd-order sensitivity and is over 
20,000 times larger than the largest 1st-order sensitivity; and 2) Part III [14] will 
quantify the effects of the 3rd-order sensitivities on the expected values, the stan-
dard deviation and the skewness of the PERP’s leakage response, and will com-
pare these effects to those produced by the 1st-order and, respectively, 2nd-order 
sensitivities. 

This work is organized as follows: Section 2 describes the methodology for 
computing the leakage response of the PERP benchmark. Section 3 presents the 
derivation of the exact analytical expressions of the third-order mixed sensitivi-
ties of the PERP leakage response to total cross sections. Section 4 concludes this 
work. 

2. Mathematical Methodology for Computing the Leakage  
Response of the Polyethylene-Reflected Plutonium  
(PERP) Metal Sphere Benchmark 

This section presents the derivation of the exact analytical expressions of the 
3rd-order sensitivities of the polyethylene-reflected plutonium (acronym: PERP) 
metal sphere OECD/NEA benchmark [11] total leakage response with respect to 
this benchmark’s total cross sections, thus continuing the work presented in 
[5]-[10]. The numerical modeling of the PERP benchmark has been already de-
scribed in [5]-[10] but, for convenient reference, the materials of the PERP 
spherical core and spherical-shell reflector, respectively, are specified in Table 
A1 in the Appendix. As in [5]-[10], the multigroup discrete ordinates particle 
transport code PARTISN [15] together with neutron sources computed using 
the code SOURCES4C [16] have been employed to perform the numerical 
computations of the various quantities to be derived in this section. The multi-
group neutron fluxes computed by PARTISN are the solutions of the following 
multigroup neutron transport equation with a spontaneous fission source: 

( ) ( ) ( ), , 1, , ,g g gB r Q r g Gϕ = = α Ω                (1) 

( ), 0, 0, 1, , ,g
dr g Gϕ =   ⋅ < =n Ω Ω                 (2) 

where dr  is the radius of the PERP sphere, and where 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )
1 4

, , ; ,

d , ; , ; ; ,

g g g g g
t

G gg g g g
s f

g

B r r r r

r r r r

ϕ ϕ ϕ

ϕ χ ν ′′ ′→

π′=

⋅∇ + Σ

 ′ ′ ′− Σ → + Σ ∑ ∫

α α

α α α

Ω Ω Ω Ω

Ω Ω Ω Ω
   (3) 
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The Boltzmann-operator ( )gB α  in Equation (3) contains implicitly a fac-
tor 1 4π  in its scattering and fission terms, to conform to the convention 
used by PARTISN [15]. As in [5]-[10], the PARTISN [15] computations used 
the MENDF71X [17] 618-group cross sections collapsed to 30 energy-groups, 
as shown in Table A2 in the Appendix, in conjunction with a P3-Legendre ex-
pansion of the scattering cross section, an angular quadrature of S256, and a 
fine-mesh spacing of 0.005 cm (comprising 759 meshes for the plutonium sphere 
of radius of 3.794 cm, and 762 meshes for the polyethylene shell of thickness of 
3.81 cm). The symbols used in Equations (1) through (4) have their usual mean-
ings and are summarized, for convenient referencing, in the Appendix. 

The mathematical expression of the PERP benchmark’s leakage response, de-
noted as ( )L α , is provided below: 

( ) ( )
1 0

d d ,
b

G
g

gS

L S rϕ
= ⋅ >

⋅∑∫ ∫
n

nα
Ω

Ω Ω Ω .              (5) 

The vector α , which appears in the expressions of the Boltzmann-operator 
( )gB α  and the leakage response ( )L α , in Equation (3) and Equation (5), re-

spectively, represents the “vector of imprecisely known model parameters”, and 
is defined as follows: 

† †
1, , ; ; ; ; ; ; ,

.
J t s f

t s f p q nJ J J J J J J J
α

α σ σ σ ν

α α     
= + + + + + +

ν p q N   σ σ σα
            (6) 

The components of the vector α  are described in the Appendix. Since only 
the effects of the uncertainties in the total macroscopic cross sections will be 
considered in this work, only the components of the vector t  for the parame-
ters of macroscopic total cross sections will be explicitly used; they are repro-
duced below from the Appendix: 

[ ]†† †
1 1 1, , , , ; , , ; , ,

t t nJ J J t t t nt t t t n n J J J
σ σ= +      t N      σ     (7) 

where 
†† 1 2 1

1 , 1 , 1 , 1 , , ,, , , , , , , , , , , ,

1, , 6; 1, , 30; ,
t

G g G
t J t i t i t i t i t i I t i I

t

t t

i I g G J I G
σ

σ

σ σ σ σ σ σ= = = = =     
= = = = = ×

      

 

σ   (8) 

† †
1 1,1 2,1 3,1 4,1 5,2 6,2, , , , , , , , 6.

nJ nn n N N N N N N J =     N          (9) 

In Equations (7) through (9), the dagger denotes “transposition,” ,
g
t iσ  de-

notes the microscopic total cross section for isotope i and energy group g, 

,i mN  denotes the respective isotopic number density for isotope i and material 
m, tJσ  denotes the total number of microscopic total cross sections, and nJ  
denotes the total number of isotopic number densities in the model. Thus, the 
vector t  comprises a total of 30 6 6 186t t nJ J Jσ= + = × + =  uncertain model 
parameters. However, only the components  
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†† 1 2 1
1 , 1 , 1 , 1 , , ,, , , , , , , , , , ,

t

G g G
t J t i t i t i t i t i I t i It t

σ
σ σ σ σ σ σ= = = = =           σ ,  

1, , 6i I= = , 1, , 30g G= = , 180tJ I Gσ = × = , will be considered in this 
work. Thus, the numbers of sensitivities of the PERP leakage response with 
respect to the total microscopic cross sections are as follows: 1) 180 first-order 
sensitivities; 2) 32,400 second-order sensitivities, of which 16,290 are distinct; 
and 3) 5,832,000 third-order sensitivities, of which 988,260 are distinct. The 180 
first-order and 16,290 second-order sensitivities were obtained and analyzed in 
[5]. The exact mathematical expressions of the 988,260 distinct third-order sen-
sitivities will be obtained in Section 3 of this work, and their numerical values 
and numerical effects on the variance and skewness of the PERP leakage re-
sponse will be presented in the accompanying Part II [13] and Part III [14]. 

