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Abstract

We studied the normality criterion for families of meromorphic functions which related to One-way sharing
set, and obtain two normal criterions, which improve the previous results.
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1. Introduction

For Shared values, Schwick proved the following result
[1]:

Theorem A Let F be a family of meromorphic func-
tions in the domain D, a,, a, and a, be three finite
complex numbers. If for every

feF.E.(a)=E (a)(i=123)

then F is normal in D.

In 2000, Pang Xue-cheng and Zalcman generalized the
Schwick’s result [2]:

Theorem B Let F be meromorphic functions family in
the domain D, and &, a, be two complex number. If
for every

feF,E (a)=E (a)(i=12)
then F is normal in D.

Definition For a,b are two distinct complex values,
we have set S ={a,b} and

E,(S)=E(a b)

{z ( -a)(f z)—b):O,ZGD}

If E,(S)=E, (S) we call that f and g share S in D;
If E,(S)<E,(S), we call that f and g share S by
One-way in D.

For shared set, W. H. Zhang obtained important results
[3]:

Theorem C Let F be a family of meromorphic func-
tions in the unit disc A, a and b be two distinct nonzero
complex value, S ={a,b}, If for every feF, all of
whose zeros is multiple, E; (S)=E,(S), then F is
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normalon A.

W. H. Zhang continued considering the relation be-
tween normality and the shared set, and proved the next
result [4]:

Theorem D Let F be meromorphic functions family
in the unit disk A, a and b be two distinct nonzero com-
plex values. If for every f € F, all of whose zeros is
multiplicity k+1 at least (k is a positive integer),
E ) (S)=E;(S), then Fisnormalin A.

For shared set by One-way, Lv Feng-jiao got follow-
ing theorem in [5]:

Theorem E Let F be a family of meromorphic func-
tion in the unit disk A, a and b is two distinct nonzero
complex values, kis positive integer, S ={a,b}. If for
every f e F, all of whose zeros have multiplicity k+1
at least, Ef(k) (S)< E;(S),then Fisnormalin A.

In 2007, Pang Xue-cheng proved the following im-
portant results in [6]:

Theorem F Let F be meromorphic functions family in
D, S={a,a,,a,.IfforeveryfeF E,(S)=E(S),
then F is normal on D.

To promote the results of Pang Xue-cheng, we con-
tinue to discuss about normality theorem of meromorphic
functions families concerning shared set and shared set
by one-way, and obtain our main results as follow.

Theorem 1 Let F be meromorphic functions fami-
liesinD, S={a,a,,a},a, =3 (i=1,23).

If for every feF, E, (S)cE(S), and f'=a,
whenever f =a,, then F is normal on D.

Theorem 2 Let F be meromorphic functions fami-
lies in D, S={a,a,},a,€C . If for every feF,
E.(S')=E,(S),and f'=a,, whenever f =a,, then
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F is normal on D.
2. Lemmas

Lemma 1 [7] Let F be meromorphic functions families
in the unit disk A, all of whose zeros have multiplicity
k at least, and A>0. If forevery feF, |f’(z)|s A
whenever f(z)=0. If Fisnotnormalin A, then for
every 0<a <1, there exists

1) a positive number r,0<r <1,

2) complex sequence z,,|z,|<r,

3) Functions sequence f, e F,

4) and positive sequence p, - 0",
such that g, (¢)=p"f,(z,+p,¢) converges locally
and uniformly to a noncontant meromorphic function
9(¢),and g*(¢)<g*(0)=kA+1. Where

g# é’ :M_
1+]g(¢)

Lemma 2 [8] Let f be meromorphic function with

finite order on the open plane C, and a,,a,,a, be three

finite complex values. If f(z) have only finite zero,
and

f(z)=0= f'(z)eS={a,a, 3}

then f isa rational function.

3. Proof of Theorem 1

Suppose that F be not normal in A, then by Lemma 1
we have that there exists

f,eF,z,eA and p, >0,

such that g, (&)= p;* {1, (z, + p,&)—a,} > 9(&) con-
verges locally and uniformly to a honcontant meromor-
phic function g(¢). We claim that the following con-
clusions hold.

1 g(&)=0=>09'(&)=a,;
2° 9" (&)< g"(0)=]|a,|+1;
3" g'(¢)es;

It is not difficult to prove claims 1°,2°, in what fol-
low, we complete the proof of the claim 3°. Suppose
that there exists & eC such that g'(&)=a;. Obvi-
ously, g'(&)#a, in fact, if g(&)=ac+c,, itis a
contradictions for 1°. Thus from Hurwitz Theorem, we
know that there exists a point sequence & — &, such
that g, (&, )—a =0, for sufficiently large n, that is

fn’(Zn +pn§n)= ai '
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Obviously, g,(&,) = p,' (8 —a,) >, as n—>wx.
Thus g(.fo):oo, this is a contradiction. Hence, claim
3° holds.

From claim 3° we have that

9'(&)=a(i=12,3)

So g'(¢&) is identical in nonconstant. Again because
claim 1°,weknow g(¢)=a,(¢-¢&) and

la,| la|  [&l<1
= l .
oS %=1

1+|a4§0
Clearly, this is a contradictions for claim 2°. There-
fore, F is normal in D. The proof of Theorem 1 is com-
pleted.

4. Proof of Theorem 2

Suppose that F is not normal in A, by Lemma 1 there
exists f, eF,z,eA and p, -0, such that g, (&)
=f,(z,+p,¢) > 9(£) converges locally and uni-
formly to a noncontant meromorphic function g(¢&)
with finite orders, there g*(&)<g”(0).

We assertsthat g(&)eS=g'(£)=0.

