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ABSTRACT 

Each surface of roughness has different shape of asperity which is modeled with various shapes of analytical models. In 
this paper, the differences among various models of shape of asperity investigate using the Finite Element Method 
(FEM) and various analytical models. The contact stresses in rough surfaces are calculated analytically using various 
asperity shape models. Finite element analysis is also carried out assuming three types of material properties namely, 
the linear, the elastic-perfect plastic and the elastic-nonlinear hardening. The analytical results are compared with the 
results obtained by the finite element method. The results illustrate for using a deterministic approach which the nu-
merical models are suitable. In hertz model, the result of force is very big in interface of causing deformation plastic, 
while Model Zhao has almost same result with FEM nonlinear property model. It is observed that the results obtained 
from Zhao’s model are generally in a better agreement with the results obtained from various finite element models 
especially in elastic-plastic and plastic zones, hence it may be concluded that Zhao’s model can be used for analyzing 
the rough surfaces in contact mechanics. 
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1. Introduction 

The rough contact problem has been studied for many 
years as it is critically important to understand the tribo- 
logical phenomenon such as friction, wear, contact fati- 
gue, and sealing. Engineering surfaces have roughness 
and even highly polished surfaces possess some degrees 
of Roughness. When two engineering surfaces are pre- 
ssed together, contact occurs at the peaks of the Surfaces 
where the contact pressure and subsurface stress can be 
extremely high, often causing plastic deformation of the- 
se spots. The contact between a deformable half-space 
and a rigid sphere was first solved by Hertz in 1896 [1] 
but this model only considers the elastic contact and dis-
dains the effects of the roughness and the effects of the 
plasticity, and the real contact area is unvalued.  

Greenwood and Williamson [2] pioneered the study of 
frictionless contact between a hemisphere and a rigid flat 
(the GW model) applied the Hertz contact solution to 
model an entire contact surface of elastic asperities. To 
supplement the GW model, many elastic-plastic asperity 
models have been devised.  

The study of the deformation behavior of contact aspe- 
rities and the accurate modeling of rough surfaces is imp- 
ortant for understanding contact problems. Several theor- 
ies can be applied to deal with the microcontacts of two 
contact surfaces [3-9]. 

Some new models were proposed to consider elastic- 
plastic contact that Chang’s model [10] and Zhao’s Mo- 
del [11] are investigated in this paper. 

In this work, some selected models are in particular 
reported, whose formulas, have been used to test the dif-
ferent models of roughness description developed in [12, 
13]. The calculated contact zones and loads are compar- 
ed with different numerical models.  

The results illustrate for using a deterministic approach 
which the numerical models are suitable. 

2. Models of Contact Mechanics 

The contact model was first established by Heinrick Her- 
tz in 1882, although the model considered the elastic con- 
tact only and the effects of the surface roughness and plas- 
ticity were not considered. Contact problems with rough 
surfaces have been modeled with stochastic techniques. 



Finite Element Analysis of Elastic-Plastic Contact Mechanic Considering the Effect of  126 
Contact Geometry and Material Properties 

The pioneering contribution to this field was done by 
Greenwood and Williamson, who developed a basic elas-
tic contact model (GW model) [2]. The basic asperity 
GW model has been extended to other models, two of 
which are explained below.  

2.1. Chang’s Model 

Chang’s model or CEB model is an elastoplastic based 
model. This model is similar to the Greenwood and Wil-
liamson model but it considers the volume conservation 
[10]. Behavior of the contact is related to the interfer-
ence, , between the two surfaces. If δ is smaller than 
it’s critical value δc, i.e. c  , the contact is assumed to 
be elastic, otherwise the contact is assumed to be plastic. 
The relations used for the elastic regime are based on the 
Hertz theory. Therefore, the contact area, Ae, and the 
elastic contact load, fe, are calculated as: 
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where R and e are the radius of the sphere and the radius 
of the circular contact area respectively and is the 
composite elasticity modulus which is expressed as fol-
low: 
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the critical interference, c , is introduced by the expres-
sion 
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where the interference is, 2
c  , the relations are found 

to be. 
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The contact load for each asperity under the plastic 
conditions is: 

p pf A kH                     (8) 

This model is only used for fully elastic and fully plas-
tic conditions and there are no relations developed for the 
elastic-plastic regime. 

2.2. Zhao’s Model 

This model is an elastic-plastic asperity contact model 
for rough surfaces introduced by Zhao et al. [11]. In 
Zhao’s model three regions of fully elastic, elastic plastic 
and fully plastic contacts are considered. In the elastic 
region, where c  , the governing relations are similar 
to those of CEB model. When the interference,  , be-
tween the two surfaces is increased 4 ci.e. 5  , the 
following equation is employed for calculation of the 
radius of fully plastic co



ntact. 

 1 2
2pa R                  (9) 

Therefore, the surface of the contact area is: 
2 2p pA a R                (10) 

Hence, the contact load for each asperity is found to be: 
2p pf A H R H             (11) 

In the elastic-plastic region, where 54c c    , the 
relation between the mean pressure (Pm ) and the inter-
ference (δ), in order to calculate the area of the contact 
and the elastoplastic load is as follow: 

1 2 lnmP a a
r
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where a1 and a2 are two constants to be determined and r 
is the contact radius of the asperity. 

