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Abstract

In the present manuscript, we formulate and prove rigorously, necessary and
sufficient conditions for all kinds of separation of variables that a solution of
the irrotational Stokes equation may exhibit, in any orthogonal axisymmetric
system, namely: simple separation and R-separation. These conditions may
serve as a road map for obtaining the corresponding solution space of the ir-
rotational Stokes equation, in any orthogonal axisymmetric coordinate sys-
tem. Additionally, we investigate how the inversion of the coordinate system,
with respect to a sphere, affects the type of separation. Specifically, we prove
that if the irrotational Stokes equation separates variables in an axisymmetric
coordinate system, then it R-separates variables in the corresponding inverted
coordinate system. This is a quite useful outcome since it allows the deriva-
tion of solutions for a problem, from the knowledge of the solution of the
same problem in the inverted geometry and vice-versa. Furthermore, as an
illustration, we derive the eigenfunctions of the irrotational Stokes equation
governing the flow past oblate spheroid particles and inverted oblate sphe-
roidal particles.

Keywords

Axisymmetric Flow, Stokes Operator, Analytical Solution, Separation and
R-Separation of Variables, Axisymmetric Orthogonal Coordinate Systems

1. Introduction

The flow of a Newtonian fluid, where the viscous forces dominate over the iner-
tial ones is called Stokes flow [1]. Assuming the velocity field v(r) and the
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pressure field P(r), it is mathematically described through the system of equa-
tions ,uAV(r) = VP(I’) , V -v(r) =0, reQ, where QcR® is the fluid do-
main, I is the position vector and u is the shear viscosity. This system of
equations has been firstly used in spherical geometry for solving the flow: of the
translation of a sphere [2], of two spheres in a viscous fluid [3], past a porous
sphere with Brinkman’s model [4], inside a porous spherical shell [5], around
spherical particles moving along a line perpendicular to a plane wall [6], past a
sphere with slip-stick boundary conditions [7], of a rising bubble near a free
surface [8], in a plane microchannel in the case that both walls have super hy-
drophobic surfaces [9] etc.

The assumption of axisymmetric Stokes flow has been usually employed for
modeling engineering, physical and medical problems, such as filtration, fluidi-
zation, crystallization, hydrodynamic chromatography, transport phenomena,
flow through membranes, flow of emulsions, colloids, suspensions of living cells,
etc. employing models of either one or more particles in different arrangements.
Axis symmetry is a well justified assumption when the fluid flows symmetrically
around objects through channels and conduits. In general, these particles may be
considered as bodies of revolution (being generated by rotation of a symmetrical
surface along its axis of symmetry), e.g. sphere, prolate and oblate spheroids. In
this way, 3-D problems turn out to depend only on two variables, let’s say: radial
and azimuthal, while exhibiting polar angle independence (invariance under ro-
tations). Consequently, the governing partial differential equation describes var-
iations of physical quantities of only two independent variables.

Axisymmetric Stokes flow has been used to model: flow through porous me-
dia [2] [10], swarm of particles [6] [11] [12] [13], flow around a fluid prolate
spheroid [14], flow around rotating objects [15], flow of microswimmers [16],
flow inside a cylindrical container [17], flow of biological fluids like blood plas-
ma [18] [19] or the relative flow of low density lipoproteins in blood plasma [20]
[21]. When treating such problems, we are able to describe the flow field and the
other quantities of interest: velocity, drag force, pressure, etc., through a scalar
function, namely the stream function y , which satisfies the fourth order elliptic
partial differential equation (PDE) E*y =0 where E*=E?-E?=E? (Ez) is
the (rotational) Stokes operator and E” is the irrotational Stokes operator [2].
The stream function is obtained analytically using PDE techniques. Historical
and technical information for the derivation of the analytical solutions can be
found in [2] [22] and references therewith.

Analytical solutions provide the most accurate description of these hydrody-
namic quantities at every point of the fundamental domain, without the compu-
tational effort a numerical approach would need. Despite the profound benefits
of obtaining an analytical solution these are feasible only in few cases, when the
translation of the equation in the assumed geometry allows for a separable form
of the solution. It is utilized to any number of dimensions and becomes of sig-

nificant importance when solving physical, biomedical or engineering problems,
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since the analytical form of the solutions of the associate Boundary Value Prob-
lems (BVPs) provide information for the physical characteristics of the problem
and may shed to light limitations imposed by the model. The formulation of a
well posed BVP requires the appropriate set of boundary conditions. For ob-
taining separable solutions, it is necessary to adopt a particular curvilinear coor-
dinate system such that the boundary of the problem coincides to the one of the
coordinate surfaces. In the case that the curvilinear coordinate system is an or-
thogonal one, the coordinate surfaces are orthogonal to each other. The separa-
tion of variables of a PDE is possible only if the coordinate surfaces are ortho-
gonal, which unlikely it is not always achievable.

