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Abstract

Several approximate methods have been used to find approximate solutions of elliptic systems of
first order equations. One common method is the Newton imbedding approach, i.e. the parameter
extension method. In this article, we discuss approximate solutions to discontinuous Riemann-
Hilbert boundary value problems, which have various applications in mechanics and physics. We
first formulate the discontinuous Riemann-Hilbert problem for elliptic systems of first order com-
plex equations in multiply connected domains and its modified well-posedness, then use the pa-
rameter extensional method to find approximate solutions to the modified boundary value prob-
lem for elliptic complex systems of first order equations, and then provide the error estimate of
approximate solutions for the discontinuous boundary value problem.
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1. Introduction

Let D bean N +1(N >1)-connected bounded domainin C with the boundary
oD=T = Uj-v:o I, eC, (0<u<1). Without loss of generality, we assume that D(0 e D) is a circular domain
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in |z| <1, bounded by the (N+1)-circles T;:|z~z;|=r,, j=0,1,--,N and I'y=T,,, :|z|=1.In this article,
the notations are the same as in references [1]- [12] If the first order elliptic system with 2n unknown real
functions

CDj. (x,y,u1,~--,u2n,ulx,---,u2nx,uly,---,u2ny) =0,j=1---,2nin D (1.1)

satisfies certain conditions, then (1.1) can be transformed into the complex form
we =F, (z,w],n-,wn,wlz,---,w ), k=1---,n, (1.2)

nz

where w, (z)=u, (z)+iu,,(z),k=1,--,n (see Section 4, Chapter 2 in [5]). Its vector form is as follows:
W?:F(Z,W,W ); W:(Wl,"',W )’a F:(E,"',F;)’, (13)

z n

’

T . . .
where (w,--,w,) =(w,--,w,) is the transposed matrix of (w,,--,w, ). We discuss the first order complex

n

system (1.3) in the form
w. =F(z,ww,), F=0'w +0’Ww. + A'w+ 4w+ 4, (1.4)

inwhich 0/ =(0/,) with O, =0/, (z.w.w.), 4’ =(4},) with 4], =4, (z.w),j=12,

A =(£ L) with 4 =4 (zw), km=1--n

We assume (1.4) satisfies the following conditions:

Condition C 1) Q] (z, W,U),A,f;n (z, w),A,f (z, w) (j =12, k,m= 1,...,n) are continuous in weC" for
almost every point z € D,U € C".

2) The above functions are measurable in ze D for all systems of continuous functions w(z) in
D" =D\ Z and any systems of measurable functions U (z) in D" and satisfy

L[ 4, (zw),D]<k,1<j<2, L,[4(z,w),D]|<k,1<km<n, (1.5)
L, [A,{m(z,w),ﬁ]£k1,1£j£2,1£k<mSn, (1.6)

where Z is as stated in (1.8) below, p(>2) and k,(j=0,1,2) are non-negative constants.
3) The complex system (1.4) satisfies the following ellipticity condition

S anfor-vifs S iz

=1 m=1

Zqum zn:qkSq0<l,q,ﬂnsk3sk0,lsk<mén, (1.7)
P

=1m=1

() (2 )

n n
ZZKkm=2Kk£k0,lckmSk3§k0,1£k<mﬁn,

k=1m=1 k=1

where q,,,.q,, K,k (k,m=1,---,n),q,,k,,k, are non-negative constants.
For convenience, R(z)w(z)eC, (5) and R(Z)R(Z)U(z) €L, (5) are used to indicate

R(z)wk (z) € Cﬂ (5) and R(z)f(’(z)Uk (z) € Lpo (5), respectively, k=1,---,n, and we define the following:

C,[Rw.D]= :c [Rw,.D], L, [RﬁU,b]:éLpo [RRUk,E],

in which w=(w1,~--,w )',Uz(Ul,m,Un)’, and R(Z),]?(Z) are stated as in (1.12), (2.1) below, and

B(0<B<1) and p,(2<p,<p) arenon-negative constants.
The so-called Riemann-Hilbert boundary value problem for the complex system (1.4) may be formulated as
follows.

