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Abstract

In this paper, we use Port-Hamiltonian framework to stabilize the Lagrange
points in the Sun-Earth three-dimensional Circular Restricted Three-Body
Problem (CRTBP). Through rewriting the CRTBP into Port-Hamiltonian
framework, we are allowed to design the feedback controller through ener-
gy-shaping and dissipation injection. The closed-loop Hamiltonian is a can-
didate of the Lyapunov function to establish nonlinear stability of the de-
signed equilibrium, which enlarges the application region of feedback con-
troller compared with that based on linearized dynamics. Results show that
the Port-Hamiltonian approach allows us to successfully stabilize the Lagrange
points, where the Linear Quadratic Regulator (LQR) may fail. The feedback
system based on Port-Hamiltonian approach is also robust against white
noise in the inputs.
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1. Introduction

The Circular Restricted Three Body Problem (CRTBP) [1] has been widely stu-
died by physicists, astronomers, and astrodynamics. This problem is focused on
overcoming the difficulties in finding a suitable orbit for satellites. In the system
of the CRTBP, there exist five equilibrium positions, which are known as La-
grange points. These Lagrange points are of scientific and engineering interest;
e.g., artificial spacecrafts have been placed at the Z;, and , Lagrange points with

respect to the Sun and the Earth [2] [3] [4] [5] and Lagrange points with respect
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to the Earth and the Moon [6] [7].

However, that is also of the most demanding challenge; e, among the five
Lagrange points, three of them are unstable [1] [8]. Fortunately, around these
unstable points (L, L,, L3), there exist stable halo orbits, which allow artificial
satellite to reside. In order to design an orbit around Lagrange points, the most
broadly used methods are based on linearization around a halo orbit or Lagrange
point [9] [10] [11] [12] [13].

However, stabilization of a linear system is only able to guarantee the stability
of the system against an infinitely small perturbation, but is unable to guarantee
the stability against a finite disturbance. Disturbances for the Earth-Moon La-
grange points mission under CRTBP model include the eccentricity of the Earth-
Moon orbit, the gravity from the other bodies [14] and the solar radiation pres-
sure. For the Sun-Earth Lagrange points mission, the perturbation from the Moon
is critical. Lyapunov [15], in the year of 1895, proposed the Lyapunov method to
establish the stability of nonlinear system. The difficulties of Lyapunov’s method
is finding a Lyapunov function to establish the stability. For Hamiltonian sys-
tem, the conserved quantity Hamiltonian is a candidate of Lyapunov function to
establish the stability of the system. The Jacobian integral [16], which is the con-
served quantity for the CRTBP in a rotating coordinate, allows us to formulate the
CRTBP as the Hamiltonian system.

Port-Hamiltonian system [17] [18] generalizes the Hamiltonian system and
allows us to take input and dissipation into consideration, which are described as
“port”. This framework has the potential to model, analyze and especially, control
complex physical systems and their interconnections [17]. The Port-Hamiltonian
framework also provides a physics-based control strategy [19]-[24], which fo-
cuses on shaping the closed-loop Hamiltonian as the candidate of Lyapunov func-
tion.

In this research, we use the Port-Hamiltonian system to reformulate the Sun-
Earth three-dimensional CRTBP, which retains the original nonlinear dynamics
in contrast to the linear approximation. Then, we designed the feedback control
law to stabilize the unstable Lagrange points by taking input and dissipation as
two other actors into consideration. The closed-loop Hamiltonian serves as the
candidate of Lyapunov’s function, which helps to establish the nonlinear stability
of the open-loop unstable Lagrange points. This research provides further possi-

bility in Lagrange point launching mission.

