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Abstract 
 
In order to discuss the health monitoring method using time-frequency analysis on the vibration of gear sets, 
the fatigue test employed for a steel gear pair was carried out using a power circulating gear testing machine. 
Furthermore, the dynamic characteristics of both steel and sintered gears were measured using a power cir-
culating gear testing machine and were analyzed in a time-frequency domain by the continuous and discrete 
wavelet transforms. In the case of the failure at the dedendum surface of driven gear, not only the vibration 
of the gear sets but also the condition of tooth meshing would have to be taken into consideration to diagnose 
the failed teeth. 
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1. Introduction 
 
In order to make more progress in the gear performance, 
it is important to evaluate the gear dynamics more pre-
cisely, since gear is a main machine element in motion 
and power transmissions. For preventing the unexpected 
failure in mechanical systems, a large amount of work 
has been carried out based on a statistical model devel-
oped by Lundberg and Palmgren [1] with reliability 
models using the classical fatigue theory. However, most 
of these works did not consider the operating conditions 
of machine during the fatigue process. 

Generally, the gear dynamic performance has been 
analyzed using Fast Fourier Transform (FFT) as a func-
tion of frequency. However, it is difficult to identify an 
instantaneous change of signals. In many health moni-
toring applications, it is more useful to analyze how 
measurement characteristics change as a function of both 
time and frequency. The Wavelet Transform (WT) is a 
method for the time-frequency analysis of signals [2,3]. 
The WT involves decomposing a signal into a represen-
tation comprised of local basis functions called wavelets. 
Each wavelet is located at a different position on the time 
axis and is local in the sense that it decays to zero when 
sufficiently far away from its center. The structure of a 
non-stationary signal can be analyzed in this way with 

local features represented by closely-packed wavelets of 
short length. Therefore, the WT can provide more bene-
ficial information about the frequency compared with the 
FFT. By reason of the advantage on the WT, the applica-
tions of the WT to the diagnostics of the gear sets have 
been studied [4-7]. Their studies have focused mainly on 
whether some kinds of the WTs can provide the informa-
tion to detect the fault of the gear system. However, it is 
also important to diagnose the failure of the gear sets 
using not only the WT but also the tooth meshing of the 
gear pair. Considering the tooth meshing of the gear pair 
would enable to construct the new diagnosis for the gear 
sets, which is different from the conventional diagnosis. 

In order to evaluate the dynamic characteristics of gear 
pair, the dynamic performance of sintered and steel gears 
were measured using a power circulating gear testing 
machine. The dynamic characteristics were analyzed in a 
time-frequency domain by the continuous WT, and also 
those signals were decomposed and reconstructed by the 
discrete WT. The validity of the new evaluation method 
by the WT was discussed. Furthermore, in order to per-
form the health monitoring of the gear sets, a gear fatigue 
test was carried out and the dynamic characteristics dur-
ing the fatigue test were measured and discussed by us-
ing the WT. 
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2. Wavelet Transform 
 
The Wavelet Transform (WT) has been extensively de-
veloped. Applications of the WT are actively studied in a 
variety of fields in engineering [4-9]. The Continuous 
Wavelet Transform (CWT) of a function f(t) is defined as 
follows. 
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where, the bar over ψ(t) indicates the conjugate of a 
mother wavelet function ψ(t), a and b indicate the pa-
rameters on frequency and time. The Gabor function 
defined by Equation (2) is adopted as the wavelet func-
tion ψ(t). 
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where, ωp is a center of angular frequency, γ is a constant 
and was set at  0.5

π 2 ln 2  = 5.336 in this study. Figure 
1 shows Gabor function based on sinusoidal waves eiωt 
and its Fourier spectrum. 

When the coordinates (b, a) of the CWT shown in 
Equation (1) are discretized to the coordinates (2-j k, 2-j) 
using two integers j and k, the Discrete Wavelet Trans-
form (DWT) is defined as follows. 

