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Abstract

In this paper, a new optimization-based approach to constructing a poverty index is considered. From a gen-
eral perspective, first and second order conditions based on a general poverty intensity function are derived.
Then using specific intensity functions defined by [1,3] respectively, we specify related necessary and suffi-
cient conditions and the underlying poverty indices. An extension based on a large class of intensity function
is also investigated.
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1. Introduction

How poverty is measured is a central topic in economic
and policy analyses. This paper contributes to the litera-
ture on this topic by providing methods for measuring
poverty in a static environment. In particular, one can
define a general poverty index and show that the existing
ones are some special cases of a more general index. An
extension is also proposed.

The remainder of the paper is organized as follows: a
general approach to constructing a poverty index is con-
sidered in Section 2. In particular; necessary as well as
sufficient conditions to determine the number of poor
persons are derived. In Section 3 based on specific inten-
sity functions, conditions to determine the number of poor
persons are specified. In Section 4, an extension based on
a more general poverty intensity function is proposed.
Finally, some concluding remarks are presented in Sec-
tion 5.

2. A General Approach to Construct A
Poverty Index

2.1. The Problem
In general poverty issue can be seen as an optimization
problem of the so called average intensity poverty func-

tion defined as ®(.):R? — R. Specifically, the prob-
lem is to minimize a constrained program,
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st D2V =r
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where Jr is a given strictly positive value which
represents the level richness of the Q individuals and
Y, is the income of individual i. The above minimiza-

tion program is also equivalent to,

{Min 0(Y, 2)

2
S.t(Y,/l)eR:QxR @

where ¢ represents the Lagrangian and A the Lagrange
multipliers. Equation (2) can be solved to determine the
number of poor persons, Q.

2.2. Solution

To solve the above minimization program, first and sec-
ond order conditions are required.

Theorem 1 Necessary Condition

A necessary condition to get a critical point to problem
(1) or (2) is that,
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The system of equations is

ag("')zo, Vi ; and
oY,

%) =0, which is equivalent to
oA

M)_(Y)_z/wizo;i:l,---,Q

and Z. _,Yi" =r. From the first equation one gets,

2
M)_(Y)_zgyi =0, Vi [MD_(Y)] =477
oY, o,

Summing over i, one gets,

42232 Y2 = (acp (Y)jz .

o, -1 [y [<>I

Theorem 2 Sufficient Condition
Let ® and g be two functions of class C* where
@ is the poverty intensity function and

g(Y)= © Y2_r . Suppose that A is defined such that

A=(a).i-1

1,---,Q, .where
oD (Y)
a, =+Jr ol

S

Assume that Vg (A)=0, then, if
(-1)detM,(A)>0,i=2,---,Q 4)

i.e., if all determinants of the bordered principal minors
M, (A) are negative, then @ has a strict minimum
A subject to the constraint g (Y)=0.

Proof: (A general proof is given in Proposition 3)

Since one is dealing with a constrained optimization
problem, one can consider the matrix of bordered prin-
cipal minors M;(A) of Awhich is defined as,

O*((A) o°t(A)  og(A)

Y72 (A) YoY,(A) oY, (A)
M, (A)= 62€'(A) 826‘(A) agtA)

oY,0Y; (A) Y2 (A) oY, (A)

g (A) ag(A)

o, (A) o (A)
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and therefore,

2%0(A) o*0(A)  og(A)
o°Y,2 (A) AY,0Y,(A)  aY,(A)
M(A)= azg.( A) azz‘( A)  og {A)
MY, (A)  YE(A) Yy (A)

o9 (A) og(A)

o, (A) o (A)

One can then deduce the following propaosition:
Proposition 3
Under the assumptions of Theorem 2, if

Q -
2 _Ew aY( A)=hih, >0 (7)

vV H :<hl,---,hQ)teRQ such that H =0 and satisfy-
ing Vg(A).H =0, then Ais a strict local minimum of
®(.,.) subjectto constraint g(Y)=0.