2. The Circular Restricted Three Body Problem

2.1. Governing Equations

In Circular Restricted Three Body Problem (CRTBP), it requires the largest two
objects of the three have a significantly larger mass compared to the third one;
ie, M,;> M, and M, > M,. The largest two objects are in circular orbits
centered at their center of mass. We consider the third object, M,, moving in

three-dimensional (3D) space; ie., 3D-CRTBP. In order to solve this problem,
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we need to use mathematical method to approximate this situation. We set the
center of mass of the system as the origin and we set the position of M, at
(—,u,O) , position of M, at (1—,u,0) , where we define x=M,/M and
M =M, + M, . Then, the dynamics of the third body can be described as [1]:

d’x _dy X+u  X=1+u
L L A - 1
dt> dt (t=4) r’ r; ()
d’y _dx y y
LA LA A R AR A 2
dt>  dt y=(-4) r’ ﬂrj @
d’z 1-u u
~ -z 3
dtZ [ rl3 r;} ( )
where
_ 2 2 2
rl_\/(x+,u) +y*+z (4)
r, :\/(x—1+y)2+y2+z2 (5)

Weset 1 =3.003490055444426x10°, which is the mass ratio in the Sun-Earth
CRTBP system (see Table 1).

2.2. The Lagrange Points and the Jacobian Integral

Lagrange points are points in systems on which the third object could reach
equilibrium state. According to [1], there exists five Lagrange points in the
CRTBP. Three of the five points, Li, L,, and Z; can be computed using algebraic
equations:
X+ X—=1+
X—(1-pu)—E— -0 (6)

r; r

y=0 )

In CRTBP, Jacobian integral is the only conserved variable, which is widely
used to derive solutions in special cases, and is expressed as what follows in the

(%, y)-coordinate system:
C=(x2+y2)+2[1_—”+ﬁJ—(xz+y2+zz) (8)
L n

Conservation of energy (kinetic energy and potential energy) is shown by Ja-
cobian integral in CRTBP under synodic coordinates description, in which the

dissipation caused by the air drag is not included in the model.

Table 1. Lagrange points for the Sun-Earth CRTBP with x = 3.003490055444426x10°° .

L L L3 Ly Ls
D¢ 0.990026583427689 1.010034125978081 1.000001251454178 0.499996996509945 0.499996996209945
¥ 0 0 0 0.866025403784439 0.866025403784439
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3. Port-Hamiltonian System
3.1. Reformulation of CRTBP

If we use the Hamiltonian proportional to the Jacobian integral:

C 1,. 2 .2 .2 1 1- u U 2 2
H=-—==(X"+y +2°)—=| 2| ——+= |+(X"+ 9
2 9 ( y ) 2 Eon ( y ) )
We can reformulate the CRTBP into Port-Hamiltonian system description:
%x:[J—R]VXH(XﬁBu (10)

where x=[xyzxy2]' are state variables and u= [ux u, UZT are inputs

representing thrust force on x;, yand z directions. In order to map inputs to state
00010 0]

variables, we define B={0 0 0 0 1 0] . Jis a skew-symmetric matrix,
0 00O0O01

which represents the energy conserving part, while matrix R is a symmetric pos-
itive semi-definite matrix, which represents the energy dissipation:

- -7

00 0 1 00
00 0 0 10
00 0 0 01

=110 0 0 2 0 "% (11)
0 -1 0 200
(0 0 -1 0 0 0]

Since CRTBP does not consider energy dissipation such as air drag, R is a zero
matrix. This causes the conservation of energy (Hamiltonian or Jacobian integral

used here), which is the fact reflected in the following equation:

B0 v, 1 (5)- Z =, H () -[3 -]V, H () (12)

3.2. Energy Shaping

Instead of controlling the Hamiltonian, we are focused on reshaping the Hamil-
x . x T

tonian in CRTBP, where the equilibrium points X = [X y z 00 0} are sta-

ble. Thus, we designed a closed-loop Hamiltonian H, (X) :

H, (x)=%[>’<2+y2+z'2+(x—x*)2+(y—y*)2+(z—z*)1 (13)

with the minimal position:

X" =argmin{H, (x)} (14)
assuming that the closed loop system is also a Port-Hamilton system