3. Exact Analytical Expressions of the Third-Order Mixed  
Sensitivities of the PERP Leakage Response to Total Cross  
Sections 

This Section will present the derivation of the 3rd-order mixed sensitivities 
( )3 , , , 1, ,j tkL jt t t Jk σ∂ ∂ ∂ ∂ =



 α  of the PERP leakage response with respect to 
the group-averaged microscopic total cross sections. These 3rd-order sensitivities 
will be derived by using two alternative procedures, which will be presented in 
sections 3.1 and 3.2, respectively. In section 3.1, the sensitivities  

( )3 , , , 1, ,j tkL jt t t Jk σ∂ ∂ ∂ ∂ =


 α  will be obtained as a particular case of the 
general expressions derived in [12]. In section 3.2, the expressions of  

( )3 , , , 1, ,j tkL jt t t Jk σ∂ ∂ ∂ ∂ =


 α  by applying the concepts presented in [12] to 
the expression of the 2nd-order sensitivities ( )2 , , 1, ,j tkL jt t k Jσ∂ ∂ ∂ = α , 
which were derived in Ref. [5]. It will be shown that these two alternative pro-
cedures will yield identical expressions for the corresponding 3rd-order sensitivi-
ties, as would be expected. 

3.1. Computing ( ) j k tL t t t j k J3 , , , 1, , σα∂ ∂ ∂ ∂ =


   by  
Particularizing the General Expressions Obtained in  
Ref. [12] for the PERP Leakage Response Sensitivities  
to Total Cross Sections  

The general expression of the 3rd-order sensitivities of a reaction-rate type response 
to the nuclear data characterizing a physical system modeled by the multigroup 
neutron transport equation has been derived in the Appendix of [12]. This general 
expression can be specialized for the PERP benchmark’s leakage response and total 
microscopic cross sections by introducing the following correspondences: 

( ) ( ) ,g
d dr rδΣ ⋅ −nα Ω                      (10) 
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It has been shown in [5] and it can also be observed directly that the following 
relations hold when ,

j

j

g
j t it σ≡  and ,

k
k

g
tk it σ≡ , respectively: 

( ) ( )
,

, ,

, ,
1 1 ,

jj j j j

j j

M I
g

g g i m t i
m it t

g i m
j t i

g
t i

gg

N
N

t

σ

σ σ
δ= =

∂
∂ ∂

= =
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 Σ Σ  
∑∑t t

          (12) 

( ) ( ) ( ),

,,

2 2

,

0,j

j kk
j

j j

kk

i m

j t it i t

g g
g gt t

g
i

gg
k

N

t t σσ σ

δ∂
= =
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∂ Σ ∂ Σ

∂ ∂

t t
             (13) 

where the subscripts ji , jg  and jm  denote the isotope, the energy group and 
material associated with the parameter ,

j

jt i
gσ , respectively; the subscripts ki , kg  

and km  denote the isotope, the energy group and material associated with the 
parameter ,

k
kt i

gσ , respectively; and 
jg gδ  denotes the Kronecker-delta functional 

(e.g., 1
jg gδ =  if jg g= ; 0

jg gδ =  if jg g≠ ). 
It has been shown in the Appendix of [12] that the multigroup 3rd-order sensi-

tivities of a reaction-rate type response to the parameters in a physical system 
modeled by the multigroup neutron transport equation are generally given by 
the following expression: 

( )

( ) ( )

( )

( ) ( )
( ) ( )

( )

( ) ( )
( ) ( )

( )

( ) ( )
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( ) ( )
( ) ( )
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Ω
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where the inner product ( ) ( ) ( )1
, , ,u r w rΩ Ω  between two vector-values func-

tions, each having G components of the form  
( ) ( ) ( ) ( )

†1, , , , , , , ,g Gu u u  u r r r r  Ω Ω Ω Ω  and  
( ) ( ) ( ) ( )

†1, , , , , , , ,g Gw w w  w r r r r  Ω Ω Ω Ω , is defined as follows: 

( ) ( )
( )

( ) ( )
1 1 4

, , , d d , ,
G

g g g g

g
u w V u w

π=
∑∫ ∫r r r rΩ Ω Ω Ω Ω .      (15) 

In Equation (14), the 3rd-level adjoint functions  
( ) ( )3 ,

1 2 1, ,, ; , , 1, 2,3, 4;g
j i i j g Gψ = =r Ω  are the solutions of the following mul-

tigroup form of the “third-level adjoint sensitivity system” (3rd-LASS) presented 
in the Appendix of [12]: 

( ) ( ) ( ) ( ) ( )
( ) ( )2

12

3 , 2 ,
4 1 2, ; , ,g gg

i
A i i R

ψ
ψ = ∇rα αΩ              (16) 
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( ) ( )3 ,
4 1 2 1 2 1, ; , 0, 0, 1, , ; 1, , ;g

di i i J i iαψ = ⋅ > = =r n  Ω Ω         (17) 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
*3 , 2 , 3 , 3 ,

