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Abstract

In this paper, we investigate the solutions of the system of difference equations X, =

y _ yn—l 7 _ Xn
n+l = ’ n+l
X Yo -1 YnZn

Xn—l
9
Yo X — 1

where X, X, Y, Y_1525,2Z, €R.
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1. Introduction

Recently, there has been great interest in studying diffe-
rence equation systems. One of the reasons for this is a
necessity for some techniques which can be used in
investigating equations arising in mathematical models
describing real life situations in population biology,
economic, probability theory, genetics, psychology etc.
Although difference equations are very simple in form, it
is extremely difficult to understand throughly the global
behavior of their solutions; for example, see Refs. [1-28].
In this paper, we investigated the periodicity of the
solutions of the difference equation system
yn—] Xn

Xn—l _ z _
> yn+1 - > “n+l

- YnXni -1 Xn Yo -1 - YnZn

where the initial conditions are arbitrary real numbers.

n+1 (1.1
2. Main Results
Theorem 1. Let

Yo=2a,y,=b,Xx,=¢,x,=d,z,=¢€,2,=f be arbitrary

real numbers and let {X,,Y,,Z,}be a solutions of the
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system (1.1). Also, assume that ad #1 and cb=1,
az0,b-0,e-0and f 0. Then all solutions of (1.1)
are

Lﬂ, n-odd
x, =1 (ad 1) (1.2)
c(cb-1)", n—even
Lﬂ, n-odd
y, =1 (cb-1) (13)
a(ad-1)", n—even
c(ch-1)""
—_ n=4k-3k=123,-
af (ad —1)
d(cb-1)""
—__ n=4k-2,k=1,2,3,-
be(ad 1)
7, = . (1.4)
f -1
(Cb—L, n=4k-1Lk=1,2,3, -
(ad -1)
_1 n-1
M, n=4k k=123,
(ad -1)
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Proof: For n=1,2,3, we have - Xo 3 B d
X, d e YoroXas =1 (ad —1)k
X =—7H"—=
Yox,—1 ad-1 Xy = TS B c(cb—l)k
v, b Yok Xarr ~1
yl:XOy’l_IZCb_l Yok = Yoy = b
X c Xy Yaes 1 (Cb—l)k
7, =—2—= y )
y,z., af Yy =——2*2 ___—a(ad-1
o . Xor-1Yak—a =1 ( )
X, = y ))((01_1 = ¢ = c(cb—l) and
o b1 L X _ c(cb—1)"
y a v Yak-aZaks  af (ad —1)k_l
=—0 = =a(ad-1
Y, X Yo -1 d ~1 a(a ) ; _ X4k_3 _ d (Cb—l)k
ad -1 Y YasZues  be(ad —1)"
d k
, X% _ad-l _ d(cb-1) 1 = X _ f(cb—lz
" vz, b be(ad-1)’ YaoZas  (ad-1)
b-1
’ X4k-1 e(Cb_l)k
d Z4k - = Kk
X ad —1 B d YaaZaka (ad —1)
Cyx -1 a(ad-1) d | (ad-1)’ are true. Then n=k+1 we will show that (1.2), (1.3)
ad -1 and (1.4) are true. From (1.1), we have
b d
y, = i o_ Cb—lb __ b . o o Kua (ad —l)k
XY=l ¢(eb-1)-2 -1 (cb-1) | a(ad -1 d
;= X _ c(chb-1) _ f(cb—l)’ o
Y22, a(ad _1)%‘ (ad-1) - (ad —l)k+1
a
b
- X, R c(ch-1) _ c(czb—l) . Var (cb—l)k
YiX, — b=1)=1 Tx -1 k b
(Cb_1)2 c(ch-1) b1 2k Yk c(cb—1) (Cb_l)k _
=c(cb-1)° b
b_l)k+1
Y, a(ad-1) a(ad-1) (c
Yo = = = o
XY, —1 (add_l)2 a(ad 1)1 ajd_l 1 Also, similarly from (1.1), we 121Ifwe k
7 = Xpo c(ch-1) _ ¢(cb-1)
2 +
=a(ad-1) Yax Zakr a(ad 1) f(cb—1) af (ad1)"
d (ad —1)k
L% (ad 1)’ _e(cb-1) d
Yy, b d(cb-1) (ad-1) B T (ad —1)*" _ d(cb—1)"
(Cb_l)z be(ad _1) He YakaZax b e(Cb—l)k be(ad —1)k+1