%:[J RV, H, (15)
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Then, we design the feedback control law as Bis full column rank but not full

row rank:
Ugs (X)=(B™B) " BT[I-R]V,H, (x) (16)
H,(x)=Hy(x)-H(x) (17)
where the difference between close-loop system and open-loop system is shown
by
B*[J-R]V,H,(x)=0 (18)
Under this control law, it can be shown that the closed-loop Hamiltonian is a

Lyapunov function satisfying:

Hy (x)=0,x=x" (19)
Hy(X)>0, ¥x# X’ (20)
dH;t(X):Vde(X).[_R]VXHd(x):O, VX # X (21)

According to Lyapunov stability theorem, the equilibrium x of the closed-loop

system is stable.

3.3. Dissipation Injection

Previous energy shaping process utilizes a state feedback control law to shape the

closed-loop Hamiltonian (energy) with a stable equilibrium at X . However,

the closed-loop Hamiltonian also remains a constant; e,

dH, (x)
dt

point as asymptotically stable. This can be achieved through dissipation injec-

=V Hq (X)-[-R]V, Hy(x)=0. We may also design the equilibrium

tion, which modifies the R matrix in the closed-loop system. Aside from the ener-
gy shaping control law, we also implement a state feedback control representing

dissipation injection:
Uy (X)=-KB"V,H, (x) (22)

where K, is positive definite. With U(X)=Ug (X)+Up (X), we have the

closed-loop system as:
dx
E:[J—Rd(x)}vad (23)

with a closed-loop dissipation matrix: Ry (X)=R(x)+B(x)Kj B.
Thus, the closed-loop Hamiltonian evolves like:
dH(‘;—t(X)=vad(x)~[—Rd]vad(x)so, VX # X (24)

The closed-loop Hamiltonian H, () also satisfies H,(X)=0, X=X and
Hy(x)>0, ¥x=Xx".
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As the union of complete trajectories contained entirely in the set has no tra-
jectory except the trivial one X(t)=0 for t> X", we obtain the asymptotic sta-
bility of the closed-loop system according to LaSalle’s invariance principle [25].
The above framework of energy shaping and dissipation injection are summa-

rized as Figure 1.

4. Results and Discussion

Figures 2-4 shows the orbit of the third body without background noise on x-y;
x-z and y-z plane, respectively. The blue dashed lines in these figures indicated
the controlled orbits using (a) Linear Quadratic Regulator (LQR) controller com-
pared with (b) Port-Hamiltonian controller. The results show that the Port-
Hamiltonian controller allows us to drive the third body to the target equili-
brium position, while the LQR controller fail. The LQR controller is designed
[11] [26] [27] according to the CRTBP linearized around the L, Lagrange point:
X _ AX+BuU where A is the Jacobian of (J—-R)VH(X) evaluated at the
e%tuilibrium point X'; Ze. the first Lagrange point Z; in this case. Using the
Linear Quadratic Regulator (LQR) controller, we obtain the control law as
Uor =—K (X - X*) , where K minimizes the cost function

Jior = oX'Qx+u"Ru with Q=1g, and R=1,,.

Figures 5-7 shows the orbit of the third body with background noise on x-y;
x-z and y-z plane, respectively. This background noise is used to model the dis-
turbance including eccentricity of the orbit, the gravity from the other bodies
[14]. Especially, for the Sun-Earth Lagrange points mission, the perturbation
from the Moon is critical. The results show that, under the background noise,
the Linear Quadratic Regulator is not able to drive the third body to the target
position; Ze, L; Lagrange point in the Sun-Earth CRTBP. However, the approach
based on the Port-Hamiltonian successfully drive the third body to the targeting
position.

Figure 8 & Figure 9 show the time history of the controller inputs u,, u,
and u, without background noise and with background noise, respectively.
Results indicate that the controller input for Port-Hamiltonian controller is
asymptoting to zero as the third body is approaching the target location, in con-
sistent with the observation of previous results. These results indicate that when
the third body is approaching the target position or the disturbance is small, the

required control input is also small.

