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Abstract

In this paper we deal with the uniqueness of meromorphic functions when two nonlinear differential poly-
nomials generated by two meromorphic functions share a small function. We consider the case for some

general differential polynomials [ f"P(f) f'] where P(f) is a polynomial which generalize some result due

to Abhijit Banerjee and Sonali Mukherjee [1].
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1. Introduction

In this paper, we use the standard notations and terms in
the value distribution theory [2]. For any nonconstant
meromorphic function f(z) on the complex plane C,
we denote by S(r,f) any quantity satisfying S(r, )
= o{T(r, f)}, as r — 4w, except possibly for a set of
r of finite linear measures. A meromorphic function
a(z) is called a small function with respect to f(z) if
T(r,a)=S(r,f).Let S(f) be the set of meromorphic
function in the complex plane C which are small func-
tions with respect to f. Set

E(a(z),f)={z: f(z)-a(z)=0},a(z) e S(f), where a
zero point with multiplicity m is counted m times in the
set. If these zero points are only counted once, then we
denote the set by E(a,f). Let k be a(z) a positive
integer. Set

E,(a(z).f)=
{z :f(2)-a(z)=0,3i,1<i<k,st, fV(z2)-a" (2)= O}

where a zero point with multiplicity m is counted m
times in the set.

Let f(z) and g(z) be two transcendental meromorphic
functions, a(z)eS(f)nS(g). If E(a(z), f)=E(@(2),9),
then we say that f(z)and ¢(z) share the value a(z)
CM, especially, we say that f(z) and g(z) have the same
fixed points when a(z)=1z.If E(a, f)=E(a,g), then
we say that f(z) and g(z) share the a(z) IM.If
E, (a(z), f)=E, (a(z),g), wesaythat f(z)—a and
g(z)—a have same zeros with the same multiplicities
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<k.

Moreover, we also use the following notations.

We denote by N, (r,f) the counting function for
poles of f(z) with multiplicities <k, and by N, (r,f )
the corresponding one for which the multiplicity is not
counted. Let N (r,f) be the counting function for
poles of f(z) with multiplicities >k, and let N, (r, f )
be the corresponding one for which the multiplicity is not
counted. Set

N (r f)=N(r f)+N,(r, f)+...+ N, (r, f).

Similarly, we have the notations

1) = 1 1) = 1 1
Nk)(r,Tj,Nk)Er,?],N(k(r,Tj N("(r’Tj’Nk(r’T]'

Let f(2) and g(z) be two nonconstant meromorphic
functions and E(L, f)=E(L,g). We denote by

N, (r,ﬁj the counting function for 1-points of both

f(z) and g(z) about which f(z) has larger multi-
plicity than g(z), with multiplicity is not being counted,

and denote by N, (r J the counting function for

b
Tf-1
common simple 1-points of both f(z) and g(z) where
multiplicity is not counted. Similarly, we have the nota-

tion NL[r,(g—l_l)].

In 2002 Fang and Fang [3] and in 2004 Lin-Yi [4] in-
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dependently proved the following result.

Theorem A ([3,4]). Let f and g be two nonconstant
meromorphic functions and n(>13) be an integer. If
f"(f—1)>f" and g"(g-1)>g’ share 1 CM, thenf=g.

In 2004 Lin-Yi [5] improved Theorem A by general-
izing it in view of fixed point. Lin-Yi [5] proved the fol-
lowing result.

Theorem B ([5]). Let f and g be two transcendental
meromorphic functions and n(>13) be an integer. If

f"(f-1)>f" and g"(g-1)>g’ share z CM, then
f=g.

With the notion of weighted sharing of value recently
the first author [6] improved Theorem A as follows.

Theorem C ([6]). Let f and g be two nonconstant

meromorphic functions and
n>

[12-20 (o0; 1)~ 20(o0;9) ~min {© (o0; f),0(039)} ],
is an integer. If f"(f —l)2 f' and 9"(g —1)2 g’ share
“(L,2)”then f =g.

In the mean time Lahiri and Sarkar [7] also studied the
uniqueness of meromorphic functions corresponding to
nonlinear differential polynomials which are different
from that of previously mentioned and proved the fol-
lowing.

Theorem D ([7]). Let f and g be two nonconstant
meromorphic functions such that " ( f —l)2 f’and
g”(g—l)2 g’ share “(1,2)”, where n(>13) is an in-
teger then either f =g or f=-g. If n is an even
integer then the possibility of f =—g does not arise.

In 2008, Banerjee and Murkherjee [1] proved the fol-
lowing theorem.