Attempts for obtaining analytical solutions of Stokes flow E‘w =0 are dat-
ing back to 19™ century, aiming to serve mostly engineering needs. Oberbeck
[23] in 1876 derived a solution for Stokes flow caused by the steady translation
of an ellipsoid in an unbounded fluid using Cartesian coordinates, while in 1891
Sampson [24] used spheroidal coordinates to obtain a partial solution of the
Stokes flow around a translating spheroid along its main axis in an unbounded
fluid. Payne and Pell in 1960 [25] derived a solution for Stokes flow around a
spheroid. The analytical solution of the equation E‘y =0 in spherical coordi-
nates is known for almost 170 years [2], but only 25 years ago, closed form solu-
tions of Stokes equations were obtained in other than the spherical coordinate
systems, namely the prolate and the oblate spheroidal ones. Precisely, Dassios et
al [11] managed to derive the complete solution of Stokes equations introducing
for the first time the concept of semiseparation of variables. This delay may be
due to the fact that in many engineering applications, the solutions in spherical
geometry seem to be adequate for solving a problem. Semiseparation of variables
is a kind of separation where particular combinations of products of functions of
one variable are solutions while each component of the product is not. For an
extensive review of the relative literature one may see [11]. Since then the semi-
separation method has been used by many authors in many different problems.
Zlatanovski [26] used the semiseparable solutions and the Brinkman’s model to
study the flow past a porous prolate spheroidal particle, while Deo and Datta
[14] solved the flow past a fluid prolate parallel to its axis of revolution. Moreo-
ver, Hadjinicolaou and Protopapas have shown that Stokes equation in the in-
verted prolate and oblate spheroidal systems of coordinates R-semiseparates va-
riables [27] [28] [29].

The analytical solution of the irrotational Stokes flow E’y =0 is also de-
rived in each one of the aforementioned coordinate systems [2] [11] [27] [28]
[29]. Furthermore, Deo and Tiwari in 2008 [30] derived the complete solution of
the irrotational flow in R-separable form in bispherical and toroidal coordinate
systems, while Protopapas [31] proved that Stokes operator separates variables
in the parabolic coordinate system and it R-separates variables in the cardiod
and the tangent sphere coordinate systems deriving the corresponding eigen-

functions.
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Regarding mathematical rigor, Moon and Spencer in [32] and Morse and
Feshbach in [33] presented a systematic way of deriving the necessary and suffi-
cient conditions for the separation and the R-separation of the Laplace and the
Helmholtz equations, in several coordinate systems. Although solutions and
theoretical investigation for the Laplace and the Helmholtz equations in various
orthogonal coordinate systems have been studied exhaustively, very few have
been proved for the Stokes stream equation E’y =0 and Stokes bistream equ-
ation E'w =0, that govern the axisymmetric irrotational and the rotational
creeping flow of an incompressible fluid.

In the present manuscript, we expand the existing theory for the separability
criteria of the Laplace and Helmholtz operator to another elliptic operator, the
Stokes one, E?. Particularly, we investigate, formulate and derive the necessary
and sufficient conditions for the separation or the R-separation of equation
E’w =0 in any axisymmetric coordinate system. The obtained results can serve
as a criterion for determining whether irrotational Stokes equation E’y =0
can accept a solution in separable or R-separable form, and thus assistance to at-
tain it. In the case of R-separability, the exact form of the function R is also de-
fined as part of the process. Taking into account that the solution of E*y =0 is
obtained through the use of the kernel space of E’y =0, these necessary and
sufficient conditions, may serve as a tool for deriving the analytical solution of the
irrotational Stokes equation E*y =0 in every axisymmetric coordinate system.

In the present study, we also reveal the interrelation of the type of separation
of a solution in a coordinate system and the type of separation of the solution in
the inverted one. Particularly, we prove that if the irrotational Stokes equation
separates variables in one system, then it R-separates variables in the inverted
one, while if it R-separates variables, it can also R-separates variables in the cor-
responding inverted system of coordinates. This is quite useful result since if
analytical solution in any axisymmetric coordinate system is derived, then solu-
tion in the corresponding inverted one can be calculated without solving analyt-
ically the equation, by employing radial transformation.

The structure of this manuscript is as follows: In section 2 we provide the re-
levant mathematical background. In section 3 we present and prove our theoret-
ical results for the necessary and sufficient conditions for the simple or the
R-separability of Stokes equation and we derive the connection of the metric
coefficients in any axisymmetric system and its inverted one. In section 4 we ap-
ply analytically the obtained results in the oblate, in the inverted oblate coordi-
nate systems and briefly in other axisymmetric systems of coordinates, while all
the outcomes are organized in tables, for convenience. To this end, we discuss

the findings and present some final remarks.

