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Abstract

In this paper, a numerical solution for a system of singularly perturbed convection-diffusion equations is
studied. The system is discretized by the II’in scheme on a uniform mesh. It is proved that the numerical
scheme has first order accuracy, which is uniform with respect to the perturbation parameters. We show that
the condition number of the discrete linear system obtained from applying the II’in scheme for a system of
singularly perturbed convection-diffusion equations is O(N) and the relevant coefficient matrix is well con-
ditioned in comparison with the matrices obtained from applying upwind finite difference schemes on this
problem. Numerical results confirm the theory of the method.
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1. Introduction

Consider the following system of | coupled singularly
perturbed convection-diffusion equations: Find u=
(u,--,u)e(C*0.)NC[0,1]) such that

Lu:=-Eu"-Bu'+Au =f, 11
xeQ=(01),u(0)=u(1)=0, 1)
With E =diag{e;,&p,--, ¢}, where gs for i=1,--1
are known small positive diffusion co-efficients,
A=(a;(x)) is an Ixl matrix, and f=f(x) for
i=1,---,1 is a vector-valued right hand side.
Furthermore, we shall assume that B is diagonal with
diagonal elements b, (x) and define
B = Xrne[(i)r11]|bk (x)|>0fork=1,--1. (12

Some results for systems of singularly perturbed of
differential equations can be found in: Linss and Madden
[1], Madden and Stynes [2] and Gracia and Lisbona [3].

Bellew and O’Riordan [4], Cen [5], Amiraliyev [6]
and Andreev [7] used the finite difference method for a
coupled system of two singularly perturbed convection —
diffusion equations.

T. Linss [8] considered an upwind finite difference
scheme on special layer adapted Shishkin and Bakhva-
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lov meshes. He showed that the error in the discrete
maximum norm is bounded by CN*InN and CN™*
for Shishkin and Bakhvalov meshes respectively, where
C is independent of the perturbation parameters g,
for k=1,---,1, and N is the number of mesh points
used.

The discrete linear systems that arise from Shishkin or
Bakhvalov meshes do not have a good condition number.
H. G. Roos in [9] showed that the condition number of
the discrete linear system associated with the upwind
schemes on Shishkin meshes for a single equation is
O(g‘ZNZm‘ZN , which is not good when & is small.
In fact, if A is the coefficient matrix of the linear
system associated with the upwind schemes on Shishkin

N2
meshes, then |A|<C 2N

and ||A‘1||§C, where

C is a constant independent of & and the norm is the
discrete maximum norm for matrices. Nevertheless, he
proposed a precondition which has reduced this condition
number to O(N2|n‘1N) .

In this paper, we study the I1I’in scheme (see [10]), for
problem (1.1). We show that for this method the error in
the discrete maximum norm is bounded by CN™, where
C is independent of the perturbation parameters &,
(k=1,---,1), and we prove that if A is the coefficients
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matrix of the linear system associated with the II’in
scheme on uniform meshes, then |A|<CN and

||<C So the condition number of the discrete
inear system associated with the II’in scheme on
uniform meshes for single equation is O(N), which is
better in comparison with the precondition of upwind
schemes on Shishkin meshes.

The paper is organized as follows: in section 2, we
give some properties of the solution of (1.1) and in
section 3, we state the difference approximation II’in
scheme. In section 4, we analyze the error of II'in
scheme applied to (1.1), and some numerical examples
are presented in section 5.