1 1 2 41 4 1 2, ; , , ; , ,g g g ggA i i R F i iϕψ ψ = ∇ −  r rα αΩ Ω     (18) 

( ) ( )3 ,
1 1 2 1 2 1, ; , , 0, 0, 1, , ; 1, , ;g

di i E i J i iαψ =   ⋅ > = =r n  Ω Ω        (19) 

( ) ( ) ( ) ( ) ( )
( ) ( )2

11

3 , 2 ,
3 1 2, ; , ,g gg

i
B i i R

ψ
ψ = ∇rα αΩ               (20) 

( ) ( )3 ,
3 1 2 1 2 1, ; , 0, 0, 1, , ; 1, , ;g

di i i J i iαψ =   ⋅ < = =r n  Ω Ω         (21) 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )1

*3 , 2 , 3 , 3 ,
2 1 2 32 3 1 2, ; , , ; , ,g g g ggB i i R F i i

ψ
ψ ψ = ∇ −  r rα αΩ Ω    (22) 

( ) ( )3 ,
2 1 2 1 2 1, ; , 0, 0, 1, , ; 1, , ,g

di i i J i iαψ = ⋅ < = =r n  Ω Ω         (23) 

where 

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
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1 1 2 1 1 2
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1 4
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A i i
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α Ω

Ω Ω Ω

Ω Ω Ω Ω

   (24) 

and where the various quantities serving as “sources” on the right-sides of the 
3rd-LASS are defined as follows: 
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The particular forms taken on by the general expressions given Equations (25) 
through (33) when considering solely the group-averaged microscopic total 
cross sections are obtained specializing these expressions to the particular cases 

1 2 3
, ,i i k ijt t tα α α→ → →



. Thus, the expression in Equation (25) becomes: 
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;
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In view of the result obtained in Equation (34), it follows that the expression 
in Equation (26) vanishes, i.e., 
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Q
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              (35) 

The expression in Equation (27) becomes: 
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In view of Equation (36), the expression in Equation (28) becomes: 
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The expression in Equation (31) becomes: 
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The expression in Equation (29) becomes: 
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In view of Equation (34), the expression in Equation (30) becomes: 
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The expression in Equation (32) becomes: 
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The expression in Equation (33) becomes: 
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Collecting the results obtained in Equations (34) through (42), inserting them 
into Equations (16) through (23) and recalling that 1 2,i j i k→ →  yields the 
following particular form for the 3rd-LASS, specialized for computing the 
3rd-level adjoint functions needed for computing the 3rd-order sensitivities of the 
PERP leakage response to the group-averaged total microscopic cross sections: 

( ) ( ) ( ) ( ) ( )3 , 1 ,
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k k k

g gg
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g rj k j J k jσψ = ⋅ > = =n  Ω Ω        (44) 
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2 , ; , 0, 0, 1 , , 1, , .d

g
tj k j kr J jσψ =  ⋅ < = =n  Ω Ω         (50) 

The 2nd-level adjoint functions ( ) ( )2 ,
1 ; ,g j rψ Ω  and ( ) ( ),

2
2 ; ,g j rψ Ω  are the 

solutions of the following 2nd-LASS [5]: 
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( )(2),
2, , 0, 0; 1, , ; 1, , ,g

j tdr j J g Gσψ = ⋅ < = =n  Ω Ω          (54) 

while the 1st-level adjoint function ( ) ( )1 , ,g rψ Ω  is the solution of the following 
1st-LASS [5]: 

( ) ( ) ( ) ( )1 , , , 1, , ,gg
dA r r r g Gψ δ= ⋅ − =n α Ω Ω            (55) 

( ) ( )1 , , 0, 0 , 1, , .g
dr g Gψ =   ⋅ >  =n Ω Ω                (56) 

Next, each of the quantities on the right-side of Equation (14) will be specia-
lized to obtain the specific expression for computing the 3rd-order sensitivities of 
the leakage response in the PERP benchmark to the 180 total cross sections 

, , 1, , 6; 1, , 30g
t i i I g Gσ = = = =   defined in Equation (8). Thus, in view of 

Equation (10), it follows that the first term on the right-side of Equation (14) va-
nishes, since 
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d d
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α α
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In view of Equation (35), the second term on the right-side of Equation (14) 
vanishes, i.e., 
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=
∂ ∂ ∂
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In view of Equation (35), the third term on the right-side of Equation (14) va-
nishes, i.e., 
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In view of Equation (36), the fourth term on the right-side of Equation (14) 
vanishes, i.e., 
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In view of Equation (34), the fifth term on the right-side of Equation (14) 
takes on the following particular form: 
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In view of Equation (36), the sixth term on the right-side of Equation (14) 
takes on the following particular form: 
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The seventh term on the right-side of Equation (14) takes on the following 
particular form: 
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The result obtained in Equation (64) stems from the fact that repeating the 
derivation shown in Equation (36) yields the results  
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that the second term on the right side of Equation (64) vanishes, as shown be-
low: 
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The eighth term on the right-side of Equation (14) takes on the following par-
ticular form: 
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as can be shown by repeating the derivations used in Equation (34) to obtain the 
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Collecting the results obtained in Equations (57)-(63), and (66), and replacing 
them in Equation (14) yields the following expression: 
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( ) ( ) ( ) ( )
( ){