Proof:

One just needs to show that there exists a neighbor-
hood U, suchthat X eU,NS and X #A,
((X)>£(A), with $={XeR%/g(X)=0}.

Let V, be a neighborhood of A. Let X eV,NS
and let H eR® suchthat Vg(A)H =0. Then,

((X)=£(A)

Z zQ 6(( )(

10X, 0X,

+o(||x_A||)
Set H =X —A. Itthen follows that,
((H+A)-((A)=
1 O*(A
E R RR ORI
For H suchthat H=0 and H+AeV,NS, set

%L (A)
Q(H)=Y72.>° heh, -
( ) k=1 =1 axkaxr k

Q is a continuous function on V, nS. Assuming K
is a closed of non empty interior and bounded set;
KcV,NnS. Then, Q reaches its minimum value on
K and since

_ak)(xr_ar)

Q ZQ 6(( )hkhr>0 39>0: Q

k=1 =1 ax ax > q”H ||

0(H +A)=¢(A) 2 g|H[ (1+0(1))
= ((H+A)>((A)

Hence,
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By continuity of Q, there exists a neighborhood
U,cV, suchthat: VX eU, NS, ¢(X)>((A).

Next, one can specify first and second order conditions
based on three well known poverty intensity functions
and thereafter obtain the expressions for the underlying
poverty indices.

3. Specific Poverty Indices
3.1 The Problem

Consider the first and second order conditions in three
main specific average intensity functions and assume that
the concern is the condition for a given individual to be
poor.

3.2. Sen’s Solution (1976)

A class of intensity function considered by Sen [1] is,
2

(D(Y):H(Q+l)

where He{N,Q}, Zis the poverty line, Y, is the
revenue of the poor j, Q is the number of poor per-
sonsand N is the size of the population. This function
is convex and therefore Theorem 2 is a sufficient condi-
tion for a minimum. Solving, one gets,

(Q-i+1)
\/z —j+l

0 @-i+n20) g

z

izl,“',Q (9)

Proposition 4

Consider [1]’s average intensity function. Then, the
number of poor persons in a population of N individu-
als given a revenue constraint is obtained as,

. (Q-i+1) <1
Z,[¥2,(Q-j+1) (10)
':1, ,Q’ Q:l’...,N

Proof: (Straightforward)

3.3. Forster, Greer and Thorbecke’s (FGT)
Solution (1984)

[2] propose the following average intensity function,
1o (Z-Y)
o-35s ] aw
where H e{N,Q}, >0 and the other parameters are

defined as above. It is easy to verify that for o >1, the [2]
average intensity function is strictly convex while for
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O<a<1, the underlying quadratic form is negative
definite and therefore the [2] average intensity function
is strictly concave. The [2] result is obtained as follows,
VT,Y eR®

(V2o(Y)(T-Y),(T-Y))
Q7 _y \*2 (12)
_a(a—l)Z[%j (T-Y,)

i=1
A necessary condition to get a critical vector point is
given by Theorem 2, i.e.,

Y, =r (Z_Y‘)HZ
\/Z?:l(z _YJ') ’

In case where « >1, the above critical vector point be-
comes a minimum for function ®(.,.). When « <(0,1),
the average intensity function ®(.,.) is strictly concave
and the critical vector point Y; is a maximum. Therefore,
one gets:

Proposition 5

Consider [2]’s average intensity function. Then, the
number of poor persons in a population of N individu-
als given a revenue constraint is obtained as,

r
Y =— 14
=0 (14)

Proof: (Straightforward by introducing the Lagrangian

Ji=1Q (13)

-2

Q
and based on the constraint > Y, =r).

