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Abstract 
 

This paper concerns the orbital stability for exact solitary waves of the Generalized Klein-Gordon-Schrö- 
dinger equations. Since the abstract results of Grillakis et al. [1,2] can not be applied directly, we can extend 
the abstract stability theory and use the detailed spectral analysis to obtain the stability of the solitary waves. 
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1. Introduction 
 
In this paper, we consider the the stability for the exact 
solitary waves of the Generalized Klein-Gordon-Schrö- 
dinger equations 
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which describe a classical model of interaction of nu-
cleon field with a meson field [3]. Here   is a complex 
scalar nucleon field,   is a real meson field, M is the 
mass of a meson. By applying the abstract stability the-
ory and detailed spectral analysis in [4-6], we obtain the 
orbital stability of the solitary waves. 

This paper is organized as follows: in Section 2, we 
state the results of the existence of the exact solitary 
waves; in Section 3, we state the assumptions and the 
stability results. 
 
2. The Exact Solitary Waves 
 
Consider the following system 
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be the solitary waves of (2.1). 
Put (2.2) into (2.1) and suppose ,as , , , 0u u v v  
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Let 

1
,

2
u kv                 (2.4) 

satisfy (2.3) with constant  determined later, then 
we have  
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(2.6) 

Finally, we have 
Theorem 1. For any real constants ω, c, p, M satisfy-

ing 

1
0 1, , 1,

2
c p     0M         (2.7) 

there exist solitary wave of (2.1) in the form of (2.2),with 
satisfying (2.6). ,u v

 
3. Main Results  
 
Rewrite Equation (2.1) as 
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Because the stability in view here refers to perturba-
tions of the solitary-wave profile itself, a study of the 
initial-value problem for (1.1) is necessary.  
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In this and the following sections, we shall consider 
the orbital stability of solitary waves 

     1 2 ,cT ct T t x  of (3.1). Note that Equation (3.1)  

is invariant under  1T   and  2T  ,we define the orbital 
stability as follows: 

Definition 1. The solitary wave      1 2 ,cT ct T t x  
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)

  

is a solution of (3.1) in some interval 0 with [0, t
  00 u u , then  tu can be continued to a solution in 
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1

2 2

c
L M

x

c
L M

x


    




    





 

x

x

     (3.24) 

with  

   1M 20, as ; 0, asx x M x x     

(3.25) 
Thus, by Weyl’s theorem on the essential spectrum ee 
[5]), we have  

 (s

 

 

2 2

1

2 2

2

[ , ),
2 2

[ , ),
2 2

ess

ess

c c
L

c c
L

  

  

0

0

    

    

    (3.26) 

Following from (2.3)-(2.5)  

1 20, 0L u L u              (3.27) 

By (2.6) and (3.27), we has a simple  see that 
0

u  zero at 
x  , th iouvill theoen Sturm-L  implies that 0 is the 

nd eigenvalue of 
rem

seco 1L ,and 1L  has exactly one strictly 
ve eigenvalue negati 2 ,  with eigenfunctionan  1 . 

In virtue of (3.24) ), as [3], we 
lowing lemma. 

Lemma 2. For any real functions 

-(3.27  in have the fol-

 1
21z H R , sa- 

 tisfying

21 1 21, ,z z u   0         (3 8) 

there exists a positive number 

.2

such that 1 0 

1

2

1 21 21 1 21,
H

L z z z          (3.29) 

 1
22z H RLemma 3. For any real functions , sa- 

tisfying 22 , 0z u , there exists a ber positive num
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2 0  such that 

1

2

2 22 22 2 22,
H

L z z z      

For any 22  We can 

se 

     (3.30) 

 1 2 3 2 21, e , ,icxz z z z z iz y

22 3, z  sim

Choo

ply denote by  1 21, ,z z zy

      
 

1 2 2 22 2

p u
12 2
,

p p p

p

p uv p uv p uv u L

uv L

1 1,0, cz



  


  

 

   





y 

then 


 





2
, 1, 0cH     y y     1,     (3.31) 

note that the kernel of s s
 two vectors: 

Also 
following

Let 

cH , i panned by the 

   0,1 x 0,2, , , , 0,0, ,0x xv u cu n u   y y  

 

 
 



1 0,1 2 0,2 1 2

1 2 3 4P X p
    (3.32) 

2 1 2 3

,

, , , ,

, , , 0

N k k R

Z k k k k R

p p p p

p p u p u

 

  



  

y

y y

p
  

Lemma 4. For any , defined by (3.32), there 
exists a constant 

Pp
0  such that 

2

, ,c X
H pp p             (3.33  )

with   independent of
ny 

 p . 
For a  1 21 22 3, , , ,X z z z z u u  

21 22
21 21 1 2

, ,
, , ,

, ,

z u z u
a z z b b

u u u u


  

 
    (3.34) 

then u 1 0,1 2 0,2a b b   y y y p . 

Thus under the condition of (2 Assumption 1 hold 

and   1n H  . 

.7), 

the following, we shall verify that  

under the condition of theorem 1. 

 

,c

In 

p

From

 d   , 1cn H   

      , 1 , 2, c cd c E cQ Q         ,c

we have  

 
22

2 11
2 ,

2

1
d sec h

2 2
p

c
R R

c
d Q u x x

c 
       dx

   2 2
1 , 2 d

2c c
R

d Q u v x     
22 2

11 1 2
2 2

2

2
2

1 1

sec h d
2 (1 )( 1)

sec h d sec h

p

R

p p

R R

c

c cc
x x

c c p

x x x




 




  

 


 



 

Let  

2
dx   

c
 

2

1sec h d 0p

R

x x A   

th



en 
2

2
1 2

sec h d 0
1

p

R

x x A
p




 
 . 

Thus 

2 2
1 1

2 2

,
2 2c

c c
d A d A

c c c

   
      

  
 





 
  
  

  
  

  
  

22
1

2
2

22
1

2
2

2

22

1 2
1

2 1 1

1 2
1

2 1 1

2 1 2 1

1 1

cc

p cc
d c

c c c p

p cc
A

c c p

c p

p c

                   
         

     







 

A

 
  
   

 
   

22
1

2
2

2
1

2
2

1 2
1

2 1 1

2 1

2 1 1

c

p cc
d c

c c p

c pc
A

c c p

                   
 

  
  






 

A

Therefore, we obtain 

For 

c

c cc

d d
d

d d

 
    

 





 


1 3p  , 

Copyright © 2011 SciRes.                                                                                  AM 



W. H. QI  ET  AL. 
 

Copyright © 2011 SciRes.                                                                                  AM 

1010 

 

  
  

  
   

 
  

2 2
1 1

2 2

2 2

22 2

2 2
1 1

2
2 2

det

2 2

1 2 2 1 2 1
1

1 1 1 1

2 1

2 2 1 1

cc c cd d d d d

c c
A A

c c

p c c p

c p p c

c pc c
A A

c c c c p

  


                

         
      

                       

  



 



Thus, theorem 2 is proved completely. 
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