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )}

3
3 ,

1 1

3 , 1 ,
2 1

3 , 2 ,
3 1 1

3 , 2 ,
4 2 1 ,

, ; , , ,

, ; , , ,

, ; , , ; ,

, ; , , ; , ,

for 1, , 1, , , 1, , .,

g g

j k

g g i m

g g

g g

t

g g

L
j k r r

j k r r

j k r j r

j k r j r

j k j

t t t

N

J kσ

ψ ϕ

ψ ψ

ψ ψ

ψ ψ δ

∂
= −

∂ ∂ ∂

+

+

+

= = =

  



   

α
Ω Ω

Ω Ω

Ω Ω

Ω Ω

      (69) 

3.2. Computing ( ) j k tL t t t j k J3 , , , 1, , σα∂ ∂ ∂ ∂ =


   by Using the  

Second-Order Sensitivities ( ) j k tL t t j k J2 , , 1, , σα∂ ∂ ∂ =   of  
the PERP Leakage Response to Total Cross Sections 

In Ref. [5], the specific 2nd-order sensitivities of the PERP leakage response to the 
group-averaged microscopic total cross sections were shown to have the follow-
ing expression: 

( ) ( ) ( ) ( )

( ) ( ) ( )

2 , 1 ,
, 2,

, ,

2 ,
1

2 2

,

d d , ,

, , , for 1, , ; 1, , , 1, , ,

k k
k

k

j k
j

k

k

k

g g
i m j

t i t i

g g

g g
j k V

tj t

L L N V r r

r

t t

J Gr Jj k gσ σ

ψ ψ

ψ ϕ

σ σ 4π

− ∂

∂ ∂

∂

+ =

= =
∂ ∂

==

∫ ∫

 

Ω Ω Ω

Ω Ω

   (70) 

where the first-level adjoint functions ( ) ( )1 , , , 1, ,g r g Gψ = Ω  are the solutions 
of the 1st-Level Adjoint Sensitivity System (1st-LASS) show in Equations (55) and 
(56), while the 2nd-level adjoint functions ( ) ( )2 ,

1, ,g
j rψ Ω  and ( ) ( )2 ,

2, ,g
j rψ Ω  are 

the solutions of the 2nd-LASS presented in Equations (51) through (54).  
The total G-differential of Equation (70) provides the 3rd-order sensitivities of 

the leakage response involving the 2nd-order derivatives to the total cross 
sections. Since this work is limited to computing the sensitivities of the PERP 
leakage response solely with respect to the group-averaged microscopic total 
cross sections, it follows that the sensitivities ( )3 , , , 1, ,j tkL jt t t Jk σ∂ ∂ ∂ ∂ =



 α  
are obtained by taking the following G-differential of Equation (70), limited to 
variations just in the group-averaged total microscopic cross sections, namely: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
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2 , 1 ,
, 2,

2 , 1 , 2 ,
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, , , ,
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d d
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k k k k
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g g
i m j

g g g g
j j
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V
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t
j

j
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N r r

r r r r

r

L V
t t

L
J

r

t j k
t t t

σ

σ

δ δ

δ δ

ψ ψ

ψ ψ ψ ϕ

ψ δϕ

δ

4π

=

 ∂ =   ∂ ∂ 

+ +

+ 
∂

=
∂ ∂ ∂

−

=

∫ ∫

∑








α

Ω Ω Ω

Ω Ω Ω Ω

Ω Ω
   (71) 

where the functions ( ) ( )1 , ,kg rδψ Ω  and ( ),kg rδϕ Ω  are the solutions of the 
1st-LFSS and, respectively, 2nd-LFSS, which are reproduced below from Ref. [2], 
omitting the subscript “k”: 

( ) ( ) ( ) ( )1 ,, , ; , 1, , ,gg gB Q g Gδϕ ϕ δ= =r α α αΩ            (72) 
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( ), 0, 0, 1, , ,g
dr g Gδϕ =   ⋅ < =n Ω Ω                 (73) 

( ) ( ) ( ) ( ) ( )( )1 , 2 , 1, , ; , 1, , ,g ggA r Q g Gδψ ψ δ= = α α αΩ          (74) 

( ) ( )1 , , 0, 0,g
drδψ =   ⋅ >nΩ Ω                     (75) 

while the functions ( )2 ,
1,

kg
jδψ  and ( )2 ,

2,
kg

jδψ  are the solutions of the G-differentiated 
2nd-LASS defined by Equations (51) through (54), namely: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 , 1 , 3 , 2
1, 1 1 1,, , , ; ,

j j j

g g gg
j g i mgA r N r Q iδ δψ δψ ψ δ     + =     α α αΩ Ω  (76) 

( ) ( )2 ,
1, , 0, 0, 1, , , 1, , ,g

j d tr j J g Gσδψ = ⋅ > = =n  Ω Ω           (77) 

( ) ( ) ( ) ( ) ( ) ( ) ( )2 , 3 2
2, 2 2, 1, , , ; ,

j j ji
gg g

j g g mB r N r Q iδψ δδ ϕ ψ δ    + =    α α αΩ Ω    (78) 

( ) ( )2 ,
2, , 0, 0, 1, , , 1, , .g

j d tr j J g Gσδψ = ⋅ < = =n  Ω Ω         (79) 

The source ( ) ( )1 , , ;gQ ϕ δα α  on the right side in Equation (72) is defined as 
follows: 

( ) ( )
( ) ( )

3
3 3

1 ,
1 ,

1

,
, ; ,

t gJ
g

i
i i

Q
Q

σ ϕ
ϕ δ δα

α=

∂
∂∑

α
α α                (80) 

where, in view of Equation (34), 
( ) ( ) ( ) ( ) ( )