U=Ug +Uy,

x" =argmin H, ﬁ" <0

\- %x=[J-R]VXH+Bu J = %x=[J—Rd]Vde

Figure 1. The flow chart of energy shaping and dissipation injection. Where H(X) isa
Hamiltonian, H,(X) is a closed-loop Hamiltonian, matrix R is a symmetric positive

semi-definite matrix which represents the energy dissipation and R, =R+B(x)K,B".
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Figure 2. The orbit of the third body on x-y plane without background noise. The black
solid line represents the uncontrolled orbit, and the red cross represents L Lagrange
point. The blue dashed line represents the controlled orbit with (a) LQR controller and
(b) port-Hamiltonian controller.

1 1
(@ Lot ) —Uncontrolled
L ---Controlled
N0 M 1 w0 P -
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Figure 3. The orbit of the third body on x-z plane without background noise. The black
solid line represents the uncontrolled orbit, and the red cross represents L Lagrange
point. The blue dashed line represents the controlled orbit with (a) LQR controller and
(b) port-Hamiltonian controller.

1 1
(a) o —Uncontrolled (b) —Uncontrolled
Controlled Controlled
n 0 n 0
-1 -1
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Figure 4. The orbit of the third body on y-z plane without background noise. The black
solid line represents the uncontrolled orbit, and the red cross represents L Lagrange
point. The blue dashed line represents the controlled orbit with (a) LQR controller and
(b) port-Hamiltonina controller.

1 1
(a) —Uncontrolled ) —Uncontrolled
P\ Controlled ”\ Controlled
>0 >0
-1 -1
-1.5 -1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5
T T

Figure 5. The orbit of the third body on x-y plane with background noise, and the red
cross represents Li Lagrange point. The black solid line represents the uncontrolled orbit;
the blue dashed line represents the controlled orbit with (a) LQR controller compared
with (b) port-Hamiltonian controller.
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Figure 6. The orbit of the third body on x-z plane with background noise. The black solid
line represents the uncontrolled orbit, and the red cross represents Zi Lagrange point. The
blue dashed line represents the controlled orbit with (a) LQR controller and (b)
port-Hamiltonian controller.

ez 1
(@) T —Uncontrolled 0) —Uncontrolled
---Controlled ---Controlled

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 7. The orbit of the third body on y-z plane with background noise. The black solid
line represents the uncontrolled orbit, and the red cross represents Zi Lagrange point. The
blue dashed line represents the controlled orbit with (a) LQR controller and (b)
port-Hamiltonian controller.

@ .
0 10 20 30 0 10 20 30
t t

Figure 8. The control input according to the (a) LQR controller and (b) port-Hamiltonian
controller without background noise.

(€)] 2 —u(t) ()
=
~uy(t)
uz(t) ;
0 10 20 30 0 10 20 30
t t

Figure 9. The control input according to the (a) LQR controller and (b) port-Hamiltonian
controller with background noise.

5. Conclusion

In this paper, we use Port-Hamiltonian framework to stabilize the Lagrange points
in the Circular Restricted Three-Body Problem (CRTBP). Through exploring the

energy (Jacobi integral) conserving property in CRTBP, this problem is rewritten
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into Port-Hamiltonian framework, where we use the Jacobi integral as the Ha-
miltonian. Then, we design the feedback controller through energy-shaping and
dissipation injection to stabilize the Z, Lagrange point of the Sun-Earth CRTBP.
The closed-loop Hamiltonian is designed as the candidate of the Lyapunov func-
tion to establish nonlinear stability of the designed equilibrium, which enlarges
the application region of feedback controller compared with that based on linea-
rized dynamics. Results show that the Port-Hamiltonian approach allows us to
successfully stabilize the Lagrange points, where the Linear Quadratic Regulator
(LQR) may fail. Adding the white noise into the inputs, the designed feedback
controller based on Port-Hamiltonian approach also allows us to stabilize the
Lagrange points, which demonstrates the robustness against the background

noise of the designed feedback control.
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