     22 2  dj j j
kd f t t k t





           (3) 

where,  j
kd  is equal to (Wψ f)(2

-jk, 2-j). j is called level. 
The Inverse Discrete Wavelet Transform (IDWT) is de-
fined as 
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The function gj(t) on the wavelet component is given 
by 

     2j j
j k

k

g t d t k              (5) 

Suppose that fj(t) is the function at a level j, fj(t) is sat-
isfied with the following relation. 
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where,   j
kc  is a sequence at a level j, and  (t) is a  

scaling function. The scaling function  (t) and the mother 
wavelet function ψ(t) are satisfied with the two-scale 
relations as follows. 

   2k
k

t p t k              (7) 

   2k
k

t q t k              (8) 

where, {pk} and {qk} are two-scale sequences. The func-
tions gj(t) and fj(t) at a level j are able to be found by us-
ing Equations (5) and (6). The function fj(t) decomposed 
into the function gj(t) on the wavelet component is satis-
fied with the following relation. 
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In this study, the scaling and the mother wavelet func-
tions based on the cardinal B-spline function in order of 
m = 4 was adopted. The cardinal B-spline function Nm(t) 
in order of m is defined as follows. 
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Figure 2 shows the scaling function  (t) and the 
mother wavelet function ψ(t) based on the function N4(t). 
The sequences {ak}, {bk}, {pk} and {qk} are given in 
Reference [2]. 
 
3. Dynamic Characteristics of Gear 
 
3.1. Test Gear and Testing Machine 
 
Table 1 shows the specifications of gear pair employed 
in this dynamic performance test. The module is 5 mm 
and the pressure angle is 20 deg. The test gears are 

 

 

Figure 1. Gabor function. 
 

 

Figure 2. Scaling and wavelet functions based on Cardinal 
B-spline in order of 4. 
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induction-hardened sintered and chromium molybdenum 
steel (JIS: SCM440) ones. The mating pinion is case- 
hardened steel (JIS: SCM415) one. Generally, the sin-
tered materials have higher damping ratio due to the 
pores, comparing with the steel ones. The density of the 
sintered gear is 6900 kg/m3 [10]. The Young’s modulus 
and Poison’s ratio of the sintered gear were 152 GPa and 
0.25, and those of the steel gear were 206 GPa and 0.3, 
respectively. 

The test apparatus shown in Figure 3 is a power cir-
culating type gear testing machine with a center distance 
of 82.55 mm. The test gear was driven within a range of 
rotational speed n2 of 1600 rpm to 10,000 rpm. The load 
to the gear pair was statically applied by twisting the 
gear shaft using a loading lever with dead weights and by 
fixing using a torsion coupling. The value of the torque 
was 30 Nm. The lubricating oil was a gear oil with EP 
additives and was pressure-fed at an oil temperature of 
313 K. The vibration acceleration of the gear box was 
detected by a piezo-electric pickup through an amplifier. 
The pickup has a maximum response frequency of 20 

kHz. These signals were analyzed using a computer and 
a digital oscilloscope. 

 
Table 1. Specifications of gear pair with a center distance of 
82.55 mm. 

 Pinion Gear 

Module                         mm 5 

Pressure angle                    deg 20 

Number of teeth 15 16 

Addendum modification coefficient 0.571 0.560 

Tip circle diameter                mm 90.71 94.6 

Center distance                   mm 82.55 

Face width                      mm 18 6 

Contact ratio 1.246 

Accuracy* Class 1 Class 1

Tooth surface finishing Grinding 

* JIS B 1702 

 

Digital oscilloscope

 

Figure 3. Power circulating gear testing machine. 
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3.2. Analysis of Gear Dynamics Using WT 
 
Using the DWT and the IDWT, the vibration accelera-
tion of the gear box was decomposed, and was recon-
structed in two regions above and below fz. Figure 4 
shows the results of the decomposed vibration accelera-
tion of the gear box at n2 = 1800 rpm. The level j corre-
sponds to the lower frequency, as the absolute value of j 
becomes larger. Each function gj(t) is the wave at each 
level j including the original wave f0(t). As the absolute 
value of level j became larger, the wave shape of fj(t) 
became smooth. In this case, level j < –5 corresponds to 
the frequency band below tooth mesh frequency fz, which 
is given by Equation (11) using n2 and a number z2 of 
gear tooth. 