3
3

1 ,

,
,

,
, , .

l l ll
li l

g g
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g g i mg
i t it

Q
r r N
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ϕ
ϕ ϕ δ

α σ
=

 ∂ ∂Σ  − = − 
∂ ∂  

t


α
Ω Ω      (81) 

The source ( ) ( )( )2 , 1, ;gQ ψ δα α  on the right side in Equation (74) is defined as 
follows: 

( ) ( )( )
( ) ( )( )

3
3 3

2 , 1

2 , 1

1

,
, ; ,

t
g

J
g

i
i i

Q
Q

σ ψ
ψ δ δα

α=

∂
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α

α α              (82) 

where, in view of Equation (36), 
( ) ( )( ) ( ) ( ) ( ) ( ) ( )

3
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2 , 1
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,
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,
, , .

l l ll
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i l
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t

Q
r r N

α

ψ
ψ ψ δ

α σ
=

 ∂ ∂Σ  − = − 
∂ ∂  

t


α
Ω Ω  (83) 

The source ( ) ( ) ( )3 , 2
1 1 1, ;gQ iψ δ 

 α α  on the right side in Equation (76) is de-
fined as follows: 

( ) ( ) ( )
( ) ( ) ( )

3
3 3
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1 1 13 , 2

1 1 1
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,
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t
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α α           (84) 

where, in view of Equation (64), 
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Q i
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α ΩΩ
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         (85) 
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The source ( ) ( ) ( )3 2
2 2 1, ;Q iψ δ 

 α α  on the right side in Equation (78) is defined 
as follows: 

( ) ( ) ( )
( ) ( ) ( )

3
3 3
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2 2 13 2
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, ; ,
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i i
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α α           (86) 

where, in view of Equation (67), 
( ) ( ) ( )
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        (87) 

The 3rd-Level Forward Sensitivity System (3rd-LFSS) comprises Equations (72) 
through (79). The 3rd-Level Adjoint Sensitivity System (3rd-LASS) that corres-
ponds to the 3rd-LFSS is derived by following the general procedure described in 
Ref. [12], which involves the following sequence of operations: 

A. Use the definition of the inner product provided in Equation (15) to per-
form the following operations: 

1) Form the inner product of Equation (72) with a yet undefined vector-valued 
function  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
†3 , 3 , 1 3 , 3 ,

1 1 1 1, ; , , ; , , , , ; , , , , ; ,g g g g Gj k r j k r j k r j k rψ ψ ψ= = 
   ψ Ω Ω Ω Ω

having G square-integrable components ( ) ( )3 ,
1 , ; ,g j k rψ Ω , to obtain the follow-

ing relation: 
( ) ( ) ( ) ( )

( )

( ) ( ) ( )
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1 1
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t
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g g i m l
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j k r N t
σ

ψ δϕ

ψ δ ϕ δ
=

 = − ∑ r

αΩ Ω

Ω Ω
         (88) 

2) Form the inner product of Equation (74) with a yet undefined vec-
tor-valued function  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
†3 , 3 , 1 3 , 3 ,

2 2 2 2, ; , , ; , , , , ; , , , , ; ,g g g g Gj k r j k r j k r j k rψ ψ ψ= = 
   ψ Ω Ω Ω Ω

having G square-integrable components ( ) ( )3 ,
2 , ; ,g j k rψ Ω  to obtain the follow-

ing relation: 
( ) ( ) ( ) ( ) ( )

( )

( ) ( ) ( ) ( )
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2 1

3 , 1 ,
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J
g g

g g i m l
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j k r A r

j k r N t
σ

ψ δψ

ψ δ ψ δ
=

 = − ∑ r

αΩ Ω

Ω Ω
        (89) 

3) Form the inner product of Equation (76) with a yet undefined vec-
tor-valued function  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
†3 , 3 , 1 3 , 3 ,

3 3 3 3, ; , , ; , , , , ; , , , , ; ,g g g g Gj k r j k r j k r j k rψ ψ ψ= = 
   ψ Ω Ω Ω Ω

https://doi.org/10.4236/ajcm.2020.104029


D. G. Cacuci, R. X. Fang 
 

 

DOI: 10.4236/ajcm.2020.104029 519 American Journal of Computational Mathematics 
 

having G square-integrable components ( ) ( )3 ,
3 , ; ,g j k rψ Ω  to obtain the follow-

ing relation: 
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4) Form the inner product of Equation (78) with a yet undefined vec-
tor-valued function  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
†3 , 3 , 1 3 , 3 ,

4 4 4 4, ; , , ; , , , , ; , , , , ; ,g g g g Gj k r j k r j k r j k rψ ψ ψ= = 
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having G square-integrable components square integrable function  
( ) ( )3 ,
4 , ; ,g j k rψ Ω  to obtain the following relation: 
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5) Add Equations (88) through (91) to obtain the following relation: 
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B. Use the relations between the forward and adjoint multigroup transport 
operators to recast the left side of Equation (92) into the following form: 
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Ω

α

α

Ω Ω

Ω
                 (93) 

where ( )3P  denotes the corresponding bilinear concomitant on the domain’s 
boundary in the phase-space of independent variables. 

C. Use the boundary conditions provided in Equations (73), (75), (77) and 
(79), and impose on the functions ( ) ( )3 , , ; , , 1, 2,3, 4g

m j k r mψ =Ω , the boundary 
conditions provided in Equations (95), (97), (99) and (101), below, in order to 
cause the bilinear concomitant ( )3P  in Equation (93) to vanish. 