2k+1 k
for n=k assume that (Cb _1) (ad _1)

Copyright © 2011 SciRes. AM



A.S.KURBANLI ET AL.

Also, we have

X, = o c(ch-1)" _ c(ch-1)"
YaicnXaicn *kﬂc(cb—l)k -1 Lc—l
(cb-1) cb-1
=c(cb-1)""
Vors = Va  _ a(ad -1)" _a(ad -1)*
Xoker Yo ~1 Lk“a(ad—l)k—l d_ a-1
(ad -1) ad -1
=a(ad-1)"
and
S T c(cb—1)*"" k
Yaks2Zakn a(ad —17" c(ch-1) k
af (ad —1)
_f(cb-1)"
(ad —1)"
_d
Z4k+4 = X4k+3 - (ad _1)2k+2 k+1
Yaks3Zaksa b d(cb-1) "
(cb—1)""* be(ad 1)
_e(cb-1)"
(ad —1)"

Corollary 1. Let a,b,c,d,e, f be arbitrary real num-
bers and let {x,,y,,z,} be a solution of the system
(1.1). If 0<a,b,c,d,e, f <1 then we have

limx,, , =limy,,  =©
n—w n—o
0, cb < ad 0, ch<ad
limz,, ,=<c,cb>ad , limz,, , =4, cb>ad
N=pc0 n—oo
icb:ad f, cbh=ad
af’
and
limx,, =limy, =0
0, ch<ad 0, cb<ad
limz, ,=4 o, cb>ad- }iigzm =J00, ch>ad
n—o
; d cb =ad e, ch=ad

E ’

Proof. From 0<a,b,c,d <1 we have

Copyright © 2011 SciRes.

ad=cbh=ad-1=cb-1=

0, ch<ad
=30, ch>ad

f, ch=ad

Similarly, we have

n—o n—oo

={ad<cb=ad-1<ch-1= cb -

ch-
ad -1

>1

=1

lim X,, = limc(cd -1)" =clim(cd -1)" =¢-0=0

1033
O<ad<l=>-1<ad-1<0
and
0<ch<l=-1<ch-1<0
Hence, we obtain
limx,, , = lim —=d lim -
n—o n—o (ad _1) n—o (ad _1)
—o0, n-—odd
=0d.oo=
+00, N-—even
limy,, , =lim d rI:blim ! -
n—o naw(cb_l) n»w(cb_l)
—o0, Nn-odd
=h.oo=
+00, Nn-—even
and
c(cb-1)" -1\
llmZ4n_3=1Im(—)n_1=1imi(Cb lj
n—w n»ooaf(ad_l) n—ogf \ad =1
ad>cb:ad—1>cb—130b_1<l
= ad<cb:>ad—1<cb—1:>Cb_1>1
ad
ad:cb:>ad—l=cb—1:>0b_1=1
ad -1
0, ch<ad
=4 0, Ch>ad
i, ch=ad
af
f(ch-1)" 1Y
limz,, , = 1im(—2 = lim f (ab lj
n—so n—o (ad—l) n—so ad -1
ch-
ad >cb=ad-1>ch-1= <1
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lim y,, = limc(af —1)" =alim (af -1)" =a-0=0