2. Mathematical Background

We consider a Riemannian n-space with an orthogonal coordinate system where
any point is defined by the variables (ul, u?,--,u" ) .
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Definition 1. If the assumption
u=T]u ‘ (ui ) (1)

allows the separation of the partial differential equation into n ordinary differen-
tial equations, the equation is said to be simply separable.

Definition 2. If the assumption

n
UZR(ul,uzl,---,u”)liJUI(UI) @
allows the separation of the partial differential equation into n ordinary differen-
tial equations, and R is a function of at least two variables which cannot be writ-
ten as a product of one variable functions, the equation is said to be R-separable.
An axisymmetric system of coordinates (0,0,,¢),¢ €[0,2n) is related to
the Cartesian one (X,,X,,X;) with

(%%, %) = (2 (1,9, ) cos(9), p(, G, )sin (), 2(ay, 0, ). (3)

The scaling factors or the metric coefficients needed for describing the lengths

of the basis vectors in the new orthogonal system are

1
h = 2 2’ (4)
) ()
og, g,
h, = 1 (5)

2 2
(@J [6]
oq, o,

and the radial cylindrical coordinate is
@ =|p(4,a)- (6)

The operator E’ in the axisymmetric system of coordinates (¢;,0,,¢) has

- :mhzw{i[gi}i(iiﬂ, )
oq, \ h,@ g o9, | ha aq,

Assuming a function y =y (ql, qz) , this satisfies the irrotational Stokes equ-

the form

ation E’y =0, which can be written as

i{ h G_W}i(h_z@_vf}o_ ®
aq, \ h,@ o, ad,  ha aq,

3. Theoretical Results
3.1. Simple Separability of the Irrotational Stokes Equation

In this section, we investigate the restrictions posed on the metric coefficients
h,h,,@ of an axisymmetric coordinate system, under which the irrotational

Stokes stream Equation (8) admits simple separable solution.
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Theorem 1. Let (ql,qz,(p) an axisymmetric system of coordinates with me-

tric coefficients h,h, and radial cylindrical coordinate @ . The equation

E’w =0 separates variables if and only if there exist functions f,(q,),

fZ(qZ)’ Fl(q1)3 Fg(qz) such that

L = f1 fz
h,@
and
h, FF,.
ho

Proof. We assume that the function  can be written in the form
‘//(qlqu ) =Q (ql)Qz (qz )

Substituting (11) into (8) we get
h, dq] 0 [h dQZ]
Q ( +Q
* og, | @ da, o0, \ h da,

h LT SN
O, 1[hzw]+Q1 zhlw-i_Qleaqz[hlw] o

which by dividing with the product Q,Q, becomes

or equivalently

o hl

Qhe Qadq\ha Qz hlw Qz aqz hlw '

where the primes denote the derivatives of the corresponding functions.

)

(10)

(11)

(13)

(14)

The “if” part: If Stokes stream equation separates variables, we will prove that

the metric coefficients are given by (9) and (10).

Since E°y =0 separates variables, due to the definition 1, the two dimen-

sional PDE decomposes in two ordinary differential equations (ODEs). This is

h
true only if the quantities L i( i ] e i[—ZJ can be written

ha og\ha) ho o\ ho

as products of functions of one single variable each (g, or 0,). In that case,
(14) can be rewritten as a sum of two ODEs ze. ODE1(q,)+ODE2(q,)=0

thus (9) and (10) hold.

h
The “only if” part: Assuming that L f,f, and hl—Z: FF,, we shall
@

h,@
show that E*y =0 separates variables.
Substituting (9), (10) in (12) we get

dQ, dQ,
212 1M1 =0
®f q( dqu oF dq( dqz]

or

(15)
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. 99 F, 4
dq1 dq1 dqz d%
Ql QZ 2

which according to the definition 1, the equation separates variables. [l

, (16)

3.2. R-Separability of the Irrotational Stokes Equation

Next we provide the necessary and sufficient conditions, that the metric coeffi-
cients h,h, and @ of any axisymmetric coordinate system must satisfy in
order to the irrotational Stokes equation admits R-separable solution.

