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Abstract

In this paper a Vertex Covering Obnoxious Facility Location model on a Plane has been designed with a
combination of three interacting criteria as follows: 1) Minimize the overall importance of the various exist-
ing facility points; 2) Maximize the minimum distance from the facility to be located to the existing facility
points; 3) Maximize the number of existing facility points covered. Area restriction concept has been incor-
porated so that the facility to be located should be within certain restricted area. The model developed here is
a class of maximal covering problem, that is covering maximum number of points where the facility is within
the upper bounds of the corresponding mth feasible region. Two types of compromise solution methods have
been designed to get a satisfactory solution of the multi-objective problem. A transformed non-linear pro-
gramming algorithm has been designed for the proposed non-linear model. Rectilinear distance norm has
been considered as the distance measure as it is more appropriate to various realistic situations. A numerical

example has been presented to illustrate the solution algorithm.
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1. Introduction

For service facility location problems when the costs are
the increasing function of distance, it is reasonable to
consider either minimum of the sum of distances or the
weighted distances. On the other hand, for some vital fa-
cilities it may be desired to minimize the maximum dis-
tances. However, there are types of location situations
where cost decreases as distance increases and is consid-
ered the name in the literature as the obnoxious or unde-
sirable facility location problems.

Erkut and Neuman [1] have given an excellent survey
on undesirable facility location problems. Models con-
taining maximization of some function of distances as
one of the objectives were considered for analysis. Ex-
amples appropriate for the above cases are garbage dump,
chemical plant or a nuclear reactor. Another type of
problems called semi desirable, have been found in the
literature. Examples appropriate for these models are
baseball stadium, incineration plants etc.

In the location literature many people have worked on
MAXIMIN criterion with Euclidean distances. Shamos [2]
defines the unweighted MAXIMIN problem as the largest
empty circle problem in R? and provides an algorithm

Copyright © 2011 SciRes.

for solving that problem. Dasarathy and White [3] ex-
tended the unweighted maximin problem to a higher di-
mensional space and a convex feasible region. They pro-
vide an algorithm for a three dimensional space. Drezner
and Wesolowsky [4] present a solution to a maximin pro-
blem assuming a feasible region which is the intersection
of the circles of prescribed radii whose centers are existing
facility points. Melachrinoudis and Cullinane [5] solved
maximin problem for the case of non convex feasible re-
gion S in the presence of forbidden circles.

Drezner and Wesolowsky [6] first introduced the rec-
tilinear maximin problem for locating an obnoxious fa-
cility. They developed a solution procedure by dividing
the feasible region into rectilinear sub regions and solv-
ing a linear programming problem for each of this sub
regions. Melachrinoudis [7] proved several properties of
the optimal solution, developed elimination strategies for
the sub regions and solved the duals of the LPs for the
remaining sub regions. Mehrez et al. [8] suggested an
improvement of Drezner and Wesolowsky’s algorithm,
based on bounds, which reduces the size as well as the
number of sub problems to be solved. Arie Tamir [9] has
presented a subquadratic algorithm for location two ob-
noxious facilities using the weighted maximin criterion.
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Banez et. al. [10] have considered a problem of locat-
ing an obnoxious plane and solved in O(n®) time and
O(n?) space. Plastria and Carrizosa [11] have considered
of locating an undesirable facility within some feasible
region of any shape in the plane or on a planar network
by considering two criteria: a radius of influence to be
maximized and the total covered population to be mini-
mized. Low complexity polynomial algorithms are de-
rived to determine all non dominated solutions.

A bibliography for some fundamental problem catego-
ries such covering models are given by C.S. Revelle,
H.A. Eiselt, M.S. Daskin [12].

In this present investigation a vertex covering obnox-
ious facility location model has been designed with multi-
ple objectives. In this model weights as importance has
been assigned to the various demand points and considers
as a separate objective. Because of undesirable facility, the
facility points which has to be kept more distance away
from the undesirable facility location should be given less
weitages compared to the facility points which may be
kept comparatively closer. The problem has been modeled
as a pure planar location problem. Area restriction concept
has been incorporated so that the facility to be located
should be within certain restricted area. Incorporation of
the area restriction has been implemented by inducting a
convex polygon in the feasible region. Another advantage
of introduction of a convex polygon in the constraint set is
that it might reduce the number of transformed non-linear
programming problems to be solved. Two types of com-
promise solution methods have been designed to get the
satisfactory solution of the original multi-objective non
linear model. The proposed model has another advantage
to give different weightages to the different criteria sepa-
rately to reach out to a desired compromise solution. Rec-
tilinear distance norm has been considered as a distance
measure to design the model. A numerical example has
been presented to illustrate the solution algorithm.