n—w n—oo

and
d(chb-1)" -1\
1imz4n_2=1im(—)n=hmi(°b lj
n—o nambe(ad_l) n—opel ad =1
ad>cb:ad—1>cb—130b_l<1
= ad<cb:>ad—1<cb—1:Cb_l>l
ad -1
ad=cb:>ad—1=cb—1:>0b_1=1
ad —1
0, cb<ad
=J o0, Cch>ad
i, cbh=ad
be
e(cb-1)" -1y
1imz4nzlim(—)n:1ime(0b 1)
n—o n—o (ad _1) n—o |\ ad—1
ad>cb:>ad—1>cb—130b_11<1
= ad<cb:ad—l<cb—1:Cb_l>l
ad -1
ad=cb:ad—1=cb—1:>Cb_1=1
ad -1
0, ch<ad
=Jo, cb>ad
e, cb=ad

Corollary 2. Let a,b,c,d,e,f be arbitrary real num-
bersand let {x,.y,,z,} be a solution of the system (1.1).

If 1<ad,ch<2,e=0and f = 0thenwe have

limx,, , =limy,, , =
n—ow n—owo

0, ch<ad

limz,, , =1 o, ch>ad

n—owo

i, chb =ad
af

0, ch<ad

limz cb > ad

n—oo

an-1 =10

f, cbh=ad

and

Copyright © 2011 SciRes.

lim x,, =limy,, =0
n—oo n—o0

0, cb<ad
limz,, ,=4 o, cb>ad
i, chb=ad
be
0, cbh<ad
limz,, =40, cb>ad
e, cb=ad

Proof . From 1<ad <2=0<ad-1<1we have

lim(ad -1)" =0

nN—o0

from 1<ch<2=0<cb-1<1 we have

lim(cb-1)" =0

nN—o0

Hence, we have

limx,, , =lim —=d lim ! —=d-o
o "> (ad -1) "> (ad -1)
-0, d<0
:{+oo, d>0
limy,, , =lim —=blim ! —=Db-o0
o "> (ch-1) "= (ch-1)

-0, b<0
- +o0, b>0

c(ch-1 - -l
limz,, , :ﬁmg_hmi(cb 1)

and

n—w n—® of (ad_l)n’l_n—noaf ad -1
ad>cb:ad—l>cb—1:>Cb_1<l
ad -1
= ad<cb:>ad—1<cb—1:>Cb_l>1
adzcb:ad—lzcb—I:Cb_lzl
ad -1
0, ch<ad
={ o, Cch>ad
i, cb=ad
af
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f(cb-1)" 1Y
limz,, | = 1ij: lim f (M]

n—w n—w (ad—l)n n—w ad -1
ad>cb:>ad—1>cb—1:>Cb_ll<1
a —
= ad<cb:ad—l<cb—l:>0b_1>l
ad:cb:ad—lzcb—I:Cb_lzl
ad —1
0, ch<ad
=3J0, ch>ad
f, cbh=ad

Similarly, we have

lim x,, = limc(cb-1)" =clim(cb-1)" =¢c-0=0

n—ow

lim y,, :%ii?oa(ad -1) =alim(ad-1) =a-0=0

n—o0

and
d(chb-1)" -1\
limz4n_2:1im(—)n:1imi(Cb 1)
n—o nambe(ad_l) n—opel ad =1
ch-1
ad >cb=>ad-1>cb-1=> <1
= ad<cb:>ad—1<cb—1:Cb_1>l
ad -1
ad=chb—ad-1=cb-1= L1
ad -1
0, cb<ad
=J o0, Cch>ad
i, cb=ad
be
e(cb-1)" -1y
limz4n:1im(—)n:1ime((:b lj
n—o n—o (ad _1) n—o |\ ad—1
ad>cb:ad—1>cb—130b_l<1
= ad<cb:>ad—1<cb—1:Cb_1>l
ad -1
ad=cb—ad-1=cb-1= L1
ad —1
0, ch<ad
=<0, cb>ad
e, cb=ad
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Corollary 3. Let {x,,y,.z,} be the solutions of
If cb,ad e(—,0),e=0and f =0then
limx,, , =limy,, , =0
0, cb<ad
limz,, , =4 o, ch>ad
i, cb=ad
af
0, ch<ad
limz,, , =<0, cb>ad
n—oo
f, ch=ad
and
limX,, =limy,, =
0, cb<ad
limz,, ,=4 o, cb>ad
i, chb =ad
be
0, cb<ad
limz,, =<, cb>ad
n—o
e, cb=ad
Proof. From —-oo<ch<0= -w<ch-1<-1 and
—o<ad <0=>-w<ad-1<-1 wehave
. |-, n-odd
lim (Cb - 1) = {
n— +o00, N-—even
and
—o0, n-odd
lim (ad —1)" ={
n—eo +00, N—geven
Hence, we have
limx, , =lim =d lim =d-0=
nowo 21T 050 (ad _1)” n—o (ad _1)”
limy,, , = lim —=blim —=b-0=0
n—w n—o (Cb—l) n—o (Cb—l)