i=1
3.4. Shorrock’s Solution (1995)
[3] considers the following average intensity function,
Z-Y,
O(Y)= ZZ (2N—21+1)—( 7 ) (15)

where H e{N, Q} and the other parameters are defined
as above. Since this function is convex, Theorem 2 is a
sufficient condition for a minimum. One gets,

oY) 1

— = 2N -2i+1 16

o,  HZ FEA ) 10

Using Theorem 2, one immediately gets
(2N -2i+1)

Y, = +4r i=1.Q (17
VX0 (2N -2j+1)°
Since Y, >0, one obtains,
2N -2i+1 .
Proposition 6
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Consider [3]’s average intensity function. Then, the
number of poor persons in a population of N individuals
given a revenue constraint is obtained as,

JF (2N -2i+1) <1 i—1..0:
2, /32 (2N -2j+1) (19)
Q=1---,N
Proof: (Straightforward)

4. An Extension

Consider cD() a more general average intensity func-
tion. Assume that ®(.,.) is a regular function which
can be decomposed using a Taylor expansion. Using the
vector origin, one can get the Taylor expansion of the
above function at any order. Then, using regression tech-
niques, the underlying coefficients can be estimated. In
this case, it is important to get a dispersion measure, i.e.,
the variance which can then be minimized thereafter.

In this paper, for simplicity, one considers Taylor ex-
pansion of order 1 only which gives very interesting re-
sults.

Specifically, consider an average poverty intensity
function which is derivable in A=(Z,---,Z) (vector
A has Q columns) and which is such that the deriva-
tives of superior orders are null in A . Note that the tech-
niques proposed in this paper can be used only in the
neighborhood of the origin. If this condition is not satis-
fied, one can always use an appropriate change of vari-
able to get a Taylor expansion in the neighborhood of the
origin0=(0,---,0) . The general intensity function con-
sidered is,

1 Q . Z-Y;
O(Y)=—-> ° f(N, j,H — L 20
R e NIUB AN = EC
where He{Q,N}, &, fand yare some given func-
tions and the other parameters are defined as previously.
Its Taylor expansion is,

L20(0),  20(0)

D(Y)=D(0 Y.
(¥)=2(0) o, ' oy, °? )
o0(0)
SO0 o
o,
Set &=o(||Y]), @(..) can be approximated by,
oo (0 oD (0
ot - 0(0) 2Ly 000,
1 2 22)
s 200
o,
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By setting g = and assuming that the minimiza-

o0 (0)
o,
tion of the average intensity function is obtained with a
constraint and based on Theorem 2, one gets the follow-

ing critical vector point,

—',izl,...,Q (23)

Proof:

It suffices to consider the expression derived in equa-
tion (22). By replacing the partial derivatives of
@ (.)with respect to £, one gets a linear expression.
Then, using the proof of Theorem 1, one gets the desired
result.

The g 'sare known as regression coefficients and
have to be estimated using OLS technique where,

Y=BLY), B=(6 B ) (24)
where Y'is the transpose vector of Y . The variance of
Y isgiven by,

2

v(\():%ert(DtD)’lxﬂy2 (25)

where X =(1, D), D=(d1,d2,~--,dQ2 and
d'(ie{L--,Q}) is a column vector of n components
each equal to 1 and o =Var(o|Y]) is the rest of
Taylor expansion which is interpreted as a random vari-
able. This variance is also characterized by
Var(B)=c%d", with

D'D= (dij )1gng \ (DtD)_1 = (d ij )KKQ (26)

1<j<Q 1<j<Q
One assumes that
1'D=0=(0,---,0) 27)
The uni-row matrix 0 has Q columns. Once the
pS,'s are obtained, one can get the number of poor per-
sons based on the following condition:
Proposition 7
Consider the general average intensity function. Then,
the number of poor in a population of N individuals
given a revenue constraint is given by,

i b

tfr—F2 <1 i=1-,Q;
Z, /Z?:l B (28)
Q=1---,N

Proof: (Straightforward).
5. Final Remarks

This paper considered a general poverty index and de-
rived the first and second order conditions to get such an
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