Problem A Find a system of continuous solutions w(z):(w1 (z),w, (z))' in D'=D\Z of (1.4),

n

which satisfies the boundary condition
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Re[ A(z)w(z)|=r(2), zel" =T\ Z, (1.8)

in which A(z )=(/lkm(z)) with |4,,|=1 for zel,1<k,m<n, r(z)=<r1(z),~--,rn(z)) , and

Z ={t,,t,,--,t,.} are the first kind of discontinuous points of 4,,(z) on TI.
Denote by A (t,-0) and 4, (¢, +0) the left limit and right limit of 4,,(z) as
z—>t,(j=12,--,m',k,m=1,---,n) on T,and

ew’"”/ = _/,Lkm (tj _0) > }/kmj = Lln [—Akm <tj _0)] = %—K
1

A (2, +0) A (1, +0) | (1.9)

Kkmj =|:¢I;;”j:|+kaj’ kaj =0 or 1’ jzla"'amlalSkamsna

where 0<y, <1 when J, =0, and —1<y, <0 when J —lkm—l n, j=1,---,m". There is no
harm in assuming that the partlal indexes K, of A(z) on T, k =1, ( N )) are not integers, and the
partial indexes K, of A(z) on I',(j=0,N,+1---,N) are integers. Set

1 m' Kkk'
K, =—Arargi, (z)= Lok=1,-,n, 1.10
ET 0T g Ay (2) /Z:; 5 (1.10)
and we call K =(K,,---,K,) the index of Problem A.

For problem A, we will assume 4, (z),7, ( )(k,m=1,---,n) satisfy the conditions

Co g (2).1, [ hgr k= 1vem, €[ Aol [y 1<k <m<n,

[l

in which I'; is an open arc from the point ¢, to ¢, on T’ a(1/2<a<1), k,,ks are non-negative
constants, ﬂkmj +|;/kmj| <l j=1-,m' k,m=1,--,n. Moreover, we require that the solution w(z) possess the

property

o (1.11)

_t/—l

Braj-1 rk(z) F» }Sk 1<k<n, j=1,---,m',

R(Z)W(Z)=C5(5),R(z)=n'}Z | —t; |Jh/ > 11; :max(7711p77|2j5'"577n—1,nj’77n,nj)sjzla"'am’s

ﬂkmj +7, for Vi 20, and Vi <05 ﬁkmj = |7kmj )

nkmj: , sm:la"'ana

|}/kmj|+‘[3 fOr ykmj < 0’ ﬂkm/’ <|7kmj|9 j = 17“'5m >
in D, where |R(z)| <1 in D, and 5,T(< min(a,l—Z/pO)) are small positive constants.

In general, Problem A may not be solvable. Hence we propose a modified problem as follows.

Problem B Find a system of continuous solutions w(z) of the complex equation (1.4) in D", which
satisfies the modified boundary condition

Re[/i(z)w(z)]:r(z):h(z), zel" =T\ Z (1.13)
Here
0, zel,, } )
. if K, 20,
( )/1 ( ) by, zel,, j=1- N
h (z z
%= hy.zel,, j=1-N, k=1,,n,(1.14)
‘ . (e 2] if K, <0,
[1+(—1) *Jhkoﬂze > (b, +ihy, )" 2T,
m=1

in which hkj(j:[1—(—1)2KkJ/2,...,N), h,;”h’( 1,...,[|Kk|+l/2J—1,k:l,...,n) are unknown real
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constants to be determined appropriately, and %, ., (= h,,)=0, if 2|K k| is an odd integer. More description
on 4,(z) and X, (z) are given below. We begin with the following function

Y, (2)= ﬁ(z—t,- )" f[(z_z’ ye ﬁ [Z_tj JMU ( = j

=1 jemy I\ 2~ Z) z—2z

Vk.mj Vk.mj
My, _ M —¢ MNG+1 — o —
o z—1; Z—1ly, 0 z—1; lﬂ[ ( z—1; Jnm
b
J=myg+1 zZ— ZNO zZ— ZNO J=myy +1 z—= ZN0+1 J=my_y+1 Z—Zy

K, denotes the partial index on I',(/=1,---,N), #/(eT,,/=1,---,N,) are fixed points,

J=my_y+1

~

m

where Kkl = z

which are not the discontinuous points from Z . Note that the positive direction applies to the boundary circles
Fj(j = 0,1,-~-,N) . Similarly to (1.7)-(1.12), Chapter V, [2], we see that

ﬂkk(tj—())l:y;{(tj_o):l_ﬂkk(tj_o) —inyy =41 kal m.

