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Abstract 
Gait planning based on linear inverted pendulum (LIPM) on structured road surface can be quick-
ly generated because of the simple model and definite physical meaning. However, over-simplifi- 
cation of the model and discontents of zero velocity and acceleration boundary conditions when 
robot starts and stops walking lead to obvious difference between the model and the real robot. In 
this paper, parameterized gait is planned and trajectories’ smoothness of each joint angle and 
centroid are ensured using the 3-D LIPM theory. Static walking method is used to satisfy zero ve-
locity and acceleration boundary conditions. Besides, a multi-link model is built to validate the 
stability. Simulation experiments show that: despite of some deviation from the theoretical solu-
tion, the actual zero-moment point (ZMP) is still within the support polygon, and the robot walks 
steadily. In consequence, the rationality and validity of model simplification of LIPM is demon-
strated. 
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1. Introduction 
Reasonable walking pattern planning is the foundation to achieve stable bipedal walking due to the complexity 
of a humanoid robot mechanism. So far the mainstream gait planning methods are based on the simplified phys-
ical model [1], the bionics [2], the energy optimal method [3], the intelligence technology [4] et al. The first 
method has a simple model and definite physical meaning, but the robustness, Anti-jamming ability and adapta-
bility to the practical walking environment are poor due to the oversimplification from the real model. The da-
tabase does not have the feature for sharing due to the difference between the robot and the human for the 
second method. The gait planning method based on energy optimization can not be used to real-time application 
for its complexity in modeling and optimization procedure. The intelligent algorithm was proposed in recent 
years and there are a series of problems remained to be solved, including the algorithm’s effectiveness, real-time 
performance, convergence et al. [5]. This paper is confined to the robot walking on flat ground, which is simple 
but the robot might lose its stability if an unsuitable walking pattern and gait parameters are selected. The 3-D 
LIPM is used for gait planning, thus leading to simple formula, definite physical meaning and outstanding adap-
tability to structured roads. 
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The ultimate aim of gait planning is to realize a stable walking, so walking stability needed to be checked to 
confirm the feasibility and effectiveness of the gait planning. The model of 3-D LIPM has deviations with real 
robot on its assumption that the mass of the robot is condensed to one point and the mass of lower limbs is neg-
lected [6], which will usually lend to instability. So in this paper, walking stability based on the ZMP stability 
criterion is calculated by using a multi-link model which is closer to the real robot by considering the lower 
limbs’ mass. Meanwhile the virtual prototype is built for simulation. Through these two treatments, the rational-
ity and validity of the simplification of the 3-D LIPM is verified.  

2. Humanoid Robot Kinematics Modeling 
The robot can be simplified into a multi-link model of 12 degrees of freedom assuming that the upper body 
keeps upright and relative rest when it walks. The local coordinate system at each joint is set up as Figure 1 by 
D-H rule [7]. The 0 coordination is the world coordinate system (WCS) fixed on the ground. 1 - 12 coordina-
tions are the local coordinations. After calculating the homogeneous transformation matrixes between the local 
coordinations, and knowing the angles at each joint, the WCS coordinates of any point in the local coordinate 
system can be calculated based on the chain rule of homogeneous transformation, thus providing the WCS coor-
dinates and orientations of each link for stability validation. 

3. Humanoid Robot Gait Planning 
Each joint angle trajectory can be calculated by inverse kinematics once the trajectories of the center of mass 
(CM) and the swing legs are planned, thus the corresponding gaits are generated. The trajectories of swing legs 
are fitted by polynomial interpolation through the parameters as step length, step cycle, zero speed and zero ac-
celeration at the time swing leg leaving and landing ground. Here we focus on the design of trajectory for CM.  

3.1. Trajectory of CM 
Figure 2 shows the 3-D LIPM which is proposed for trajectory planning of CM under the assumption that the 
mass of lower limbs is neglected, the mass of the upper body is condensed to one point and its vertical height 

cz  remains constant.  
 

     
(a)                                    (b) 

Figure 1. Virtual prototype and multi-link model: (a) Virtual prototype 
model; (b) Multi-link model. 
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Figure 2. 3-D LIPM model and its trajectory. 

 
In this case, the motion differential equations of 3-D LIPM are given by: 
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And the first derivatives versus time are:  
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where, gc cT z= . 

3.1.1. Middle Gait 
For single leg support phase: assuming the time section is [ ]0,T , the CM trajectory component for x  vector 
and y  vector are ( )1nx t  and ( )1ny t , respectively. Because of symmetry and periodicity conditions, it is re-
quired that: 
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Substituting Equation (4) into Equation (3), one gets 
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When the initial CM positions ( )1 0nx  and ( )1 0ny  are given, the trajectory of CM can be calculated by 
substituting Equation (5) into Equation (2). 