2. Properties of the Exact Solutions

In this section, we analyze the exact solution of (1.1).
Assume that ve L*([0,1]) and

={X10=x)<x <--<x, =1}, where x =ih and
h=1/N . Consider the following norms:

V1. = max|v(x)|[v

xe(0.1)
N
1,0 = hz | |Vi|’
i=0

1
M, = J v (
where v; =v(x) for i=0,---,N. Consider the fol-

lowing discrete norm:
N
h, =M., +h v

where the space W/} contains veR"™, such that
|V|,yn. <oo. Difference operators are defined as follows:
11

o = max|vil,
! X €@

o v

D*u. = Uiy — U Du = U —Ui, DOU- — Uiy Uiy
i ) ) —_—.

h ' h ' 2h

Let RV = {VERN+1

b =Vy = 0} , and consider the

oh
space W1: on R)'*'. We define the following norm on

oh N
Wi as ||v|m'1“1 = hZ|D‘vi|.
" i=1

oh

Also for the dual of W11, which is denoted by W, e
we define

where (v, f)=hY"" Vi f,. In [11], it has been shown
that

D" f

: (2.1)

0,0

L, =min]f-c

or equivalently
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[y, = min [F], (22)
- F:DTF=f

For the vector-valued fTunction
=[v, (), v (x)] , consider the infinity norm as
[vO. = max .
To estimate the error in our difference approximation,

we shall require some bounds for the derivatives of the
solution of (1.1), under the assumptions

_lzaij( )>0 a;; (X)>Oanda (x)<0

(2.3)
fori= j, xe[0,1]and i, j=1,---,1
and strict inequality hold at least for one k i.e.,
|
Ya,(x)>0 (2.4)
j=1

Lemma 2.1 If y:(yl(x),u-,yl(x))T, Ly>0 in
Q and y(0)>0,y(1)>0 then y(x)=0 in Q.
Proof. Let y/(x) be minimum at t for
(t

i=1,2,---,1,i.e, y(t)=miny;(x) and also assuming
XeQ

yj( j):ill].i.nlyi (ti) (2.5)

If y;(t;)20 the lemmais proved. So let v, (t;)<0.

It y;(t;) =y (t;) for k=1,2,--,1, then it follows

J =
that y( ):o and y”(tj)ZO.By(l.l)
Ly|[j :=—Ey"(tj)—By’(tj)+ Ay(tj)
<Ay(t) =y, (t;)Al

In this case according to (2.4) since yk( )<O the
k th component of Ay(t;) is negative, which is a
contradiction to the assumption of the lemma. If there is
a k with 1<k<I suchthat y;(t;)<y,(t;) then

~&3 (1) =b; (t;); () + mz:lajm (t)¥m (t;)

nglaxl(ym(tJ) yj(tj))ngﬂa ( )+yj(t1)§ajm(t1)'

If > oA (t) <0, it is obvious that the right

hand side of the above inequality is negative. If
> i Am(t;)=0, then since a;>0 we have

m=1l,m=j Im
Z' a. (tj)> 0 so the right hand side is negative and

m=1""Jm

again we reach a contradiction. So the lemma is proved.
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Theorem 2.2 Suppose u solves (1.1) and assume
that a; for i,j=1,---,1 satisfies (2.3) and (2.4), then
lol, <clfl.. |

By theorem 2.2, T.Linss [10] has proved the following
lemma.

Lemma 2.3 Let u be the solution of (1.1) and
suppose (1.2), (2.3) and (2.4) hold. Then for xe[0,1]

and n=0,1
c{1+ gk“exp(—ﬁﬂ b, > A,
()| < i
1-
C {1+ g;”exp(—MH b, <-4..
&

By lemma (2.3) and the application of the technique
mentioned in [12], the following lemma can be proved in
a similar way.

Lemma 2.4 Let u satisfy (1.1). If

U (x) =v, (x)+z,(x), fork =1,--,1,

where

then, for x[0,1] and n=0,1
zﬁ”)(x)‘sc.