G (6, +0)| 7 (6,40) | 2 (1, +0)

Clearly, with certain modification on the symbols on some arcs on T', 4, (z)Y,(z) / |Yk (z)| on T is seen
to be continuous. In this case, its index
1 —_—
%Ar |:ﬂ’kk (Z)Yk (Z)] =K, ——

are integers. And we have the following:

v ( iZ[’fk]efSk(Z)Yk(Z)’ zel,,
k iein/eiSk(z)Y;{ (z),zerj,j=1;"':N7

K, =

Im|:ﬂ’k (Z)Xk (Z):| = O’ Z€E F,k = 17'”)”:

arg A, (z)—[x, |argz—argY, (z),z €T,

Im| S, (1)|=0,k=1,---,n,
arg A, (z)-argY, (z)-6,, zel,,j=1,--,N, m[ a )} "

Re S, (z):{

in which S, (z)(k=1,---,n) are solutions of the modified Dirichlet problems with the above boundary
conditions for analytic functions, 9@’( j=L-- N,k=1, -~,n) are real constants, and
K, =K, =Ny /2 (k=1,---,n).

In addition, we may assume that the solution w(z) satisfies the following point conditions

Im[/l(aj)w(aj)] by, jedy = {1 2K, +1}0f K, 20,k =1, (1.15)

where a; el (J eJk) are distinct points, and b, (J eJk,k:1,~~-,n) are all real constants satisfying the
conditions

|by| < ker j € Tk =10, (1.16)

for a positive constant k. Problem B with 4, (z,w)=0 in D, ¢(z)=0 on I' and
b, =0(jeJ,,k=1,--,n) iscalled Problem B, .

If 4, (z)=1L 4, =0,k#m=1,---,n, then Problem B for (1.4) is the modified Dirichlet boundary value
problem for (1.4). It is easy to see that the solutions of (1.4) include the generalized hyperanalytic functions as
special cases. In fact, if (1.4) is linear, and Q; =0,1<k,m<n, Q) =4, =4, =0,1<k<m<n and
Oiois =Osprs Ay =Alirsn, 1Sk <N-1, then the solutions of (1.4) are called generalized hyperanalytic
functions.

2. Parameter Extension Method of the Discontinuous Riemann-Hilbert Problem
for Elliptic Systems of First Order Complex Equations

We begin with the following estimates of the solution for problem B.
Theorem 2.1 Suppose that the complex system (1.4) satisfies Condition C and the constants k,k;,k, in
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(1.6), (1.7), (1.11) are small enough. Then any solution w(z):(wl(z),u-,w (z)), of Problem B for (1.4)

n

satisfies the estimate

Co[R(z)w(2). D]+, [ R() R(=)( ).D]

_ g{cﬂ [R(z)w, (2).D]+ L, [R()R(z)(|we| +|we]). D]} < M.,

we [+ |w

z

@.1)

where R(z)zl’[:'.il|z—tj|l/rz with |I§(z)|£1 in D, p=min(a,1-2/p,), p,(2<p, < p),

ko =k, +ks+k,, M, =M, (qo,po,ko,ﬂ,K,D) with K = (Kl,---,Kn )I are non-negative constants.

Proof There is no harm in assuming that k. =k, +k; + kg #0. Let W (z)=w(z)/k.. It can be seen that
W(z) is a solution of the following boundary value problem

W.=QW.+Q*W, + AW + AW + A’ [k., z € D, (2.2)
Re[ 2(z W (2) |=[r(2)+h(2) k., zeT, 2.3)
Im[ﬂ,(aj)W(aj)J:bj/k*, jedk=1-n, (2.4)

in which

L[4 [k.D]<1, C, [ (2)/k.T]<1, | /.
Following the proof of the Theorem 2.1 of Chapter VI in [1], we can derive the estimate
C,[R(z)W (2).D]+L, [R(z)R(z)(W.|+W.]) D] < M,

=M, (%vpo’ko’ﬂ’KaD)~

From the above estimate, it immediately follows that the estimate (2.1) is true.
In addition, we assume that (1.4) satisfies the following condition: For any continuous vectors w (z),w2 (z)
and any measurable vector U (z) €L, (D),

F(z,wl,U)—F<z,w2,U)

<Ljed, k=1--,n (2.5)

2.6)

2.7
:Q(z,wl,wz,U)U+;l(z,wl,wz,U)(wl—wz), @7
where Q = (ka ), A= (;lkm) satisfy the condition
|ka < Qs iiqm =iqk <q,<l,q,, <k <k,1<k<m<nlim
k=lm=1 k=1 A (2.8)

Lpﬂ[Akm,ﬁjsko,lsk,mSn,Lpo[z 5J£k1£k0,1£k<mﬁn,

m >

in which p, (2< p, < p),k,.k, are non-negative constants.