D. Identify the right side of Equation (93) with the right side of Equations (71) 
to obtain the following equations for the 3rd-LASS, where  

1, , ; 1, , ; 1, ,tj J k j g Gσ= = =   : 

( ) ( ) ( ) ( ) ( ) ( ) ( )3 , 3 , 2 ,
1 , 4 , 1,, ; , , ; , , ,

j j j k k k

g g gg
g g i m g g i m jA j k r N j k r N rψ δ ψ δ ψ+ = −α Ω Ω Ω

(94) 

( ) ( )3 ,
1 , ; , 0, 0, 1, , , 1, , , 1, , ,g

d tj k r j J k j g Gσψ =   ⋅ > = = =n   Ω Ω    (95) 

( ) ( ) ( ) ( ) ( ) ( ) ( )3 , 3 , 2 ,
2 , 3 , 2,, ; , , ; , , ,

j j j k k k

g g gg
g g i m g g i m jB j k r N j k r N rψ δ ψ δ ψ+ = −α Ω Ω Ω

(96) 

( ) ( )3 ,
2 , ; , 0, 0, 1, , , 1, , , 1, , ,g

d tj k r j J k j g Gσψ =  ⋅ < = = =n   Ω Ω    (97) 

( ) ( ) ( ) ( )3 ,
3 , , ; , , ,

k k k

gg g
g i mgB j k r N rδψ ϕ= −α Ω Ω            (98) 

( ) ( )3 ,
3 , ; , 0, 0, 1, , , 1, , , 1, , ,g

d tj k j J k gr j Gσψ =   ⋅ < = = =n   Ω Ω  (99) 

( ) ( ) ( ) ( ) ( ),
,

3 1 ,
4 , ; , , ,

k k k

g gg
g i mgA j k r N rδψ ψ= −α Ω Ω          (100) 

( ) ( )3 ,
4 , ; , 0, 0, 1, , , 1, , , 1, , .g

tdj k j J j gr k Gσψ = ⋅ > = = =n   Ω Ω    (101) 

E. It follows from the 3rd-LASS defined in Equations (94) through (101) that 

https://doi.org/10.4236/ajcm.2020.104029


D. G. Cacuci, R. X. Fang 
 

 

DOI: 10.4236/ajcm.2020.104029 521 American Journal of Computational Mathematics 
 

the right-sides of Equations (92) and (71) represent the same functional, which 
implies that 

( ) ( ) ( ) ( )
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3
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j j j

g g
g g i m

j k

g g

g g
j

g g
j

t

L
N j k r r

t t t

j k r r

j k r r

j k r r

j J k j kσ

δ ψ ϕ

ψ ψ
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ψ ψ

∂
= −
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+

+

+

= = =



   

α
Ω Ω

Ω Ω

Ω Ω

Ω Ω

        (102) 

As expected, the 3rd-LASS obtained in Equations (94) through (101) is identic-
al to the 3rd-LASS obtained in Equations (43) through (50), and the expression 
obtained for the 3rd-order sensitivities ( )3 , , , 1, ,j tkL jt t t Jk σ∂ ∂ ∂ ∂ =



 α  ob-
tained in Equation (102) is identical to the expression obtained in Equation (69). 

4. Concluding Remarks 

This work has presented the derivation of the exact mathematical expressions of 
the (180)3 third-order sensitivities of the PERP leakage response with respect to 
the total microscopic cross sections. By using the solution of the 3rd-Level Ad-
joint Sensitivity System, the expressions of these 3rd-order sensitivities can be 
computed selectively and most efficiently. The formulas derived in this work are 
valid not only for the PERP benchmark but can also be used for computing the 
3rd-order sensitivities of the leakage response of any nuclear system involving fis-
sionable material and internal or external neutron sources. Subsequent works will 
use the adjoint-based mathematical expressions obtained in this work to com-
pute exactly and efficiently the numerical values of these (180)3 third-order sen-
sitivities (which turned out to be very large and consequential) and use them for 
a third-order uncertainty analysis of the PERP benchmark’s leakage response.  
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Appendix 

The dimensions and material composition of the polyethylene-reflected plu-
tonium (PERP) metal sphere considered in this work are presented in Table 
A1. 

The scattering cross section ( ) ( ), ; ,g g g g
s sr r′ ′→ →′ ′Σ → → Σ →sΩ Ω Ω Ω  will 

be characterized by the vector of parameters s , which is defined as follows: 

[ ]†† †
1 1 1, , , , ; , , ; , ,

s s nJ J J s s s ns s s s n n J J J
σ σ +      s N      σ    (103) 

 
Table A1. Dimensions and material composition of the PERP benchmark. 

Materials Isotopes Weight Fraction Density (g/cm3) Zones 

Material 1 
(plutonium 
metal) 

Isotope 1 (239Pu) 9.3804 × 10−1 

19.6 

Homogeneous sphere  
of radius 1 3.794 cmr = , 

designated as “material 1” 
and assigned to zone 1 

Isotope 2 (240Pu) 5.9411 × 10−2 

Isotope 3 (69Ga) 1.5152 × 10−3 

Isotope 4 (71Ga) 1.0346 × 10−3 

Material 2 
(polyethylene) 

Isotope 5 (C) 8.5630 × 10−1 

0.95 

Homogeneous spherical 
shell of inner radius 

1 3.794 cmr =  and outer 

radius 2 7.604 cmr = , 

designated as “material 2” 
and assigned to zone 2 

Isotope 6 (1H) 1.4370 × 10−1 

 
Table A2. Presents the group boundaries, gE , of the 30G =  energy groups used in the 
PARTISN forward and adjoint neutron transport computations. 