Remark 2.5 By lemma 2.4 and direct computation,
without loss of generality, assume that b, > /3, ; hence,
we have

Lz=-&2;-b (X)z (x)+Z|:akmzm (x)

- f - mi:lakmvm (X)+ &%, (0)b, (0) b, (x)]v, ()

=0, (x)
and for n=0,1

‘gﬁ”)(x)‘sc{Hgk‘” exp[ﬂﬂ,k =1,---,1
&

25,0, &0 Dby
7 téwa Tz
h h 2h

&0y, b, 260,
| = +— 2 +akk‘2
Dy = h 2h h ’
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3. Discretization

In this section, we deal with the discretization of
prob-em (1.1) by the II’in scheme. We apply the II’in
scheme : Find U e (Ry'™*)  such that:

[LU]. :=-¢0,,,D'DU, b, DU,

i

! (3.1)
+Zlakm;JUmj = fe
for k=1,---,1 and j=1,---,N -1, where
_ : hb, (x)
o (x) =g, (x)cothq, (x) with qk(x):z_, Uy
Sy

is the approximate value for u, (xj) that is obtained by
the Iin scheme, b;=b (x;) and a,; =a./(x;)
Consider the diagonal matrices

Q(x) = diag{q, (), -, (X)}
and
coth Q(x) = diag {coth g, (x),--,coth g (X)}.
We define

_hE'B_, hE”B

2 =Q(x)cothQ(x) oth

We rewrite (1.1) in matrix form as follows:
-EX,D'DU; —BJ.DOUJ. +AU; = f,
forj=1,---N -1,

(3.2)

where U, :(Ulj,.-- U

u,)', DU, =(DU,,, -, DY, ),
DU, =(DU,;,,DU,) and

D"Uj:(DOUlj,--.,DOU,j)T The corresponding coeffi-
cient matrix in (3.1) is:

D11 D12 e D1|
Ah - D‘21 F)zz e D:2| (3.3)
D|1 DIZ T D||

where blocks D; in
diagonal blocks D,
matrices as follws

A" are (N-1)x(N-1) and
for k=1,---,1 are tridiagonal

&0k _bk;z

h? 2h

ETena | Dena 26004
- 2 + 2 a'kk;N—l
h 2h h
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and D
matrix as

for i,j=1,---,1 where i are diagonal
D; = diag{a,, &) -
Remark 3.1 When B=diag{h,---,b} is constant
and A=0, the system (1.1) is reduced to
—Eu"-Bu'=f.

Then its general solution for homogeneous equation,
which is also boundary layer function, is

&

u (x)=C, exp[—Mj forb, >0 and

u (x)=C, exp[—@j for b, <0,
k

where C, for k=1,---,1 are arbitrary constants. The
difference operator (3.2) is exact for these boundary
layer functions. i.e.,

-EX,D'D'U, -B;DU;,
for j=1,---,N-1,

=-Eu’ -B.U’
A (3.4)

where index | |qd|cates the evaluation at point X
Uy = (o) and ug =, (x;

Z ‘au‘

1 cothqk,)

— %k
h2

+ %(H coth qk;i)

In what follows, we try to estimate the condition number
of the discrete linear system associated with the II’in
scheme presented. Then we apply M-criterion [13], [14]
to obtain the condition number.

Theorem 3.2 (M-criterion). Let a matrix A satisfy
a; <0 for i=j.Then A isan M-matrix if and only
if there exists vector e>0 such that Ae>0. Further-
more, we have

. &
INE W. (3.5)

Theorem 3.3 The corresponding coefficient matrix in
(3.1) is an M-matrix and satisfies

] <cn

and

2

o112

where C is independent of N and g for k=1,--- 1
and = minkzl,m,l(ﬂk)

Proof. To evaluate the maximum norm of the matrix
A" for the ith row of the k th row of the block matrix
A" where i=1,---,N-1 and k=1,---,1, we have

I
+ Z|akm:i|
m=1

[
qu,<l coth gy ‘+2|qk,cothqk,|+2qk,cothqk, ‘qk 1+coth gy H+Z|akm?i|

h2 [CIk (COth k;i _1>+Qk;i (1+C0th Qk i J Z|akm || 2 qk ;i coth G + Z|akm ||

By

(qk;i coth g, —

See [14], we conclude that

I(N-1)
> [«
j=1

1)gC

(qk s coth g, —1+1) + Z|akm,|

m=1

2

qk;i
qk;i +1,

gk qkl +1
hz qk|+1

_Clz(bk;ingkfhz}mzzjakm”'

b;h? + 2bhe, +4s!
2(lsh+ 25, )h?