Theorem 2. Let (ql, qz,go) an axisymmetric system of coordinates with me-
tric coefficients h,h, and radial cylindrical coordinate @ . The Stokes stream

equation R-separates variables if and only if there exist functions f,(q,),

f,(d), F(%), F(9), R(4.9), R(%), Ry(0,) such that

g £.1,, 17)
h,@
h—Z:RZFlFZ, (18)
w
1o(.R) 1 0(_ eR
S I LA I S R +R, (19)
Flaql(laqj f, aqz[ 0qu R )

where R(ql,qz) # gl(ql)gz (qZ)‘

Proof. We assume that the function ¥ can be written in the form

Q1 (9)Q(a2)
g;,q —_— . (20)
(1 2) R(Ql:qz)
Substituting (20) into (8) we arrive at
Q Q,
6— o—=
0 h,
Q— L Ql R 1=0 (21)
oq, | h,@ qu aq, hlw aq,
or
oh
U h Q| he b R
Q Rha@ Q1 R?| " aq, h,@ 6q,

hy

2” h2 Q2 R hao LN h, OR
Q, Rhlw Q, R2 oq, ha 6%

0 h oR 0 h, ©oR
2 Do el R e runll | B U
oq, \ R°h,@ oq, ) 0q, | R°he@ oq,
The “if” part: If Stokes stream equation R-separates variables, then (17), (18),
(19) hold.

(22)
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Since E’y =0 R-separates variables, from (22) yields that:

hy

h
e ceach one of the functions L, iz R—ZW—ZL@ , , >
Rh,e = R oq, h,@ oq, Rhao

oM
1 h, oR
— RM— 2—26— has to be a product of three functions, one should
R aq, ha@ oq,
be of the form R(q,,0,) and the other two functions should be of one single
variable each, which according to definition 2 proves (17), (18) and
h
e the function o Zhl R +i Z—ZE can be written as a
oq, \ R°h,@ oq, ) a0, | R*h,@ 0aq,

product of the functions R and ® defined appropriate to allow separation

of variables.

From (21), using the notation imposed in (17) and (18) we obtain

8 0% 5 0%
£.0, | rR?f —R |+ Fo < | R2F,—R_|=0. 23
ZQZ aql 1 aql 1Q1 aqz 2 aqz ( )

Calculating the partial derivatives of (23) we get

dQ o (. oR
f ' _t00 -2 f &
%R ql( dqj ‘%% 8q1( lé‘qu

dQ, oR
FQ 1< 0,
+RQR da, ( d%} QQZ [ a%J

(24)

which indicates that (19) is also sufficient for the R-separability of the irrotational
Stokes equation. Furthermore function ® is defined as ® =RFf,(R +R,)

which allows R-separation.
The “only if” part: Assuming that

ii[flﬁ)+ii(F aRJ R(R +R,), N _R2tt, and

Foog\ “oq ) f, 00, aq, h,@
h
hl_z =R’FF, then equation E’y =0 R-separates variables.
@

If we substitute (17), (18) in (21) we have

rIQ d dQ, R
F-2 ERS2_Fo T loo (25
®F ql( da, " qlJ % laqz[ " dg, Q% 6q2] =

dQ, dQ,
o 153 )ma (R 52
_ O[g R R
-0e|r (Rt 2 (12
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and using (19) we obtain

1 i( f1&j+il[de&J=Rl+Rz, (27)
FQ dg { ~dg ) f,Q, da, da,
which shows that the equation E?y =0 separates variables. O

3.3. Inverted Coordinate Systems.

Next, we expand the proposed methodology to treat the case of the inverted
coordinate systems (with respect to a sphere of radius b >0).

Lemma 1. Let an axisymmetric system of coordinates (ql, a,, (o) with metric
coefficients N ,h,, radial cylindrical coordinate @ and the corresponding sys-
tem of coordinates under the inversion with respect to a sphere of radius b >0
having metric coefficients 0,0, and radial cylindrical coordinate ', then the

following relations, interconnecting the metric coefficients hold true.

hy :;_zrﬁ, (28)
r2

=gzt (29)
2

@’ :?—Zw. (30)

Proof. Any point (X,,X,,%;) in the Cartesian coordinate system, is expressed
in an axisymmetric system of coordinates as (0;,0,,¢). If (X/,X;,X;) is the
image of the point (X, X,,X;) under an inverse transformation with respect to

a sphere of radius b >0, it yields

X = L p(9,,0,)cos g
p2+22
, 1 .
X = e P(%,;)sing (31)
) 1
X3 :p2+22 Z(ql'qZ)

since 1’ =X +x, +x. = p°+2°. The new system of coordinates is also axi-

symmetric with

, 1

p (ql,qz)=r—2p(ql,q2), (32)

, 1
z (qpqz)=r—22(q1,qz) (33)

and the corresponding metric coefficients (4), (5) are defined as

, 1

h = - =, (34)
o, o,
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h, = L : (35)

r 2 r 2
RE
oq, oq,

Calculating the partial derivatives of p'(ql, qz), Z'(ql, qz) with respect to
0;,0, and substituting into (34), (35), we obtain that (28), (29) are true.
Furthermore, the radial cylindrical coordinate (6) is given by

a' :|pl(q1'q2)|’ (36)

so from (32), (6) it yields that (30) is also true. O
This way we provided relations interconnecting the metric coefficients of any

axisymmetric coordinate system and its inverse.