Preliminaries are mentioned in Section 2. Model for-
mulation for the vertex covering obnoxious facility
problem has been given in Section 3. An algorithm has
been designed in Section 4. A numerical example has
been presented in Section 5. Concluding remarks are
made in Section 6.

2. Preliminaries

1-Maxi-min Problem: Single facility location problem
with maximum objective can be broadly classified into
maximin and maxi sum objectives. The problem 1-maxi
min which is under study in this paper is described below.

Let (a.b)for i=12---,n be the location of n de-
mand points. (X,Y) be the co-ordinates of the facility
to be located.

Then F(x,y)=min{|x-a|+|y-b[} be the mini-
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mum rectangular distances from the facility to the de-
mand point i. Then the mathematical model is
Max F (X, y)
subject to
AX <b,x>0.

3. Mathematical Formulation

Let (&.b) be the location of the ith existing facility

and (X,¥) is the coordinates of the point to be located.

The objective corresponding to the Minimize the overall

importance of the various demand points is formulated as
P1.

Min Zn:WiXi
i=1

where X =

L |x—a]+|y-b|>Z
0 Otherwise

and w; is the weights as importance assigned to the ith
demand points for every i.

The objective corresponding to maximize the mini-
mum distance from the facility to the demand points ob-
jective can be written as follows.

P2.
Maximize ~ {Minimize d,(x,y)}
(x,y)es i
where d (x,y)=|x—a|+|y-hb]

The third objective maximize the demand units cov-
ered can be formulated as
P3.

Maximize >

where X; is as defined earlier.

Thus the multi-objective formulation of the vertex
covering obnoxious facility location problem may be
written as follows

P4,
Minimize D wx,
i=1
Maximize Z
n
Maximize >
i=1
subject to,
x—a|+|y-b|>Z, i=12-n
C X+CLYy<C, j=12,---,k

(x,y)eS
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L if|x-a|+|ly-h|=Z

where X = :
0 Otherwise

4. Algorithm for Vertex Covering Obnoxious
Facility Location Problem

Let us consider the grid of lines formed by drawing hori-
zontal and vertical lines through every demand point
(a.b;). This will form at most (n+1)" rectangular re-
gions, some of them bounded by infinity. Consider now
the mathematical formulation which may be written as
P5.
Maximize Z

n
Minimize zWiXi
i=1
n
Maximize zxi
i=1
subject to,
|x—a|+]y—b|=ZX;, i=12--,n
Z,<UB,
CpX+Cp Y <Cy j=12k
where X, = L if|x_ai.|+|y—bi|221
0 Otherwise

and UB,, is the upper bound corresponding to the rec-
tangle m.

Next to find the upper bound inside rectangle m. The
maximum value of Z; on mis as given below:

Z, = Max{Min(|X—ai|+|y_bi|)}
(x,y)em i
< Min{MaX(|X—ai|+|y_bi|)}

i (x,y)em

The maximum inside rectangle m must occur on V,
where V is the set of four vertices of the rectangle (some
of this vertices may be at infinity). Hence, an upper
boundon Z; is

UB, = Min{Max(|x—ai|+|y—bi|)}

i (x,y)em

For an open rectangle UB in infinite.

The single objective formulation of the above mul-
ti-objective problem is as given below.

The non-linear constraints of Problem (5) can be bro-
ken down into four alternative sub problems by using the
inequality relations. The four sub problems are as follows.
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P6.
Maximize

Minimize
Maximize

subject to,

or
P7.
Maximize

Minimize
Maximize

subject to,

or P8.
Maximize

Minimize
Maximize

subject to,

or P9.
Maximize

Minimize
Maximize

subject to,

X+y—a—-b+2x2>0
Z,<UB,

Cj1X+Cj2ySCj3,

X—y—-a+b-2,x >0
Z,<UB,

CJ'1X+CJ'2y£CJ'3’

X—y—a+b+2x >0

Z,<UB,

cX+c,y<c,, Jj=12,-

X—y+a+b-2,x>0

Z,<UB,

j=12,-

j=1,2,"'
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C,X+Cy<Cy j=12,--- k.