Since in singularly perturbed equations , &<h is

Copyright © 2011 SciRes.

ZI | <C (bk,h+25kJ ZI Ll

considered, hence
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I(N-1)
Z |aij|SC(bi+2jSC%:CN.
=)

Therefore,
N-1
0] S <o
i j=1

If we choose e [el --,e'o]: where e, =1+ for
bk (x)<0 and e =1-x f bc (x)>0, then Ae
for the ith row of the k th row of the block matrix A"
for case by (x)<0 we have

by hb .; by i
h _ K;i ki :
(Ael'{‘zﬁ"“[aﬁj+251“+‘4)
" hb, .:
+|:bLh'|C0th[ 2bk'l J+akk;ij|(1+ Xi)

&k

byi hbei | by
——=coth = === |(1+X
{ 2h (2gk on [(15)

|
m

+ Z Am;i€i

m=1,m=k

and from (3.1), for I¢j we have aIJ <0. Hence the
M-criterion yields that A" is an M-matrix and

1 ll 2
(Ah) < mkin(Ahe)k < 7

A similar proof is for the case by (x)>0.

Notation. Throughout the above theorem we let C
denote positive constant that may take different values in
different formulas but that are always independent of
both the perturbation parameters ¢, and of N, the
number of mesh intervals. By theorem 3.3, the condition
number of A is of order O(N). We recall that, in
theorem 3.2 and theorem 3.3, |A| is the usual
maximum norm of matrices. This shows that the matrices
arising from the II’in scheme for discretization of a
singularly perturbed differential equation are well
conditioned respect to the upwind finite difference
method applied on Shiskin or Bakhvalov meshes.

2-byi > fic>

For arbitrary U :(Ul,-~~,U|)e(R(')\H1)I , we define
L, = max il
i=1,--|
A single equation of (3.1) can be written as follows:

[LkUk]J = —&KOk (qj ) D+D7Ukj _bk;j DOUkj

|
g Uig = fiesj — Z Am; YU mj -
m=1, mzk

(3.6)
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Suppose U solves (3.1). We propose the following
lemma to obtain a bound for U.

Lemma 3.4 Suppose A is a matrix such that a; >0
and a; <0 for (i=j) and i,j=1,---,n. Alsoassume

that Zk @, 21 for j=1,--,n. Then for every arbi-
,) we have

v <A

Proof. Suppose for the element j of 7, ||, = |77,|
Without lose of generality, let |77]|—77J (otherwise we

consicr =]
n
(An), = Za,-kﬂk =agn+ Y, A,
k=1 K=Lk# ]

n
2 almd,

k=1,k#j

trary vector 7 = (1,

7

0,0

Z a1, +

(since a; <0 for j=k). Therefore

(An); —m; = aym; + a,-k|77k|—77]
K=Tk=]j
Zagn+ Y ayln|- Zajk’h
k=1,k#j
Z ajy (77k_77j)20-
k=1,k=j

So
(Ary)j >7, >0. Hence

|, = max (An),[2[(An), =, =1l

Similar to theorem 2.2, we have the following theorem
in the discrete case.

Theorem 3.5 Suppose U solves (3.1). Assume b,
and g, satisfy (1.2), (2.3) and (2.4). Then

V... <clfll...-

Proof. Dividing (3.6) by a,.;, we have
f

|:|:kUk:|j :[Lkuk]j/akk;j = a

k;j

kk; j

3.7)
a
_ km; j U
m=1,m=k akk j
The matrix associated with operator L, is a matrix
that satisfy lemma 3.4. We have
.., <[C0d,, <25
|
o
o L TR
m=1,m=k Kk
Therefore
AM
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|
[Vill... + 2 YVl <2
m=1,m=k

By (2.3) and after some manipulation, we obtain
lVl.., <clfl..-

Corollary. According to theorem 3.5, we have
Ju-vl., <C[t(u-v),,. (38)