2 2

60z

n z
f                   (11) 

Figure 5 shows the root-mean-squares of the vibration 
acceleration plotted against n2. The increase in the vibra-
tion acceleration reconstructed in the region below fz is 
proportional to n2 to the power two, and is independent 
of the material of the gear. On the other hand, the vibra-
tion acceleration reconstructed in the region above fz for 
the sintered gear is smaller than those for the steel one. 
This tendency is the same as the behavior of the original 
vibration acceleration. The vibration due to the tooth 
mesh propagates to the gear box through shafts and 
bearings supporting the gear pair. The vibration of the 
gear box is caused by the torsional vibration of the gear 
pair due to the tooth mesh. The torsional vibration de-
pends on the frequency components above fz, since the 
fluctuations of the vibration are caused by the frequency 
components above fz. 

 

 

Figure 4. Example of decomposed vibration acceleration of 
gear box at n2 = 1800 rpm. 

 

Figure 5. Root mean square of vibration acceleration above 
and below fz. 

 
Table 2. Specifications of gear pair with a center distance of 
102 mm. 

 Pinion Gear 

Module                    mm 5 

Standard pressure angle        deg 20 

Number of teeth 20 21 

Addendum modification coefficient 0 –0.19 

Tip circle diameter            mm 110 113.1 

Center distance               mm 102  

Face width                  mm 5 22 

Contact ratio 1.54  

Accuracy* Class 2 Class 2 

Heat treatment Case-hardening 

Tooth surface finishing Grinding Shot-peening

* JIS B 1702 

 
4. Health Monitoring 
 
4.1. Fatigue Test 
 
In order to carry out the health monitoring of the tooth 
surface failure in gear sets, a fatigue test was performed 
by using the gear testing machine shown in Figure 3. 
Table 2 shows the specifications of the gear pair. The 
module is 5 mm and the pressure angle is 20 deg. The 
test gear pair is case-hardened chromium molybdenum 
steel one. The center distance of the test gear pair is 102 
mm. The fatigue test was carried out at a rotational speed 
of 1800 rpm for the pinion. 

Figures 6 and 7 show the tooth profile errors of the 
test gear pair and the observations of the tooth surfaces 
of the pinion tooth No. 1 and No. 11 during the fatigue 
process under a maximum Hertzian stress of pmax = 1850 
MPa at the pitch point of the gear pair. The test pinion 
was failed by pitting at a number of fatigue cycles of N2 
= 4.8 × 106. At N2 = 0, before the fatigue test, the tooth 
profiles of both the gear and the pinion are considerably 
smooth. As the number of stress cycles increases up to 
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N2 = 1.0 × 106, the dedendum tooth of the pinion wears 
due to the interference between the dedendum tooth of 
the pinion and the mating gear. While, at N2 = 2.0 × 106, 
the tooth profile of the pinion tooth No. 11 changes at the 
dedendum tooth. This change of the tooth profile de-
pends on the pitting shown in Figure 7. Finally, the 
maximum tooth profile error of the pinion tooth No. 11 
reaches about 400 μm. However, the tooth profile error 
of the pinion tooth No. 1 is only about 20 μm. The maxi- 
mum tooth profile errors of pinion having 20 teeth, at 
each fatigue stage. Each tooth profile error is less than 40 
μm up to N2 = 1.0 × 106. At N2 = 2.0 × 106, the tooth 
profile error of tooth No. 11 becomes larger than those of 
the other ones, and the values are about 150 μm. At N2 = 
4.8 × 106, the tooth profile errors of the tooth No. 11, No. 
12 and No. 15 become larger. The toot profile of the 
mating gear during the fatigue test does not change re-
markably. 