In fact, suppose that there exists & €C, such that
9(&)eS , thus there exists & (i=1,2) such that
g (é:o ) =&

From Hurwitz Theorem and g (&) # a;, we have there
exists & — & such that g (& )=a;, that is g,(<&,)
=f,(z,+p,&) =4 for sufficiently large n. Thus in
contrast with conditions of Theorem, we get
f.' (z,+p,&) €S . Obviously, ‘fn’ (2, + poé, )‘ <A. So
weget g'(&)=0.

Since g(&) is anonconstant entire function, without
loss of generality, we assume that g(g)—a1 have zero
on C for a,, and consider function sequence G, (&):

O, (5)_a1 _ fn (Zn +pn§)_a1

Pn Pn

Obviously, {G,} isnotnormalin zeroof g(&)-a,.
In fact, if & is zero of g(&)-a,, then G, (&)
=0= f,(z,+p,&)=0. With conditions of Theorem,
we get |f'(z, +pn§0n)l <A and |Gn' (& )| <A. There-
fore, {G,} isnotnormalin zeroof g(&)-a, . So there
exists G,, & €A and 7, —> 07, such that

F.(£)=1,"G, (& +n<)
=790 (& +mg) -2 |5 F ()

converges locally and uniformly to a noncontant and
meromorphic function F(¢) with finite order, and
1° the number of zeros of F(¢) is finite,

G, (¢)=
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2° F(¢)=0=F'({)eSU{a},
¥ F'(¢)eS=F(¢)=0,
2 F(g)=o=(YF(Q))

In fact, suppose that &, is the zero of g(&)-a
with order k. If there exists k+1 distinct &,,4,...¢, 4
at least, such that F(¢;)=0,j=12,-k+1.

By Hurwitz Theorem, it is certainly that there exist a
positive integer N, such that Fn(gnjzo,jzl,z,---,k +1
as n> N . Thus,

00 (&0 48, )2 =0

Since §n+77n§nj >& (o), j=12..,k+1, we
deduce that & is a zero of g(&)-a, with k+1
orders, this is a contradictions for suppose. Therefore
zeros numbers of F(¢) is finite.

Suppose that ¢, is a zero of F(¢,)=0. For
F({)#0 and Hurwitz theorem, we know that there
exists sequence ¢, — ¢, such that

=0
¢=¢o

fn Z, + P, §n+77n§n -8

fol 2.+ 00 (& +m8) =2

Thus, we get f,'[z,+p, (& +7,4,)]eSU{a;} and
subsequence f, € F such that

fn' I:Zn +pn (é:n +’7né/n ):| - a'i’

:O,

thus F,(é/O) =S r!E;To]o fn,|:zn + 0, (§n+nn§n)] € SU{aS}’

for a eSU{a,}.

If there exists ¢, such that F'(¢,)eS, that is,
there exists a €S such that F'({,)=a . Since
F'({)#4a;, by Hurwitz theorem, there exists ¢, — ¢,
such that

Fl(&)=f[z.+p (& +ms)] =4

Hence, f,[z,+p,(&+m¢,)]eS, F'($)eS.
If there exists N such that

1:n|:zn +pn(§n+77n§n):|¢al for n>N,
we get

F (&)= Ilim b

n—oo

|:Zn + Pn (an +77n§n)]_al _
Prlln

This contradicts F'(¢,)=a,. Thus exists subsequence

f,.suchthat f[z,+p,(&+7,¢,)]=a forevery n.
Therefore,
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i fol 2o+ 00 (& +180) -2,

F(<,)= =0
(Go) =1 Puly
Now we prove that F(;O):oo:{%J =0.
¢=¢o
Since
1 m T M
Fn (g) a3 _afl. Gn (gn +77n§) a3 _al
— 77n _ ’7n _>0
gn(§n+nn§)_a1 aS_al
. 1 n
there exists ¢, — ¢, such that -—1—=0,
é/ élo Fn(é,n) a3_a1
we get
fol 2o+ 00 (& +m80) ] =2,
thus
fn,|:zn+pn(§n+77n§n):|:a3’
thatis, F,(¢,)=a,. Therefore,
[ L J __Fl { a’(an)}_
=re) =\ N -
F(Z) F(0),.. == F(d)

¢=Co

So far, we give complete proofs of all assertion. Next
we will complete the proof of theorem 2 using assertion
1°~4°.

By Lemma 2 and assertion 2°, we get that F (&) is
a rational function. Again by assertion 4°, it is clear that
the pole of F be multiple. If G, is not normal at &,
thus &, be zero of g(&)-a, . By the isolation of zero,
we have that G, are holomorphic functions at &, for
sufficiently large n. We get that F,(¢)=n,'G, (&, +7,¢)
are holomorphic functions in [¢|<R for sufficiently
large R, thus F(¢) be nonconstant holomorphic
functions in C . Therefore F(¢) be a polynomial. Let
it, sorderis p(p>0). Thus,

T(r,F)=(p-1)(Inr),
N(r,F)=p(Inr) and S(r,F')=0(1)

Therefore, 2(p-1)(Inr)<p(Inr)+0O(1),r > . We
get 0<p<2 easily.

If p=1, thus F({)=c,¢+¢(c#0), by 2° and
3%, we find that there exists a, for every ¢, such that
F'({)=4a,. Therefore ¢ be an zero of F(¢). But
F(£) have only a zero, this is a contradiction.

If p=2,thus
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F(¢)=¢(&~¢o)(¢—=¢)(co #0,80 % &)

As aresult, F'({)=c,(2{-¢,—¢,). Obviously ze-
ros of F'({)—a are (a +cydy+C,¢1)/(2¢,). Hence
we get that F (&) have three zeros, this still is a con-
tradiction from

F(§)=CO(§—§0)(§—§1)(CO ¢01§0 ¢§1)

and the proof of theorem 2 is completed.
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