4. Applications

4.1. Simple Separation of Stokes Stream Equation
in the Oblate Spheroid Coordinate System

In this section we will demonstrate that in the oblate geometry equation
E?w =0 separates variables. It is known that any point (X, %,,%) in the Car-
tesian coordinate system, is expressed using the oblate spheroid coordinates

(/l,é’,w) where AeR, {e[—l,l] and o >0 is the semifocal distance,
through the relations

X, =N A2 +1y1-¢? cos(p)
X, = aN A2 +1y1- ¢ sin(p) (37)

X; =aAs

For constant A we obtain oblate spheroidal coordinate surfaces in Figure 1.
Using (4), (5) we obtain

VA +1 h— J1-¢?

h = hy = (38)
ayA*+¢° Laa? +¢7
and since @ =avA>+11-¢? we derive
h, 1 h, 1
— = T — ) (39)
h,@ a(l—(z) ha a(1+/12)
while from (9), (10) assuming @, = 4,0, =& , we get
1 1 1 1
f(l)=—, f =—— F(1)=——,F =—, 40

These calculations prove that theorem 1 holds, therefore Stokes stream equa-
tion separates variables in the oblate spheroidal coordinate system. This result
verify the findings by Dassios ef al [11], where they showed that Stokes equation
separates variables in the oblate geometry, taking into account the proof of the
simple separability of the equation in the prolate geometry and the transformation
r=i4,c=-ia,r>1 ¢ >0 which connects the oblate coordinate system and the
prolate one (z,{,¢),{ €[-1,1]. The eigenfunctions @f]i) (4,¢),i=12,34 in
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the oblate spheroid coordinate system are

®£11) (/1,5) =G, (M)Gn (g)
07 (1,£)=G,(i2)H, (<)
0% (1,¢)=H,(i2)G,(¢)
0\ (2,¢)=H, (iA)H, (<)
where G,,H, are Gegenbauer functions of the first and the second kind re-

spectively [34]. These eigenfunctions form a basis for the solution space of the

irrotational flow problems around oblate spheroidal bodies. In Figures 2-5 we

(41)

Figure 1. The oblate spheroid.
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Figure 2. Streamlines for O .
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Figure 3. Streamlines for ©.
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Figure 4. Streamlines for ©) .
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10

-10

-10 -5 0 5 10

Figure 5. Streamlines for ©{".
present sample streamlines of eigenfunctions @f]i) (4,¢) in the oblate spheroid

coordinate system in the plane X, =0.

4.2. R-Separation of Stokes Stream Equation in the Inverted
Oblate Spheroid Coordinate System

Next we will prove that the equation E'’w,, =0 R-separates variables in the in-

verted oblate geometry, where E'> denotes the Stokes operator in the inverted

system. Any point (X/,X;,X;) in the Cartesian coordinate system is expressed as
2

FER _a§2+1(><1.x2,x3)- (42)

(X[ %, %) =
For constant A we obtain inverse oblate spheroidal coordinate surfaces in
Figure 6.

The metric coefficients hj,h; and the radial cylindrical coordinate @' are

VA +1(2° ¢ +1) VI-¢? (22 -¢7+1)

/= = , (43)
g ay? +£? a A% +£?
o' = avA tlyize VA® +1y1-¢* (44)
AP-C%41

and we calculate that
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hh  A%-¢*+1 hy AP-¢%+1
ha' a(1-¢%) "ha' - a(1+4%)

(45)

We observe that Equation (45) do not fulfill the conditions set in (9), (10) and
therefore theorem 1 does not hold. Subsequently, we investigate whether the

conditions of theorem 2 are satisfied. From (45) with (17), (18) we get
1 1
f.(1)=11,({)= v F(4)= pre]

and R(2,{)=A*~¢?+1 since ¢, =4,0, =¢.

Moreover we calculate

ii[flﬁ}ii[pzﬁ]:o, @)
Fag( dg) f,00,( "o

which verifies (19) when R, =R, =0. This proves that Stokes stream equation
in inverted geometry R-separates variables with R(4,{)= JAR=C%+1.