4. Error Analysis

For the error analysis of II’in scheme applied to the
system of singularly perturbed differential equations
(1.1), suppose that b (x)>0 for i=1,---,1 and u
satisfies (1.1). Similar to lemma 2.4, we split u(x)=
v(x)+z(x), where v=(v,(x),-v (X)), z(x)=

(z,(X),...,z,(x))". So we have u,(X)=2z(x)+V,(X),
and for n=0,1

|zlﬁn)(x)m£C
and

v, (X) - & (0)

b, (0) exp(-b, (0) &, 'x).

First we analyze the truncation error in a single equation.

We introduce the continuous and discrete operators

(AV)(x)= &V (x +bivi+jik),'(s)v s)ds

(4.1)
+IZ im m dS XE(O,l),i:]_,---J
and
[Aiv]j :EiS_V-- (X)+b-.- .
N-1 | 4.2)
+ZhV,V+1D b,v+hzzalmv .
v=jm=1
where
X V., =V, ~ h
Dv=YYi"Yia gng =
o a (coth(4,)-1)

We note that h > h . We introduce the continuous and
discrete functions

fg s)ds i=1,--,1 (4.3)
and
‘hgplv [ *V%, dt‘ j V*lj s)dsdt| <
— J'Xxv+1bi! t J‘v+l r( )det
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[X*1[, gits)ds| dt<ch

|<j' v+1

N-1
Gij=;hgivlzl~--,l, j=1--- N -1, (4.4)
where g;(x) for i=1,---,I is defined in remark 2.5.
By (4.1)-(4.4), we can establlsh the following theorem.
Theorem 4.1 Let u be the solution of (1.1) and U
be the solution obtained by the II’in scheme (3.1).
Suppose the data g,.b,a,, f, €C'[0,1] for k,m=
1,---,1 satisfy (1.2), (2.3) and (2.4). Then

U -ul,, <Ch (4.5)
Proof. From lemma 2.4, we can split u(x) as

u(x)=v(x)+z(x), where v(x) is a boundary layer
function. Hence,

||U —u||w‘w = ||Z —z4+V v

0,0 = "Z - Z"oo,a) +"\/ - V"oo,w '
. From (4.1)-(4.4), we have
gjon (0,1)

First, consider ||z 2|,
LZ——(A,Z) 9i =
and
(12),
for j=0,---,N.
Thus, by (Lz)(x)=g;(x) and (LZ

L,
(Az)(x)~

=-D"(AZ), and g; =-DG,

]

)J—:gijv
s (X)=a xe(0,1) and

. 4.6
(AZ)J.— u_}/! J:O!"'vN ( )
with constants « and y.
From (2.1),
|5 (z=2),, =minlAG-2)+d,,
Taking ¢c=y—a , from (4.6) we get
||Li (Z_Z)uw_hm s"Az—gi (x).2=G; +g, (x)"w
Furthermore,
(Az-Az-G +g), =& (Dz-7 ) +Zh¢|v

—I o (s

where

s)ds+ th, Db, —[™ (bz,)(s)ds,
J

goi:Zlmm gl

m=1

Applying Taylor expansion with the integral remainder
form and using lemma 2.4 and remark 2.5, we have

i v+1 IXV+1 dt |

()2 (s ds‘dt <Ch,
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and

gi(f)‘zi—zi’)j‘:

%[(ﬁ_ h) z'+j:ljlxvz{'(5)d5dt}‘

_[ W J'txvzi"(s) dsdt
X

s%(ﬁ—h)|zi’|+%

On the other hand, we have
i _
F(h—h) =g (1—qi (coth(qi)—l))
<gq = b'—zh <Ch.