Theorem E ([1]). Let f and g be two transcendental

meromorphic functions such that f" (af * +bf +C) f’
and @" (ag2 +bg +C)g' where a#0 and |b+|c|=0
share “(,2) . Then the following holds:

1)If b=0,c=0 and
n>

max{lZ—Z@(oo; f )20 (o0; g)—min {O(o0; f ),0(o0;9)},

4 -2
G)(oo; f)+®(oo;g)
be an integer, where ©(o0; f)+@(c0;9)> 0, then

f=g.
2)If b#0,c#0 and

n> max[l2—2®(oo; f)-20(x;0)
—min{@(oo; f),@(oo;g)”
the roots of the equation az’+bz+c=0 are distinct

and one of f and g is nonentire meromorphic function
having only multiple poles, then f=g.

s
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3)If b=0,c20 and
n>max[12-20 (co; f ) -20(e0; )

—min{@(oo; f),@(oo;g)}}
and the roots of the equation az’ +bz+c=0 coincides,
then f=g.
HIf b=0, c#0and

n > max [ 1220 (o0; f )~ 20 (03 g)
—min{© (oo; f ),9(00;9)}]

then either f =g or f=-g.If nis an even integer
then the possibility f =—g does not arise.

Here, we obtain unicity theorem when [ f"P(f)f']
and [ g"P(g)g’ ] share a small function.

Theorem 1. Let f and g be two transcendental
meromorphic functions. Let
P(fy=a,f"+a, f™" +...+af +a,(a, #0), and
a,(i=0,1,---,m) is the first nonzero coefficient from the
right, and n, m, k be a positive integer with
n>[m+10-20(o0; f)—20(0;9)

—min{@(oo; f);@(oo;g)}].
[f"P(f)f'1and[9"P(g)g’] share “(c,2)” then
g.

s

If
f=

2. Lemmas

In this section we present some lemmas which will be
needed in the sequel. Let f, g, F;, G, be four nonconstant
meromorphic functions. Henceforth we shall denote by h
and H the following two functions.

ho P 217 (9" 20"
fr f-1 g g-1

andH = E__ZF{ - G—lﬂ——zGl, .
F FR-1 G G-l

Lemma 2.1. ([1]) If for a positive integer k,
N, (r,O; f ’| f = 0) denotes the counting function of
those zeros of f' which are not the zeros of f, where a
zero of f' with multiplicity m is counted m times if
m<k andktimesif m>k then

Ny (r.0; £/ f £ 0) < N(r,0; f )+ N(r,o0; )

- i N(r,o;fT|2 pJ+S(r, f).

p=k+1

Lemma 2.2. ([1]) Let f,g be share “(1,2)” and
h#0.Then

T(r, f)<N,(r,0; f)+N,(r,00; f)+N,(r,0;9)

+N, (r,oo;g)—z:I\_l[r,O;%P pj+8(r, f)+S(r.g9).
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Lemma 2.3. ([8]) Let f be a nonconstant meromorphic
functionand P(f)=a,+af+---+a,f", where

a,,a,,~--,da, areconstantsand a, #0. Then

T(r,P(f))=nT(r,f)+S(r,f).

Lemma2.4. Let F, =D g g - S POIT
o a

where 0:(7& O,oo) is a small function of f and g. Then
S(r,R)=S(r.f) and S(r,G,)=5(r.g9).

Proof. Using Lemma 2.3 we see that
T(r,F)<(n+m)T(r, f)+T(r, f')+S(r, f)
=(n+m+2)T(r, f)+S(r, f).

And
(n+m)T(r,f):T(r,f”P(f))+O(1)
ST(r,R)+T(r, f)+S(r, ),
thatis, T(r,F)>(n+m-2)T(r,f)+S(r,f). Hence
S(r,FR)=S(r,f).
In the same way we can prove S(r,G,)=S(r,g).

This proves the Lemma.
Lemma 2.5. ([9]) If h=0 and

lim sup N (r,0; f )+N(r,o0; fl_)(ﬂLr’;‘(r,O;g)JrN(r,oo;g)

<1,

rel then f=g or fg=1.
Lemma 2.6. Let f,g be two nonconstant mero-
morphic functions. Then

f"P(f)fg"P(g)g' = a’,

where n+m(>6) is an integer.
Proof. Let

f"P(f)fy"P(g)g =’ @.1)

Let z, be a l-point of f with multiplicity p(=1).
Then z, is a pole of g with multiplicity q(=1) such
that np+p—-l=ng+q+mq+1, ie,

mg+2=(n+1)(p—q) (2.2)
From (2.2) we get q= n-t and again from (2.2) we
m

obtain

n 1)(n-1 —
- (n+m+1)(n ), |_n+m-1
n+1 m m

Let z; be azero of P(f) with multiplicity p,(=1).