This result is in agreement with the one given in [11], where the obtained ei-

R (¢)=1 (46)

genfunctions of Stokes stream equation were

1
JAP=¢P 41

Figures 7-10 show sample streamlines for the eigenfunctions of the Stokes

0" (2,¢)= 0\ (2,¢),i=1,2,34,n=012, (48)

operator in the inverted oblate spheroid in the plane X, =0.

Figure 6. The inverted oblate spheroid.

DOI: 10.4236/jamp.2020.811176

2392 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.811176

E. Protopapas, M. Hadjinicolaou

20

10

-10

Figure 7. Streamlines for @ .

15

10

-10

-15

Figure 8. Streamlines for @,

-20

DOI: 10.4236/jamp.2020.811176

Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.811176

E. Protopapas, M. Hadjinicolaou

TN

10

. N
B T D N
15 -10 -5 0 5 10 15

(3]

1
(4]

o

Figure 9. Streamlines for ©/ .

10

-10

-10 -5 0 5 10

Figure 10. Streamlines for 92(3) .

DOI: 10.4236/jamp.2020.811176 2394 Journal of Applied Mathematics and Physics


https://doi.org/10.4236/jamp.2020.811176

E. Protopapas, M. Hadjinicolaou

Furthermore, taking into account (38), (43), (44) we derive that (28), (29),
(30) are true if b=a, which means that since irrotational Stokes equation sepa-
rates variables in the oblate spheroid coordinate system, it R-separates variables

in its inverted one, as it was stated in lemma 1.

4.3. Separability Results in Known Orthogonal Axisymmetric
Systems of Coordinates

In this section we investigate whether theorems 1 and 2 hold true in various axi-
symmetric coordinates [33] and we reveal the particular type of separability that
the irrotational Stokes flow equation E’w =0 admits.

Particularly, in the spherical coordinate system we obtain
(r.{,9),r>0,¢e [—1,1]

b1 h 1 (49)
ho 1-¢° ho r
in the prolate spheroid (r,{,¢),7>1,¢ €[-11],a >0 we get
o1 1 (50)
ha a(l-¢°) ha a(c*-1)

in the parabolic coordinate system (u,v,¢),u,v >0 it yields

h _h 1

ho ho v Y

which all verify successively (9), (10). Thus the conditions of theorem 1 are satis-
fied so Stokes equation separates variables in spherical, parabolic and spheroidal
geometries.

Moreover, in the tangent sphere coordinate system (s, v, go) >0 veR we

derive

h 2 2
_ibiiigiih@}Lﬂ@ﬁ}Q 52
ha hao H F oq, g, f, oq, aq,

in the cardioid coordinate system ( MV, go) v 20 we get

2 2 2
u+v
A h Xla“@}Li@ﬁ%q .
he ho y73% Fog\ "oq ) f,aq, 00,

in the bispherical coordinate system (77, 0, (p) nelR,0e [0, Tc) ,a >0 we obtain

cosh(77)—cos(8
b _coshln)-oos(0) 1o R) 10 R) R
ho ha asin(0) Fog\ "og ) f,00,( “oq,) 4
in the toroidal coordinate system (77, 0, go) ,n20,0¢ (—n, n] ,a>0 we get
h _
L:_Z: COSh(n) COS(Q), 10 {flﬁ]+ii(|:2ﬁj:_5’ (55)
ho hao asinh(n) F og, g, f, oq, aq,

4

and in the inverted prolate coordinate system (77,9,(/)),77 20,6’6[0, n],a >0

we have
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F ﬁj =0, (56)

h, cosh®(77)-sin®(0) 1 &
- 25%

oR 1 0
R . ’ 1~ t——
ho  asin(d)sinh(y) F oq “oq ) f,dq,
which verify (17), (18), (19). Therefore the conditions of theorem 2 are satisfied

so Stokes equation R-separates variables in tangent sphere, cardioid, bishperical,

o
h,@

toroidal and inverse prolate geometries. For convenience, we group the out-

comes together in Tables 1-3.

5. Discussion

When a solution is obtained in separable form (product of functions of one va-
riable alone) qualitative and quantitative information can be extracted by study-
ing the behaviour of each of these functions independently, e.g. behaviour at in-
finity, close to singularities, etc. Additionally, when dealing with Boundary Val-

ue Problems, the appropriate curvilinear system is chosen so that the boundary

Table 1. Simple separation of Stokes operator in axisymmetric systems of coordinates.