g 1 2 3 4 5 6 

gE  1.50 × 101 1.35 × 101 1.20 × 101 1.00 × 101 7.79 × 100 6.07 × 100 

1gE −  1.70 × 101 1.50 × 101 1.35 × 101 1.20 × 101 1.00 × 101 7.79 × 100 

g 7 8 9 10 11 12 

gE  3.68 × 100 2.87 × 100 2.23 × 100 1.74 × 100 1.35 × 100 8.23 × 10−1 

1gE −  6.07 × 100 3.68 × 100 2.87 × 100 2.23 × 100 1.74 × 100 1.35 × 100 

g 13 14 15 16 17 18 

gE  5.00 × 10−1 3.03 × 10−1 1.84 × 10−1 6.76 × 10−2 2.48 × 10−2 9.12 × 10−3 

1gE −  8.23 × 10−1 5.00 × 10−1 3.03 × 10−1 1.84 × 10−1 6.76 × 10−2 2.48 × 10−2 

g 19 20 21 22 23 24 

gE  3.35 × 10−3 1.24 × 10−3 4.54 × 10−4 1.67 × 10−4 6.14 × 10−5 2.26 × 10−5 

1gE −  9.12 × 10−3 3.35 × 10−3 1.24 × 10−3 4.54 × 10−4 1.67 × 10−4 6.14 × 10−5 

g 25 26 27 28 29 30 

gE  8.32 × 10−6 3.06 × 10−6 1.13 × 10−6 4.14 × 10−7 1.52 × 10−7 1.39 × 10−10 

1gE −  2.26 × 10−5 8.32 × 10−6 3.06 × 10−6 1.13 × 10−6 4.14 × 10−7 1.52 × 10−7 

https://doi.org/10.4236/ajcm.2020.104029


D. G. Cacuci, R. X. Fang 
 

 

DOI: 10.4236/ajcm.2020.104029 525 American Journal of Computational Mathematics 
 

where 

( ) ( )

†

1

1 1 2 1 1 1 2
, 0, 1 , 0, 1 , 0, 1 , 0, 1

†2 2
, 0, 1 , , , ,

, ,

, , , , ,

, , , , ,

0, , ; 1, , ; , 1, , ; 1 .

ss J

g g g g g G g g g
s l i s l i s l i s l i

g g g g G G
s l i s l i s ISCT i I

s

s s

l ISCT i I g g G J G G I ISCT

σ

σ

σ σ σ σ

σ σ σ

′ ′ ′ ′= → = = → = = → = = → =
= = = = = = = =

′ ′= → = → →
= = =

  



′= = = = × × × +

 

 

 

  

σ

 (104) 

The quantity ( ) ( ) ( );g g
f f rν νΣ → Σ f  in the fission integral  

( ) ( ) ( ), dg g
f r rν ϕ′ ′

4π

′ ′Σ∫ Ω Ω  depends on the vector of parameters f , which is 
defined as follows: 

†
1 1 1

†

, , ; , , ; , ,

; ; , ,

f f f f fJ J J J J J J

f f f n

f f f f f f

J J J J

σ σ σ ν σ ν

σ ν

+ + + +  

= + +  

f

ν N

   

 σ
       (105) 

with 
†

1 2 1
, 1 , 1 , 1 , , ,

†
1

, , , , , , , , ,

, , , 1, , ; 1, , ; ,

f f

f

G g G
f f i f i f i f i f i N f i N

J f f ff f i N g G J G N
σ σ

σ σ σ σ σ σ= = = = =
 
 

= = = ×  

    

   

σ
    (106) 

† †1 2 1
1 1 1 1, , , , , , , , , , , ,

1, , ; 1, , ; ,
f f f f

G g G
i i i i i N i N J J J

f f

f f

i N g G J G N
σ σ ν

ν

ν ν ν ν ν ν= = = = = + +
      

= = = ×

ν       

 

 (107) 

where ,
g
f iσ  denotes the microscopic fission cross section for isotope i and 

energy group g, g
iν  denotes the average number of neutrons per fission for 

isotope i and energy group g, and fN  denotes the total number of fissionable 
isotopes. 

The fission spectrum is considered to depend on the vector of parameters p , 
defined as follows: 

†† 1 2
1 1 1 1, , , , , , , , , ,

for 1, , ; 1, , ; .
p f

g g G g G
J i i i i N

f p f

p p

i N g G J G N

χ χ χ χ χ= =
= = =

     
= = = ×

p      

 

      (108) 

The quantities ( )g rχ  further depend on the parameters g
iχ , ,i mN , g

if , 

( )g
f i

νσ , but these latter dependences can be taken into account by applying the 
chain rule on the 1st-order sensitivities gL χ∂ ∂ , once these sensitivities will 
have been obtained. 

The source ( ) ( ); ;g gQ r Q r→ q N  depends on the vector of model parame-
ters q , defined as follows: 

1 2 1 2

††
1 1 2 1 2 1 2, ; , ; , ; , ; , 0,, , 1 .

qJ
SF SF SF SF

qF F aq b Jaq bλ λ ν ν  =    q      (109) 

In summary, the model parameters characterizing the PERP benchmark can 
all be considered to be the components of the following “vector of model para-
meters:” 

† †
1, , ; ; ; ; ; ; ,

.
J t s f

t s f p q nJ J J J J J J J
α

α σ σ σ ν

α α     
= + + + + + +

ν p q N   σ σ σα
            (110) 
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Thus, the total number of imprecisely known model parameters for the PERP 
benchmark is:  

( ) ( ) ( ) ( )1 2 10 21976f f nJ I G G G I ISCT G N G N Jα = × + × × × + + × + × + + = . 