 

 

Figure 6. Tooth profile error of pinion during fatigue test: 
(a) Pinion tooth No. 1; (b) Pinion tooth No. 11. 

 

Figure 7. Observation of pinion teeth. 

 
4.2. Health Monitoring 
 
Figure 8 shows the vibration acceleration of the gear box, 
its WT map and FFT spectrum at (a) N2 = 0 and (b) N2 = 
2.0 × 106. In this fatigue test, the tooth mesh frequency fz 
is 600 Hz. At both the fatigue stages, it is difficult to 
diagnose the tooth surface failure only by the vibration 
acceleration waves. Comparing the FFT spectrum at N2 = 
2.0 × 106 with that at N2 = 0, it is understood that the 
tooth surface failure occurred at N2 = 2.0 × 106, since the 
intensity of the frequencies except for tooth mesh fre-
quency fz and its harmonic frequencies became larger at 
N2 = 2.0 × 106. From the result of WT map at N2 = 0, it is 
understood that the intensities at tooth mesh frequency fz 
and its harmonic frequencies during the one rotation of 
the pinion are not constant but fluctuate against the time. 
At the moment when each tooth pair meshes, the intensi-
ties at the tooth mesh frequency fz and its harmonic fre-
quencies increase. The WT map at N2 = 2.0 × 106 shows 
that the intensities at tooth mesh frequency fz and its 
harmonic frequencies near the meshing of tooth No. 11 
increase. It is considered that the changes in those inten-
sities are caused by the deterioration of tooth No. 11 due 
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to the surface failure (pitting). 
The tooth profile deterioration caused the change of 

the intensities at tooth mesh frequency and its harmonic 
frequencies. Therefore, the health monitoring was carried 
out by the vibration acceleration having the component 
of tooth mesh frequency fz. The vibration acceleration 
having the component of fz can be calculated using DWT. 
Figure 9 shows the decomposed vibration acceleration 
of the gear box at (a) N2 = 0 and (b) N2 = 2.0 × 106. The 
level j corresponds to the lower frequency, as the abso- 

lute value of j becomes larger. The vibration due to the 
tooth mesh propagates to the gear box through shafts and 
bearings supporting the gear pair. Therefore, comparing 
the decomposed result at N2 = 0 with that at N2 = 2.0 × 
106, the amplitude of the decomposed vibration accelera- 
tion near meshing of tooth No. 11 becomes larger. This 
result corresponds with the result of the WT map shown 
in Figure 8. However, since the discrete WT can provide 
the signal with the component of tooth mesh frequency, 
the discrete WT is superior to the continuous WT. 

 

 
(a) N2 = 0                                                (b) N2 = 2.0 × 106 

Figure 8. Vibration acceleration of gear box , its WT map and FFT spectrum during fatigue test. 

 

 
(a) N2 = 0                                                  (b) N2 = 2.0 × 106 

Figure 9. Decomposed vibration acceleration of gear box during fatigue test.  



Y. OHUE  ET  AL. 
 

Copyright © 2011 SciRes.                                                                                 ENG 