Then z, is a pole of g with multiplicity ¢,(=1), say.
So from (2.1) we get

2p, —l=(n+m+1)g+1>(n+m+2)
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ie, p = w .

Since a pole of f is either a zero of g"P(g) or a
zero of Q', we have

N (r,o0; )< N(r,0;9)+ N(r,O;gm)+ N, (r,0;9")
+S(r,f)+S(r,9)

N (r,o0; f) < N(r,0;9)+ N(r,o;gm)

n+m-1 n+m+3
+N, (r,0;9")+S(r, f)+S(r,9)

m 2m _

< + T(r,g)+N,(r,0;9
(n+m—l n+m+3] (r.9)+ N, (r.0:97)
+S(r, f)+S(r,9),

where N (r,0;9') denotes the reduced counting func-

tion of those zeros of ¢’ which are not the zeros of

gP(9).

As P(f)=a,f"+a, f"" +--+af+a, where
a,,a, ;,',8, are m distinct complex numbers. Then
by second fundamental theorem of Nevanlinna we get

mT (r, f) < N(r,00; f )+ N(r,0; f )= N, (r,0; f')
+ZT:IN(r,aj;f)+S(r,f)
<N(r,0; f)+N(r,o0f)+ N(r,a; fm)
=N, (r,0; ')+S(r, f) (2:3)

g( m_,_2m j{T(r,g)+T(r,f)}

n+m-1 n+m+3
+N(r,0;9") =N, (r,0; f')
+S(r, £)+S(r,9).

Similarly, we have
m 2m
J’_

mT(r,g)g(ner_1 n+m+3j{T(r’g)+T(r’f)}

+ Ny (r,0; f)=N, (r,0;9")+S(r, f)+S(r,g).
2.4)

Adding (2.3) and (2.4) we obtain

j{T(r,g)+T(r, )}

24
n+m-1 n+m+3
<S(r,f)+S(r,9)
which is a contradiction. This proves the Lemma.

Lemma 2.7. Let f and g be two transcendental mero-
morphic function and

F:f”*{ B L S LS a‘)}

m+n+1 m+n n+1

a a _ a
G:gn+l m gm+ m—1 gm 1+‘”+ 0
m+n+1 m+n n+1
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where n(>m+2) is an integer. Then F'=
that F=G.

Proof. Let F'=G', then F=G+c where C is a
constant. Let c#0. Then by second fundamental theo-
rem we get

T(r,F)<N(r,o00F)+N(r,0;F)+N(r,c;F)+S(r,F)

< R(r,e0; 1)+ N (1,0: f)+N(r, B ;f’“)

m+n+1
+N(r,0;9)+ I\_l[ -9 j+S(r, f)

<2T(r, f)+mT(r, f)+T(r,g)+mT(r,g)+S(r, f).
Hence we get
(m+n+)T(r, f)<(2+m)T(r, f)
+(m+1)T(r,g)+S(r, f).
Similarly, we have
(m+n+1)T(r,g)<(2+m)T(r,g9)
+(m+1)T (r, f)+S(r,9).
Adding (2.5) and (2.6) we obtain
(m+n+1){T(r, £)+T(r,g)} <(3+2m)T(r, f)
+(3+2m)T(r,g)+S(r, f)+S(r.9)

e, (N-m=2){T(r,f)+T(r,g)}<S(r,f)+S(r.g).
which is a contradiction. So ¢=0 and the Lemma is
proved.

Lemma 2.8. ([10]) Let f be a nonconstant meromor-
phic function. Then

N(r,O; fk)Sk[\_j(r,oo; f)+N(r,0;f)+S(r,f).

G' implies

m+n+

2.5)

(2.6)

Lemma 2.9. Let F and G be given as in Lemma
2.7and F, G, be given by Lemma 2.4. Then

DT(r,F)<T(r,F)+N(r,0;f)+N(r,b;f)+-

+N (r,b,; f)=N(r,c;f)—--

=N (r,c,; f)=N(r,0;f")+S(r, f)

2)T(r G)<T(r,G,)+N(r,0;9)+N(r,b;g)+
( b m) ) (raclag)_
~N(r.c,:9)-N(r,0;,9")+S(r.g9)

where b,b,,---,b, are roots of the algebraic equation
am Zm a'm—] Zm—1+__‘ izo
m+n+1 m-+n n+1

and c,cC,,---,C, areroots of the algebraic equation

m m-1
a,z" +a, 2" +---+a,=0.