Hence

gi(f)‘zi—zi’)‘

i
<Ch +%D‘::_lj‘; (gi +bz/ - mzlz‘iaimzmjdsdtj <Ch.
Thus
|Az-6z-G+g],, <Ch.
In [15] it has been shown that

225 @2,

Hence we have

0,0

|z - z||m <Ch. 4.7

To bound the boundary layer function v(x)=
(v (x),+-,v(x)) , adirect computation gives

Lv=-E"B(0)[ B(0)-B(x)]v+Av,
and, in the grid points we can write

LV = Zsinn(Q(x)) B(x)sinh (Q(0))

sinh (Q(x)—Q(0))V +AV.

By a technique used in [9], we can show that
Jv-v],=<ch. (4.8)

So by (4.7) and (4.8) we have
Ju-u],, <Ch.

This completes the proof of the theorem.
5. Numerical Experiments
In this section, we compare the II’in scheme with the
upwind finite difference scheme (see [8,15]) for the

following two examples.
Example 1. Consider

Copyright © 2011 SciRes.

—gUu/—u; +2u, —u, = €* u, (0)=u,(1)=0,

—&,Uy —2uy —U, +4u, =cos(x) U, (0)=u,(1)=0,
In this example, we expect two layersat x =0 which

behave like exp(—lj for b =1 and like exp[—ﬁj

& &
for b,=2. Let £ =10" and &,=10", which are
sufficiently small values to bring out the singularly
perturbed nature of the problem. The exact solution to
the test problem is not available, so we estimate the
accuracy of the numerical solution by comparing it to the
numerical solution computed on the finer mesh. Let U"
be a numerical solution in N grid point. We estimate
the error by

o -]
The rates of convergence r" are computed using the
following formula:

o v

N _ 0,0

r' =log, ”UZN —U“N” :
00, @

For the upwind scheme we use Shishkin mesh with
=m and 7, = min(%,g2 log N]. We divide the inter-

vals [0,7,] and [7,7,] into N/4 subintervals and [z,,1]
into N/2 subintervals of equal length. For 1I’in scheme,
we use the uniform mesh and divide the interval [0,1]
into N subintervals of equal length. Numerical results
are contained in Table 1. From this Table, we observe
that the II’in scheme is a first order uniformly convergent
method.

Example 2. Let

—gU'—3u +u, —u, =e*

—&,Uy +0.5u; + U, —u, = cos(X)
—&3Uz —(5-X)u; —u, +2u; =1+ x°.

In this example, we expect layers exp(-(3x/¢,)),

Table 1. Numerical results for example 1.

upwind 1%in
scheme scheme
N Error Rate (rN ) Error Rate (r N )
128 4.62e-2 0.8019 5.00e - 3 1
256 2.65e-2 0.8461 2.50e-3 1
512 1.48e-2 0.8945 1.25e-3 1
1024 7.90e-3 0.9462 6.30e - 4 1
2048 4.10e-3 - - -
AM
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Table 2. Numerical results for example 2.

Upwind 1’in
scheme scheme
N Error Rate Error Rate
32 1.03e-2 1.0429 9.6e-3 0.9652
64 5.0e-2 0.9685 49 -3 0.9826
128 2.55e-2 0.9439 25e-3 0.9913
256 1.33e-2 0.9382 13e-3 0.9957
512 6.9e-3 0.9384 6.0e-4 1
1024 3.6e-3 - 3.0e-4 -
exp[—o's(l_x)], exp(—sxj. Let & =10° , £=10"
&, &

and &,=10°. We use the upwind finite difference
scheme on a Shishkin mesh(See [11]). Assume that,

7, =min i,ilnN ,T, =Mmin §,1—ﬁlnN ,
2 3 4 0.5

T, = min{l,ﬁln N},
25
with & =min{s,s,} and & =max{e,&} . Then the
mesh is obtained by dividing each of the intervals
[0.7].[7.7,]).[77] and [z;,1] into N/4 subintervals.
Numerical results are shown in Table 2.

From Table 1 and Table 2 we see that the rate of
convergence for II’in scheme is close to 1, which agree
with the convergence estimate of theorem 4.1. Numerical
results confirm the theoretical results.
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