Coordinate system In Cartesian coordinates h h h, h,
(0,9, 9), 9 €[0,2n) (xv.2) ’ “ h ha
=rsin(@)cos
Spherical (r,0,¢) X I (9) . (¢) 1 in(o 1 1
r>0,0e[0,n] y_r5|n((0;sm(¢) ! r rsin(6) sin(0) rsin(6)
Z=rcos
Modified Spherical x=ry1-¢* cos(p)
2
(r.¢.p) y=ry1-¢%sin(g) 1 1-¢ ryl-¢? 1_142 iz
r>0,¢e[-11] z=r¢ ' '
Prolate Spheroid x =asinh(n7)sin(8)cos(p) 1 h 1
(’7:9149) =¢asinh in(@)si h —— inh in(@ 2 i i
)20.0u(0] y asmh((ry))sm((e))sm(w) , 2 S () + i (0) asinh(r7)sin(6) ho asinh(z)sin(9)
=Y Tl 4>0 |z=acosh(zn)cos
Modified Prolate x=a7* ~11-{" cos(p) T v 1 1
Spheroid (7,¢,¢) y=aNr’ —1J1-¢? sin(p) % Z_f - avri—-1J1-¢? all-,? a(z’ -1
a7t ¢ anr ¢ ¢
121,4’6[—1,1] a>0 z=a1l
Oblate Spheroid ~ [x=a cosh(17)sin(6)cos(¢) 1 h !
. ;U[pr]) i y=ac-oshh((77))sin((90))sin((p) h, a\/coshQ(q)—sinZ(H) acosh(n)sin(0) hl; acosh(77)sin()
n=00elUn] o> Z=qasInn(rn)cos
Modified Oblate Xx=aJA?+1 1742 COS(gD)
Spheroid (4,¢,¢) . A+l 1-¢° 1 1
=aJA* +1J1- ¢ sin —_— —— NAT+141-¢7
ﬂ.eR,é’e[—l,l] Z:a/lg ¢ (W) a /12+é'2 a }yz+§z a + 4 a(lfgz) a(1+ﬂ,z)
a>0
X = 41v COS
Parabolic (u,v,9) # . (o) 1 1 y 1 1
= pvsin = el
uv=0 y ﬂ:/ 2((/)) wW+v? W+t a uv uv
MV
g 2
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Table 2. R-separation of stokes operator in axisymmetric systems of coordinates (part 1).

Coordinate system

In Cartesian coordinates

(qlqur¢7)r hl h w 2
Y, : h
p€[0,2n) (x¥.2) L@ ho
‘e 1cos(p)
/12+V2
Tangent-Sphere sin . .
(4.v.0) AL v v S L H
0+ w+v 2 u
u>0velR
oV
/12+V2
uveos(p)
X="—
(" +7)
Cardioid _uvsin(p) . — Hv (y2+v2)2 (;12+v2)2
(s.v.0) pv=0 (#zwz)z \/(” +v?) \/(# +v') (lu2+V2)2 o e
2 2
R
2(;12 +v2)
_ asin(6)cos(p)
Bispherical " cosh (m)—cos(8)
(.0.9) _ _asin(0)sin(p) o cosh () —cos(0) asin(0) h, cosh(77)—cos(8)
neR, 0e[0,n) cosh (r7) —cos(8) ’ a cosh(r7) —cos(8) ha asin(6)
a>0 _ asinh(n)
~ cosh(7)-cos(0)
asinh(n)cos(¢p)
x = ZoIn7)coste)
cosh(77)—cos(6)
Toroidal (7,0,9) . . .
20,0 (-] _ asinh(9)sin(p) h cosh (7)—cos(6) asinh(z) h, cosh(#7)—cos(8)
= ’a 0 ' cosh(77)—cos(6) ’ a cosh () —cos(8) ha asinh(n)
asin(0)
o osmv)
cosh(77)—cos(8)
_asinh(n)sin(6)cos(¢p)
Inverse Prolate ~ cosh? (n)—sin?(0)

Spheroid _asinh(n)sin(0)sin(p) o cosh? (i7) —sin? (8) asinh(z)sin () h, cosh? (17)—sin® (9)
(1.6,0),120, ~ cosh?(17)—sin?(9) : a,fsinh’ () +sin’(9) ~ cosh’ (i) —sin’ (6) ha asin(0)sinh(n)
0e[0,m]a>0 _ acosh(n)cos(6)

~ cosh?(r7)—sin*(8)
‘e acosh(7)sin(6)cos ()
Inverse Oblate ~ cosh? (m)—cos*(0)

Spheroid _acosh(n)sin(6)sin(p) o cosh? (17) —cos® (9) acosh(n7)sin () h, cosh? (1) - cos? ()
(m.0,0),n 20, ~ cosh®(17)—cos?(8) ’ a,Jcosh’ () —sin?(@) cosh’(y)—cos’(¢)  ha acosh(n7)sin(8)
0el0,n]a>0 _asinh(n)cos(9)

~ cosh? (17) —cos® (6)

coincides with one of the coordinate surfaces which allows for simpler calcula-

tions, clear and comprehensive results. Conclusively, the separation of variables

or the Fourier method, apart from a convenient method for deriving solutions of

PDEg, it is also a method for revealing inherent characteristics of the problem.
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Table 3. R-separation of stokes operator in axisymmetric systems of coordinates (part 2).