For double leg support phase, in order to keep the velocity and acceleration of CM continuous in the period 
that the robot walks from one final LIPM moment to the next initial LIPM moment, a double leg support phase 
needs to be considered. The sketch of x  axis is shown in Figure 3. 

Assuming the time section is [ ], dT T , the x  and y  vector trajectories of CM ( )2nx t  and ( )2ny t  can be 
calculated by piecewise polynomial interpolation.  

3.1.2. Start Gait and Final Gait 

The start gait and final gait in single leg support phase correspond to the period of ,
2
T T 
  

 and 0,
2
T 

  
, re-

spectively. The CM trajectories of this phase can be calculated in the same way by considering the symmetry 
and periodicity conditions. 

The robot keeps static before starting to walk. To satisfy the continuous requirements of velocity and accele-
ration of CM, the swing legs need to retreat to get an accelerating process for CM until the velocities and acce-
lerations are equal to the initial start time of LIPM, assuming the section time is [0, ]sT . Similarly, after the final 
gait, the swing legs need to take a distance forward from support leg, and the CM moves from the final state of 
LIPM to static in the double leg support phase. The trajectories of above static walking phases are fitted by po-
lynomial interpolation. 

3.2. Joint Angle Trajectory 
It is supposed that 1.0T s= , 1.2dT s= , 2.5sT s= , 1 0.35s m= , 2 0.4s m= , 0.08w m= , 0.9cz m= . The 
trajectories of lower limb joint angles including the phase [0, ]sT , start gait by left leg, three cycles of middle 
gait, and the final gait are calculated by inverse kinematics as Figure 4 (take the right leg for example). 

4. Stability Validation 
4.1. Theoretical Calculation 
A multi-link model, shown in Figure 1(b), is used for theoretical calculation. It is assumed that inertial tensor of 
each link around its CM is neglected, the equations of ZMP are as follows:  
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Figure 3. A Complete gait period on x axis. 
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Figure 4. Joint angle trajectories of right leg. 

 
The WCS trajectories of CM of each link are calculated by substituting each joint angle from the gait plan-

ning into multi-link kinematics model, where the victory and acceleration are calculated by the difference me-
thod. Substituting all these above into Equations (6) and (7), the solutions of ZMP trajectories are shown in 
Figure 5. 

It is indicated by comparing Figure 5(a) and Figure 5(b) that walking stability improves obviously in the 
static walking phase [0, ]sT  on the start and stop moment and double leg support phase when two gait switch-
ing gets smooth and conforms to the actual rule. Figure 5(b) shows that the actual ZMP trajectory yp  has 
deviation from the theoretical value. However, after the two treatments are introduced in, the actual ZMP is 
within the support polygon which means the deviation is very small, especially in single leg support phase, the 
stability margin is enough for steadily walking. By the way, the CM trajectories in double leg support phase 
need to continuously optimized. Thus it is theoretically proved that the differences do exist between the 3-D 
LIPM and the actual robot, but the simplification is reasonable and effective. 
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4.2. Virtual Prototype Simulation 
Solidworks is used to build the virtual prototype of a humanoid robot, ADAMS is used to simulate the robot’s 
walking, the simulation diagram of one of the cycle gait is shown in Figure 6. 

With the simulation result, it is concluded that the robot can walk steadily according to the planned gait. The 
rationality and effectiveness of 3-D LIPM is further confirmed by simulation. 

5. Conclusions 
LIPM is a common model for humanoid robot gait planning, but the model is over-simplified, ignoring the mass 
of lower limbs, the moment of inertia et al., which lead to obvious deviation from the real robot. Based on LIPM 
gait planning, a multi-link model is used to calculate the ZMP for stability validation. At the same time, a virtual  
 

  
(a) 

  
(b) 

Figure 5. Trajectory of ZMP: (a) Trajectory of ZMP without static walking phase and double leg support phase; (b) Trajec-
tory of ZMP with static walking phase and double leg support phase. 
 

 
Figure 6. Virtual prototype simulation result. 
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prototype is built for simulation. By gait planning and stability validation above, conclusions are drawn as fol-
lows: 

1) 3-D LIPM is effective for structured pavement gait planning, the additional improvement of boundary con-
ditions on the start and stop moment is effective and conforms to the actual rule. 

2) The trajectories of joint angles are designed more smoothly after considering the speed and acceleration 
discontinuity problems when two gait cycle switching, which increases the walking stability of the robot. 

3) The effect on ZMP by LIPM simplification is shown and the rationality of simplification is verified by 
theoretical calculation and simulation. Thus, the simplification can be used for real robot walking planning.  

4) The stability can be validated by the relationship between ZMP trajectory and support polygon when robot 
walks, which is applicable to most structured road conditions. 
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