857
 
Since the vibration acceleration of the gear box is 

caused by tooth meshing, the fundamental frequency of 
the vibration acceleration of the gear box is tooth mesh 
frequency fz. Therefore, the relationship between the 
vibration acceleration having the component of tooth 
mesh frequency fz and the maximum tooth profile error 
was investigated during the fatigue test. The relationship 
is shown in Figure 10. In this case, the vibration accel-
eration having the component of a frequency of 750 Hz 
was adopted since the tooth mesh frequency fz is 600 Hz. 
The tooth profile error of each tooth at N2 = 0 is less than 
those at N2 = 5.0 × 105 and 1.0 × 106. Therefore, the am-
plitude of the vibration acceleration having tooth mesh 
frequency becomes slightly larger from N2 = 5.0 × 105 to 
1.0 × 106. The dedemdum surface of the tooth No. 11 
was failed by pitting and the maximum tooth profile er-
ror of the tooth No.11 is larger than those of the other 
teeth at N2 = 2.0 × 106. However, the amplitude of the 
vibration acceleration becomes maximum, not at the 
meshing point of tooth No. 11, but after the meshing 
point of tooth No. 12. The pitting failure in the pinion 
occurred at the tooth surface near the pitch point, but the 
addendum tooth surface of the pinion did not fail and 
was smooth as shown in Figure 6. When the driven pin-
ion meshes with the mating gear, the tooth mesh starts 
from the addendum surface of the pinion. At the begin-
ning of the meshing of tooth No. 11, the smooth deden-
dum surface of tooth No. 10 and the smooth addendum 
surface of tooth No. 11 mesh with each mating gear tooth. 

 

 

Figure 10. Relation between vibration acceleration and maxi- 
mum tooth profile during fatigue test. 

While, at the beginning of the meshing of tooth No. 12, 
the failed dedemdum surface of tooth No. 11 and the 
smooth addendum surface of tooth No. 12 mesh with 
each mating gear tooth. The above evidence indicates 
that the impact force due to the meshing of tooth No. 12 
is much larger than that due to the meshing of tooth No. 
11. Therefore, the amplitude at the meshing of tooth No. 
11 is smaller than that at the meshing of tooth No. 12. In 
this case of the failure at the dedendum surface of driven 
gear, the amplitude of the vibration acceleration with the 
component of tooth mesh frequency became larger after 
the failed tooth meshing. Therefore, not only the vibra-
tion of the gear sets but also the condition of tooth 
meshing would have to be taken into consideration to 
diagnose the failed teeth. At N2 = 4.8 × 106, since the 
teeth profiles of tooth No. 10 to No. 16 deteriorate com-
paring with the others, the amplitude of the vibration 
acceleration fluctuates widely during the meshing of 
those teeth. From the above result, the proposed method 
in this paper, which is to monitor the vibration with the 
component of tooth mesh frequency fz, makes it possible 
to discuss the health monitoring of the gear sets more 
precisely. 
 
5. Conclusions 
 

In order to evaluate the dynamic characteristics of gear 
pair, the dynamic performance were analyzed by the WT. 
The validity of the evaluation method by the WT was 
discussed. Furthermore, to perform the health monitoring, 
a gear fatigue test was carried out and the dynamic char-
acteristics during the fatigue test were analyzed. The main 
results are summarized as follows. 

1) The behavior of the vibration acceleration of the 
gear box against the rotational speed of the gear could be 
divided to two different behaviors above and below fz. 
The behavior of the vibration acceleration below fz was 
independent of the gear material and was proportional to 
the rotational speed to the power two. The behavior of 
the vibration acceleration above fz was influenced by the 
difference in the gear material. 

2) A failed tooth by pitting could be found out by the 
intensity of the vibration acceleration having the tooth 
mesh frequency fz on the wavelet map during fatigue 
process. Furthermore, the wave shape of the vibration 
acceleration having the tooth mesh frequency fz could be 
analyzed using the discrete wavelet transform. The mesh 
condition of the gear pair with failed tooth could be 
gained from the amplitude of the vibration acceleration 
having the tooth mesh frequency fz. 

3) The proposed method in this paper is to monitor the 
vibration of gear sets having the component of tooth mesh 
frequency fz using the wavelet transform, and evaluate the 



Y. OHUE  ET  AL. 
 

Copyright © 2011 SciRes.                                                                                 ENG 

858 

damage of the gear tooth from the change in the ampli-
tude of the vibration having the frequency fz. In the case 
of the dedendum surface failure of driven gear, however, 
the vibration acceleration with the component of tooth 
mesh frequency became larger after the failed tooth mesh-
ing. 
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