Coordinate syst
oordinate system R f, f, F F, ii[ﬁﬁ}rii[eﬁ] R(R1+R2)
(9.9,.9).0€ [0,211:) F, o, o, f, oq, aaq,
Tangent-Sphere WV,
g P (#V¢) #erVz 1 1 1 1 0 R(0+0)
u>0,veR y7i Y7
Cardioid (s,v,p) u,v20 w2+ 1 = 1 = 0 R(0+0)
H v H v
Bispherical (7,0,¢ 1 1 —
( ) cosh (7) —cos(8) 1 . 1 _ N/eosh(17) ~cos(0) R(£+O)
neR,0e[0n) >0 a sin(6) a sin(6) 4 4
Toroidal (7,0,¢ 1 1 —

(7.0.¢) cosh(r7)—cos(d) = 1 _ 1 cosh (7) - cos(6) R(—1+Oj
n20,0e(-mn] ¢>0 sinh(7) ~ a  sinh(y)  a 4 4
Inverse Prolate Spheroid o (0 1 1 1 1 R(0+0

- +
(n,6,9),720,0€[0,n] a>0 cosh*(7) -sin” (6) sinh(n) asin(8) sinh() asin(6) 0 (0+0)
I Oblate Spheroid
nverse Oblate Spheroi coshz(n)—cosz(e) 1 1 1 1 0 R(0+0)

(m.6.90),120,0€[0,] >0

cosh(y7) asin(8) cosh(n) asin(8)

Some crucial questions are answered in the present manuscript, regarding the
different kinds of separability one can have when solving irrotational Stokes flow
problems in different axi-symmetric geometries. We provide “necessary and suf-
ficient conditions” for the two kinds of separation: simple and R-separation, for
any axisymmetric system of coordinates, in a general form. We also treated the
case of the inverse of these systems (lemma 1). Furthermore, we applied the de-
veloped theory (theorems 1 and 2) to the oblate spheroidal coordinate system
and proved the separability of the irrotational Stokes equation in this system and
the R-separability of the irrotational Stokes equation in the inverted oblate
spheroidal coordinate system.

More specifically, we provide necessary and sufficient conditions for simple
separation (theorem 1) and R-separation (theorem 2) for the irrotational Stokes
equation E’y =0 in any axisymmetric coordinate system of the general form
(ql, a,, (p) . The function y may then be obtained as a combination of the solu-
tions of the corresponding Ordinary Differential Equations to which equation
E’w =0 decomposes. Our results are based on the form that the metric coeffi-

cients h,h, and the radial cylindrical coordinate @ get in any axisymmetric
h
coordinate system. We calculate the quantities l,hl—z and examine whether
,o hao
conditions (9), (10), (17), (18) hold. If (9), (10) are satisfied the method of sepa-
ration of variables may be applied and obtain results. Furthermore if (17), (18)
hold true, we can calculate the function R and when the requirements for (19)
are also met, then the irrotational Stokes equation can be solved by employing
the method of R-separation of variables. Additionally, we developed relations
connecting the metric coefficients and the radial cylindrical coordinate in any

axisymmetric coordinate system and its inverted one (lemma 1). Applying theo-
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rems 1, 2 and lemma 1 we reach at the following results:

e When irrotational Stokes equation separates variables in an axisymmetric sys-
tem of coordinates, then the irrotational Stokes equation R-separates variables
in the corresponding inverted system of coordinates, with R(q,,q,)=r,
where r is the Euclidean distance, expressed in the parameters of the par-
ticular coordinate system.

e When irrotational Stokes equation R-separates variables in an axisymmetric
system of coordinates, then the irrotational Stokes equation also R-separates
variables in the corresponding inverted system of coordinates if (19) is also
true.

This property, allows for the derivation of an analytical solution of the irrota-
tional Stokes flow in a system, whenever the analytical solution of the corres-
ponding problem in the inverted one is known. As an illustration, we employ the
inverted oblate spheroidal coordinate system and prove the R-separability of

E’w =0 through the Lemma using the separable form of the irrotational Stokes

equation in the oblate coordinates, which agrees with already obtained results

given in [29]. These theorems may serve as a priori, solvability criteria, prevent-
ing from man or computer waste of effort when seeking for solutions for the
axisymmetric Stokes flow equations (rotational and irrotational), also carving

this way, a path for further utilization.
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