and
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lim z

n—oo

4n-3

limz

n—o0 4n-1

A. S. KURBANLI

b—1)"" —1)"
LGl )m:hmi(Cb 1)
n—>aoaf(ad_1) n—oaf ad =1
ad>cb:ad—1>cb—1:Cb_l<l
= ad<cb:>ad—1<cb—1:Cb_1>1
ad:cb:>ad—1:cb—1:>0b_1:1
ad -1
0, ch<ad
={ o, Cch>ad
i, ch=ad
af
f(cb-1)" -1Y"
:1im(c—2:1imf(Mj
n—w (ad—l) n—wo ad -1
ad>cb:>ad—1>cb—1:>Cb_1<1
ad -1
= ad<cb:ad—1<cb—130b_l>1
ad:cb:ad—lzcb—I:Cb_lzl
ad -1
0, ch<ad
=<0, cb>ad
f, ch=ad

Similarly, we have

lim ,, = limc(cb-1)" =clim(cb-1)" =c-o0

n—oo

nN—oo n—o

-0, ¢>0 and n-odd
400, ¢<0 and n-odd
- 400, ¢>0 and n-even
-, €¢<0 and n-even

limy,, =lima(ad -1)" =alim(ad -1)" =a-»

and

n—o0

-0, a>0 and n-odd
40, a<0 and n-odd
- +o0, a>0 and n-even
-0, a<0 and n-—even

Copyright © 2011 SciRes.
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d(cb-1)" -1y
limz4n2:1im(—)n:limi(0b 1)
n—o n—>ocbe(ad_1) n—opelad -1
ad>cb:>ad—1>cb—130b_l<l
ad -1
= ad<cb3ad—1<cb—1:Cb_l>1
ad:cb:ad—lzcb—1:>0b_1:1
ad -1
0, cb<ad
=J o, Cch>ad
i, cbh=ad
be
e(cb-1)" -1y
limz4nzlim(—)n:1ime[Cb lj
n—>o n—>o (ad _1) n—o {ad—1
ad>cb:>ad—1>cb—1:>Cb_1<1
ad -1
= ad<cb:>ad—1<cb—1:>Cb_1>l
ad:cb:>ad—1=cb—1:>Cb_1=1
ad -1
0, cb<ad
=Jo, cb>ad
e, cb=ad

Corollary 4.
a,b,c,d eR
then we have

and

Let {x,,y,} be the solutions of (1.1). If
and ad,cbe(2,+»), e#0 and f =0

limXx,, , =limy, =0
n—oo n—o

0, cb<ad

limz,, , =4 o, ch>ad
n—o

—, ch=ad
0, ch<ad

limz,, , =<0, ch>ad
n—w
f, cb=ad

limx,, =limy,, =
n—oo nN—c0

AM
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0, cb<ad
ALn; Z,,, =19 %, ch>ad
%, cb =ad

0, ch<ad

limz, =<0, ch>ad

n—oo

e, cb=ad

Proof. The proof is clear from Corollary 3.
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