Now, we prove that there exists a unique solution of the modified Riemann-Hilbert problem (Problem B) for
analytic vectors by the parameter extensional method.

Theorem 2.2 Let £, in (1.11) be a sufficiently small positive constant. Then Problem B for analytic vectors
has a solution.

Proof We consider the modified Riemann-Hilbert problem (Problem B') for analytic vectors with the
boundary conditions

Re[@w(z)}+tRe[mw(z)J:f(z)—i-h(z), zel, 2.9

Im[A(aj)w(aj)}+tlm[A(aj)w(aj)} :Bj, jeJ,, 1<k<n, (2.10)

where
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R I S
3= (8 (). @)= {) LT e,

in which #(0<t<1) is a real parameter, and f(z):(f1 (2),.7, (z))’ is any vector of real functions,

Bij1 n . , "o

v i(z)eC, ( ), O<a<l, j=l-m k=1--,n and B, =(Bj1,-~,Bjn) is any
vector of constants. When =0, it is clear that Problem B’ for analytic vectors has a unique solution (see [1]).
If Problem B’ with 7=1¢, (0<¢, <1) for analytic vectors is solvable, we shall prove that there exists a
positive number & independent of #,, such that Problem B’ for every teE = {|t—t0| <0,0<5t<Lo> 0}
has a unique solution. In fact, the boundary conditions (2.9), (2.10) can be rewritten in the form

Re[@w(z)} +1, Re[mw(z)]

Bi( -1
|Z -t i

|Z—Zj

S (2.11)
= (t, —t)Re[ A(zpw(z) |+ #(2) + h(2), ze,
[ (a,w(a) [+ Im[ Aa Jw(a,) |
(2.12)
(t,—1) Im[A( }FB], jeJ 1<k<n.
Substituting the zero vector w ( ) ( N )' into the position of w(z) on the right hand side of (2.11)

and (2.12), by the hypothesis, the boundary value problem (2.11), (2.12) for analytic vectors has a unique
solution w' (z)=(wll(z),-~-,w1 (z)) and R(z)w,(z)eC, ( ) k=1,---,n. Using the successive iteration,

n

we can find a sequence {w” (z)} of analytic vectors, which satisfies the boundary conditions

Re[A( o }+t Re[ W' ( }

(2.13)
= (t, ) Re[ A(z)w" () |+ 7(z )+h( ), zeT,
Im[ )] 3G 1 o] .
= —t Im[ (a/) ( )} , jeJ 1<k<n .
From (2.13) and (2.14), we have
R A_ n+l o R A n+l o on
e[ (z)(w_w )J+t0 e[ (z)(w w )J o15)
:(to—t)Re[A(z)(w"—w"’l)J+h(z), zerl,
{Im[/\(z)(w”+1 -w' )]+t0 Im[@(w’”l -w' )J}
L (2.16)
:(to—t)Im[A(z)(w"—w”_')] i +B, jeJ,,1<k<nn=12,-.
In accordance with Theorem 2.1, we can conclude
C,[R(w™ =w).D]<M,C, [ (t=1,)A(2)R(w, =w,,).T |
< My =1, k,C, [ R(w = w™),T ] 2.17)
£M2k0|t t0|Ca[R(w”—w”_l),5],
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!

where M, =M, (k',3,K,D) with k'=(ky,k,--,k,), and Kz(Kl,---,Kn) . Choosing a positive constant
0, such that oM,k, <1, itis not difficult to see that

C.[R(w -w).D]<2C,[R(w -w). 5= c.[mw'.D],
and

C.[R(w ~w").D]=5-C,[ R D]

o

for n>m> N, where N is a positive integer. This shows that
C;(R(w”—wﬂ))—>0asnﬂn—>w.