Finally, the following equations are used for the radius, 
R, area of the contact surface, Aep, and the contact load, 
fep, respectively: 
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3. Finite Element Model 

The asperity is modeled in three geometrical shapes i.e. 
hemispherical, spherical and conical shapes against a 
rigid flat punch. All the three geometrical shapes have 
the same radius of 0.0005 m on the peak. In this analysis, 
axisymmetric 2-D models are used. A total of 11200 
four-node bilinear axisymmetric elements were used to 
model each shape. The meshing of the model is refined 
near the region of contact in order to allow the curvature 
to be captured and accurately simulated during deforma-
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tion. The contact force acting on each model is found 
from the reaction forces at the corresponding base nodes 
that retain the desired interference. The material property is 
modeled in two types, elastic-perfect plastic and nonlinear 
hardening. The elastic perfect plastic material is assumed 
to have yield stress, Y , equal to 24.4 M Pa. The 
stress-strain relation of the elastic-nonlinear hardening 
material is shown in Figure 1. 

A reference point is defined for the rigid flat punch 
and is allowed to move down as shown in Figure 2. The  
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Figure 1. Nonlinear behavior property of material in ABAQ- 
US. 
 

    

 
Figure 2. Finite element modeling of various shapes of aspe- 
rity. 

nodes at the base of all three models are fixed in all di-
rections. The contact force acting on the model is found 
from the reaction forces on the reference point that retain 
the desired interference. Finite element meshes of the three 
model generated by ABAQUS are shown in Figure 2. 

4. Results and Discussion 

The results of the finite element models are presented for 
a variety of interferences. The contact area and the inter-
ference are normalized by the mean area of 0.785E-6 m2 

and critical interference of 0.462E-6 m respectively. 
The contact forces obtained for all models are normal-

ized by the Hertzian contact force of 0.011800474 N as 
obtained from the equation (3). In order to improve the 
computational efficiency, the radii of the asperity peaks 
are assumed to be constant. In Figure 3, the dimen-
sionless contact force is plotted as a function of interfere. 

At low interference ratios, the differences between the 
dimensionless contact forces in all modes are small be-
cause the contact is in the elastic state. It is interesting to 
note that the Chang’s model predicts the least loads at 
big interferences. This is because of the fact that the 
Chang’s model assumes that for all plastically deformed 
asperities the average pressure over the contact area is 
equal to kH. However, in the Zhao’s model, it is assumed 
that for all plastically deformed asperities the average 
pressure over the contact area is equal to H, So the con-
tact force for plastic zone predicted by the Zhao’s model 
is bigger than that of the Chang’s model. In the Zhao’s 
model, transition from fully elastic deformation to fully 
plastic flow of the contacting asperity is modeled based 
on the contact mechanics theories in conjunction with the 
continuity and smoothness of variables across different 
modes of deformation. As shown in Fig. 3, the dimen-
sionless contact force predicted by the Zhao’s model is 
smoothly connected from the elastic state to the plastic 
state. 

In Figure 4, the results of FEM analysis for the 
spherical asperity with both elastic-perfect plastic (EP PP) 
and elastic-nonlinear hardening properties (NLP) are 
compared with the Hertzian, Chang’s model and Zhao’s 
model. It is observed that the dimensionless contact force 
obtained by the FEM for both the elastic-perfect plastic 
and the elastic-nonlinear hardening materials follow the 
Zhao’s model. Dimensionless contact forces for all three 
asperity shapes made of elastic-nonlinear hardening ma-
terials are shown and compared with three previous 
models in Figure 5. It is observed that the results obtained 
for both the spherical and conical asperity shapes follow 
the Zhao’s model at all interferences while the result for 
the hemispherical shape follows the Chang’s model. As 
can be seen from Figure 5 that the results obtained for the  
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Figure 3. Dimensionless contact force versus interference 
for analytical models. 
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Figure 4. Dimensionless contact force versus interference 
for various models in medium interference. 

 
spherical asperity shape follow the Zhao’s model the best. 
It is due to the fact that relationships drive on base as-
sumption spherical shape. The results obtained for all 
models are in good agreement with the Hertzian model 
for low interferences. 

The results of dimensionless contact areas obtained for 
all three asperity shapes made of elastic - nonlinear 
hardening material properties and spherical shape made 
of elastic-perfect plastic material for a variety of inter-
ferences are shown in Figure 6. 

5. Conclusions 

This study showed that dimensionless contact force obtained  
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Figure 5. Dimensionless contact force versus interference 
for various models. 
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Figure 6. Dimensionless contact area versus interference for 
various models. 

 
for various asperity shapes are in good agreement with 
Hertzian model for low interferences. However the finite 
element results obtained for spherical and hemispherical 
asperity shapes are in very good agreement with the 
Zhao’s model for nearly the whole range of interferences.  

It is observed that the results obtained the results ob- 
tained for both the spherical and conical asperity shapes 
follow the Zhao’s model at all interferences while the 
result for the hemispherical shape follows the Chang’s 
model but it can be said that Zhao’s model are generally 
in a better agreement with the results obtained from 
various finite element models especially in elastic-plastic 
and plastic zones, hence it may be concluded that Zaho’s 
model can be used for analyzing the rough surfaces in 
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contact mechanics. 
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