For all the four problems P6 - P9
L)L if [x—a;|+|y—b|>Z,
' |0 Otherwise

And UB_ is the upper bound corresponding to the
rectangle m.

For solving the above multi-objective problem two
approaches are suggested.

Type I Compromise solution:

Define the variable U, in such a way that

Z,(X
Uy =[L} Xes
Zk

For getting the compromise solution following objec-
tive function is defined.
P10.

Maximize=V =6U, +6,U, - 6U,
suchthat X €S

Where Z, is the maximum value of Z, over the
constraint set. Z, can be obtained by solving the indi-
vidual single objective problem. 6, is the weight at-
tached to the ith objective function.

The problem thus transformed to four sets as the con-
straints given in P6, P7, P8, P9 with objective function
for all the problems as given in P10.

Type II compromise solution

The second type of compromise solution is obtained
by defining the objective function

P11.

3
Minimize W =>6U;
k=1

Where U, is defined as follows:

U, =[1_ flz(l.x j’UZ {L%;()j,ug :[1_[%(;()}]

Where Z, is the maximum value of Z, over the
constraint set. Z, can be obtained by solving the indi-
vidual single objective problem. &, is the weight at-
tached to the ith objective function. Adjustmentin U, to
avoid zero in the denominator.

The Algorithm for solving multi objective formulation
of the Obnoxious Facility Location Problem is as given
below.

Step-1. Formulate the multi-objective problem as
given in P10 for Type I compromise solution and P11
for Type II compromise solution. Choose the weightages
to be assigned to the different objectives.

Step-2. Find the enclosing feasible rectangle by the

Copyright © 2011 SciRes.

procedure-1.

Step-3. Restrict the grid and rectangles to be considered
to those that lie within the enclosing feasible rectangle.

Step-4. Eliminate all infeasible rectangles by Result 1.

Step-5. Find the upper bound on Z, for all the re-
maining rectangles by using Procedure 1. Sort these up-
per bounds of Z, from the largest to the smallest.

Step-6. Solve the multi-objective non-linear program-
ming problem by breaking the problem into four alterna-
tive sub problems.

Step-7. Solve the sub problems starting with the rec-
tangle with the highest upper bound on Z,. Stop when
the upper bound for the next rectangle is not greater than
the best Z, value solution found so far.

Step-8. Take the solution of the sub problem which
gives maximum objective function value for type

I compromise solution and the solution of the sub prob-
lem which gives minimum objective function value.

Procedure 1. Find the enclosing feasible rectangle
(Drezner & Wesolowsky (1983)).

To find x= X, the left vertical line defining the rec-
tangle, solve a linear programming problem with x as the
objective to be minimized and the constraints ().

Maximizing x will give X, , which defines the right
vertical line. The lower and upper horizontal lines
y=Y_ and y=Y, arefound similarly.

Let us consider the rectangle m defined by the lines

X=a X=3a y=ph Y=b, where & <&, and

b, <b, . Also we define the segments |:X(Li) < XS)] and
[y <] where X0 <xy00 < ) these are the

parts of the line respectively y=Db, and x=a;.

Result 1. If all the following conditions hold, then
there is no feasible point inside rectangle m (Drezner &
Wesolowsky (1983)).

NARS b, or v < b, 1)
yi? > b, or yi*) <b, 0
X2 >a, or ¥ <a ©))
X >a, or xi* <a (4)

5. Numerical Example

Let A(2,1), B(3,5), C(6,9), D(4,1), E(9,7) be the five de-
mand points on a plane, and 3x+5y <45, 5x+4y<42,
x>0,y>0 are the boundary of the convex feasible re-
gion. Let the weights attached to the five demand points
are 0.30, 0.15, 0.20, 0.10, 0.25 respectively.

The upper bound corresponding to the twenty feasible
rectangles (see Figure 1) are obtained by procedure 1
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and theorem 1 and are given in the sorted form, starting
from largest to the smallest in Table 1.

For Type I compromise solution

In the first iteration the mathematical programming
formulation of the first sub problem corresponding to the
highest upper bound of Z, as 9 is given in the following

Maximize V =0.4Z,(0.11)+0.06Z, —-0.3Z,
Subject to,
X+y—-2-1+7Zx =0;
X+y—-8+7Z%,2>0;
X+y-15+7Zx, 20;
X+y—-5+7Zx,20;
X+Yy-16+27Z,% >0;
X+ X, + X+ X, + % —2, =0;
0.3x, +0.15x, +0.2x, +0.1x, +0.25%;5- 2, = 0;
3x+5y <45
5x+4y < 40;
x>0;y>0;
X Xy s Xg Xy s Xg 2(0'1);
Z,<9;
Where 9,5,1 are the ideal solutions obtained for the
first, second and the third objectives respectively. The

weights attached to the three objectives are 0.4,0.3,0.3
respectively.