Nomenclature 

ka , kb : parameters used in Watt’s fission spectra approximation for isotope k 
B: forward Boltzmann operator 

gE : boundary of energy group g 
SF

kF : fraction of isotope k decays that are spontaneous fission events 

2
,j mf f : parameters in vector fσ  indexed by j and 2m  

G: total number of energy groups 
I: total number of isotopes 

nJ : total number of parameters in vector N  

pJ : total number of parameters in vector p  

qJ : total number of parameters in vector q  

fJσ : total number of parameters in vector fσ  

sJσ : total number of parameters in vector sσ  

tJσ : total number of parameters in vector tσ  

tJ : total number of parameters in vector t  
Jν : total number of parameters in vector ν  
l : variable for the order of Legendre-expansion of the microscopic scattering 
cross sections, 1, ,l ISCT=   

( )L α : total neutron leakage from the PERP sphere 
M: total number of materials 

fN : total number of fissionable isotopes 

,i mN : atom number density for isotope i and material m 
( )lP ′ ⋅Ω Ω : Legendre and associated Legendre polynomials appreciate for the 

geometry 
( )lP µ : spherical harmonics appreciate for the geometry 
( )gQ r : source term in group g 

r: spatial variable 

dr : external radius of the PERP benchmark 

bS : outer surface of the PERP sphere 

,
g
f is : standard deviation associated with the model parameter ,

g
f iσ  

,
g

isν : standard deviation associated with the model parameter g
iν  

2
,j ms s : parameters in vector sσ  indexed by j and 2m  

2
,j mt t : parameters in vector tσ  indexed by j and 2m  

Vectors and Matrices 

α : vector of imprecisely known model parameters, 
†

; ; ; ; ; ;t s f  ν p q Nα σ σ σ   
0α : nominal values of the parameters in the vector α   

t : vector of imprecisely known total parameters, [ ]†;tt N σ  
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s : vector of imprecisely known scatter parameters, [ ]†;ss N σ  

f : vector of imprecisely known fission parameters, †; ;f  f ν N σ  

tσ : vector of imprecisely known total cross sections 

sσ : vector of imprecisely known scattering cross sections 

fσ : vector of imprecisely known fission cross sections 
ν : vector of imprecisely known parameters underlying the average number of 
neutrons per fission 
N : vector of imprecisely known atom number densities 
p : vector of imprecisely known fission spectrum parameters 
q : vector of imprecisely known source parameters 

( )1S : vector of first-order relative sensitivities of the leakage response  
( )2S : matrix of first-order relative sensitivities of the leakage response  

kλ : decay constant for isotope k 
SF
kν : the spontaneous emission of an average neutrons of an isotope k 

,
g
f iσ : microscopic fission cross section in group g of isotope i 

, ,
g g
s l iσ ′→ : the thl  order Legendre-expanded microscopic scattering cross section 

from energy group g ′  into energy group g for isotope i 

,
g
t iσ : microscopic total cross section in group g of isotope i 

( );g
t rΣ t : macroscopic total cross section for energy group g 

( );g
f rΣ f : macroscopic fission cross section for energy group g 

( ); ,g g
s r′→ ′Σ →s Ω Ω : macroscopic scattering transfer cross section from energy 

group g ′  into energy group g 
( ),g rϕ Ω : forward angular flux in group g at point r in direction Ω   
( )0

g rϕ : zeroth order of forward flux moment in group g at point r 

( )g
l rϕ : ( )1, ,thl l ISCT=   order forward flux moment in group g at point r, 

( ) ( ) ( )d , , 1, ,g g
l lr P r l ISCTϕ µ ϕ

4π
=∫ Ω Ω  

( )g rχ : material fission spectrum in energy group g 
( ) ( )1 , ,g rψ Ω : adjoint angular flux in group g at point r in direction Ω   
, ′Ω Ω : directional variable 

Subscripts, Superscripts 

f: fission 
,g g ′ : energy group variable , 1, ,g g G′ =   

jg , 
2mg : energy group associated with parameter indexed by j (e.g., jf , jt  

and js ) or 2m  (e.g., 
2mf , 

2mt  and 
2ms ) 

i: index variable for isotopes, 1, ,i I=   

ji , 
2mi : isotope associated with the parameter indexed by j (e.g., jf , jt  and 

js ) or 2m  (e.g., 
2mf , 

2mt  and 
2ms ) 

j: index variable for parameters 
k: index variable for isotopes, 1, ,k I=   

jl , 
2ml : order of Legendre expansion associated with the microscopic scattering 

cross section parameters indexed by j (e.g., js )  or 2m  (e.g., 
2ms ) 
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ν : number of neutrons produced per fission 
m: index variable for materials, 1, ,m M=   

2m : index variable for parameters 

jm , 
2mm : material associated with parameter indexed by j (e.g., jf , jt  and 

js ) or 2m  (e.g., 
2mf , 

2mt  and 
2ms ) 

t: total 
s: scatter 

Abbreviations 

1st-LASS: 1st-Level adjoint sensitivity system 
2nd-ASAM: second-order adjoint sensitivity analysis methodology 
2nd-CASAM: comprehensive second-order adjoint sensitivity analysis metho-
dology 
2nd-LASS: 2nd-Level adjoint sensitivity system 
3rd-LASS: 3rd-Level adjoint sensitivity system 
Nu: the average number of neutrons per fission 
ISCT: order of the finite expansion in Legendre polynomial 
PERP: polyethylene-reflected plutonium 
sigf: fission cross sections 
sigs: scattering cross sections 
sigt: total cross sections 
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