Proof. By the Nevanlinna’s first fundamental theorem
and Lemmas 2.3 we obtain

Copyright © 2011 SciRes.

T(r,F):T(r,éjJrO(l)

=
F

=T(r,F")+N(r,0;F)-N(r,0;F")+S(r,F)

<T(r,FR)+N(r,0;f)+N(r,b;f) N (r,b,; f)

-N(r,c;f)—-=N(r,c,;f)-N
Similarly, we have
T(r G)<T(r,G,)+N(r,0;9)+N(r,b;g)+-
r,b,;g)—N(r,c;9)-N(r,c;9)—
m39)—N(r,0;9")+S(r,9)

,b,,---,b,, are roots of the algebraic equation

a a -
m Zm+ m-1 Zm1+___+ aO =0

m+n+1 m+n n+l1

#N(
—N(
by

where

and c,C,,---,C, areroots of the algebraic equation

m m-1
a,z" +a, 2" +---+a,=0.

This proves the Lemma.
3. Proofs of the Theorems

Proof of Theorem 1. Let F,G be defined as in Lemma
2.7and F and G, be defined as in Lemma 2.4. Then it
follows that F'and G’ share “(«,2)” and hence F
and G, share “(«,2)”. Suppose H #0. Then by Lem-
ma 2.2,2.4 and (2.3) we get

T(r,F)<N,(r,0;F)+N
N, (r,;G,)+S(r, f)+S(r,g)

<2N(r 0; f)+2N(r,o0; f)+N(r,c;; f)+--
+N(r,c,; £)+N(r,0; f)+2N(r,0;9)+2N(r,09)

+N(r,c;9)+--+N(r,c;9)+N(r,0;9")

+S(r, f)+S(r,9).

,(r,oF)+N, (r,0,G))

3.1

Now from Lemma 2.3, 2.8 and 2.9 we can obtain from
(3.1) for £(>0)

(M+n+1)T(r,f)
<2N(r,0; f)+2N(r,00; f)+mT(r, f)
+N(r,0; f)+2N(r,0,9)+ 2N (r,2;9)

+mT(r,g)+N(r,0;g') (32)
<(m+3)[T(r, £)+T(r,9)]+2N(r,o; f)
+3N(r,0;9)+S(r, f)+S(r,9).
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(m+n+1)T(r, )

<(2m+11-30(00;9)—20(o0; ) +2£) T (r)+S(r).

In a similar manner we can obtain

(m+n+1)T(r,9)

<(2m+11-30 (oo; f ) —20(00;9)+22) T (r)+S(r).
(3.3)

From (3.2) and (3.3) we get

[N-m-10+20(w; f)+20(x;g)
+min{®(oo; f);@(oo;g)}—ZgJT(r) (3.4
<S(r).

Since &(>0) is arbitrary, (3.4) implies a contradic-
tion. Hence H =0. Since for &(>0) we have

N(r,0;f")<T(r,f")—m(r,1/f")

<m(r, f)+N(r,o0; f)+N(r,00; f)—m(r,1/f"

+S(r, f)

<(2-0(o0; f)+&)T(r, f)—m(r,1/f")+S(r, ).

We note that
N(r,o0;F )+ N(r,0;F )+ N(r,0G,)+N(r,0,G,)
<N(r,0;f)+N(r,c;f)++N(r,c,;f)
+N(r,o0; )+ N(r,0; ")+ N(r,0;9)
+N(r,c;;9)+-+N(r,c,;9)+N(r,o09)+N(r,0,9).
<(2m+8-20(o0; f )20 (o0;9)+2¢)T(r)
-m(r,0; f")—m(r,0;9")+S(r).

(3.5)

Also using Lemma 2.3 we get
T(r,F)+m(r,1/f)y=m(r, f"P(£)f')+m(r,1/f’)
+N(r,00; f"P( ) f")

>m(r, £"P(f))+N(r,o; F"P ()
=T(r,f”P(f))=(n+m)T(r,f)+O(l).

(3.6)
Similarly

T(r,G')+m(r,1/g")=(n+m)T(r,g)+O(1). (3.7)
From (3.6) and (3.7) we get

max {T (r,F),T(r.G,)} = (n+m)T(r)-m(r,1/f').(3.8)

Copyright © 2011 SciRes.

By (3.5) and (3.8) applying Lemma 2.5 we get either
FF=G or FG =1

Now from Lemma 2.6 it follows that FG, #1. Again
F =G, implies F'=G’". So from Lemma 2.7 the theo-
rem follows.
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