Solution obtained for is as given below:

SP-1

V =0.426,
2,=9172,=4,7,=0.17,
x=1.53, y=8.07,

X1=0| X2=X3=X4=X5=1

Similarly the solutions for the other sub problems are
as given below.

SP-2

V =0.411,

2,=92,=12,=0.15,

x=8, y=0,

X =%X=X=%=0,Xx=1

SP-3

V =0.426,

Z,=92,=1272,=0.10,

x=0,y=9,

X =%X=%X=%=0Xx,=1

SP-4

V =0.396

2,=972,=0,Z,=0,

x=0,y=0,

X1=X2=X3:X4=XS=O

Table 1. Upper bound for various rectangles.

Rectangle Number 10 6 9 5 7 8 11 14

5 16 17 18 19 20 1 4 12 13 2 3

UB, 9 6 6 6 5 5 5 5

5 5 5 5 4 5 3 3 3 3 2 2

10

9

8

0 1 2 3 4

5 6 7 8 9 10

Figure 1. Rectangles.
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If we go to the next iteration with the next Z, value,
the solution obtained can not dominate the Z, value sat-
isfactory solution for the multi-objective problem are the
solutions of SP-1 and SP-3. So in this case we are get-
ting the alternative optimal compromise solutions.

For Type II compromise solution

In the first iteration the mathematical programming
formulation of the first sub problem corresponding to the
highest upper bound of Z, as 9 is given in the following.

Minimize
W =0.4[1-Z,(0.11)] *+0.3[1- Z,(0.2)] *+0.3(1- Z,)*

Subject to,

X+y-2-1+7,% >0;
X+y—-8+27Z,% 20
X+Yy-15+7Z% 20;
X+y-5+7x, 20;
X+y-16+27,% =0,

X, + Xy + Xy + Xy + X =2, =0
0.3x, +0.15%, +0.2%, +0.1x, + 0.25%, — z, = 0;
3x+5y <45

5x+4y < 40;

x>0;y>0;

Xy %o, Xg, X, % = (0,1);

Z, <09,

The solution obtained by using software LINGO for the
four sub problems are as given below. The weights at-
tached to the three objectives are 0.4,0.3,0.3 respectively.

SP-1

W = 0.4E-04

Z,=972,=52,=1

x=7,y=0,

X, =X, =X =X, =% =1

Similarly the solution obtained for the other three sub
problems are as given below.

SP-2

W =0.5887

Z,=92,=12,=0.15,

x=8,y=0,

X =X =X=%=0,x=1

SP-3

W =0.555

2,=92,=12,=0.10,

x=0,y=9,

X=X, =% =X%=0,%,=1

SP-4
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W =0.594
Z,=87,=112,=0.10,
x=0,y=0,

X=X =X,=X%=0,x%=1

The solution obtained with the next Z, wvalue can not
dominate the solution obtained so far. Thus we stop the
process here and the satisfactory solution for the multi-
objective problem by using Type II compromise solu-
tion methods are the solution of SP-1.

In the Type I compromise solution method we have
got the alternative optimal solutions where as for the
Type II compromise solution method we have got first
sub problem as the optimal compromise solution.

6. Concluding Remarks

e In this paper a vertex covering obnoxious facility
location problem has been modeled as a mul-
ti-objective planar location model.

e A modified non linear programming algorithm has
been designed to solve the proposed model.

e Two types of compromise solution methods have been
designed. In the first method each individual objec-
tives are divided by the ideal solutions and the sum of
them are maximized. Where as in the second method
each objective deviations have been divided by the
ideal solution and square of them has been minimized.

e Other distance norm such as Euclidean, Geodesic etc.
may be considered to model various other situations.

e Models with general feasible regions (Union of dis-
joint and non-convex sets) may be considered to mo-
del various geographic regions.

e The model developed here is a class of maximal cov-
ering problem, that is covering maximum number of
points where the facility is within the upper bounds of
the corresponding mth feasible region.
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