Hence, there exists an analytic vector w (z) = (W]* (z),---, w (z)), such that

n

a

C [R(w"—w*),ﬁJ%O as 1 —> o. (2.18)

Thus w.(z) is a solution of Problem B’ with t€ E. From this we can derive that Problem B’ with
t=1,R(z)=r(z)3011,B, =b, (j€J,,1<k<n), ie Problem B for analytic vectors is solvable.

Next we prove the solvablhty of Problem B for the system (1.4).

Theorem 2.3 Let the nonlinear elliptic system (1.4) satisfy Condition C, and £k, k;,k, in (1.6), (1.7), (1.11)
be sufficiently small positive constants. Then Problem B for the complex system (1.4) is solvable.

Proof We consider the nonlinear elliptic complex system with the parameter ¢ e [0, 1] :

wf—tF(z,w,wz):A(z), (2.19)
where A(z)= ( A4, (z ) is any measurable vector in D and
R(z)ﬁ(z) ( ) =1,---,n. Applying Theorem 2.2, we see that Problem B for (2.19) with =0 is
solvable, and the solution w(z) can be expressed as
1o A(S)
w(z)zwo (z)+‘P(z), \P(Z):TA_;.”DEdaﬁ’ (2.20)
where w, (z) is an analytic vector satisfying the boundary conditions
Re[ 2()(wy (2)+¥(2)) | =r(2) +h(2), zeT, .21)
Im[/l(a,)(wo (a_,)+‘{’(aj))] =b,, jed, 1<k<n. (2.22)

Suppose that when ¢ =17, (0<¢, <1), Problem B for the system (2.19) has a unique solution. Then we shall
prove that there exists a neighborhood of ¢, : E = {|t —t0| <0,0<¢tLL 5> O} , so that for every f€E and any
function R(z)R(z)A4(z)eL, (D), Problem B for (2.19) is solvable. In fact, the complex system (2.19) can
be written in the form

W —tOF(z,W,wz)=(t—t0)F(z,w,WZ)+A(z). (2.23)
Suppose that Problem B for (2.13) with 7 =17, (0<¢, <1) is solvable, by using the similar method as in the

proof of Theorem 2.2, we can find a positive constant o , so that for every te€ E = {|t —to| <06,0<t< 1} , there
exists a sequence {W” (z)} of solutions satisfying

W,z tF(z Wy W, n”) (t tO)F(z,wn,wnZ)+A(z), n=12,---. (2.24)

The difference of the above equations for n+1 and n is as follows:

(W1 =, ). =1, [F(z Woits Won. )= F (2,w,,w, )]
:(t_to)[F(Z’Wanz)—F(Z w, ] n=12,--

n—1° nlz

(2.25)
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From Condition C, we can derive that
F(z w, wn+lz)—F(z,w W, )

n+l2
_F(Z W, Wn+lz) F(Z W'Hl’

n+l>

:Qn+l (Z)(Wn+1_w,1) +An+1( )(W)1+1_Wn)9
Qn+l(Z)|Sq0 <1’An+1(Z)ELpO (D), n:l’z’...’

e ) F (2,0, w, )= F (z,w,,w,.)

n+l>

and

Lpo [RR(F(Z,Wn,W,,Z)_F( W1 W,_ 1z))’ ]
SqOLPO[RIé w—wfl) ]+nkC[ W, =W,

n n

D]

<(q +nk,) Cﬂ[R(W W D]+L RR(| |+ W =W 1)z|)’5ﬂ
)

Moreover, w,, (z)-w,(z) satisfies the homogeneous boundary conditions

[ [ W, ( ]]:h(z), zel, (2.26)

Im[ﬂ,(aj)(wm (a,)-w, (aj))} =0, jeJ, 1<k<n. (2.27)
Similarly to Theorem 3.3, Chapter I, [1], we have
- C [R n+1 D]+L |:RR(|( n+1 |+| n+1 Wn )Z )’5j| (228)
SM3|t—t0 9, +nk0) -

where M =M, (q,,p,.k',a,K,D) (k’ = (ko,kz,kS,ké)) are positive constants. Provided &(>0) is small
enough, so that 7 = SM, (g, +nk,) <1, we can obtain

Loy <nL, <n'L=n"| Cy(Rw,D)+L, (RR(jw

),5)] (2.29)

)-2]

+|w,
forevery te E. Thus
S(w, —w,)= Gy [R(wﬂ -w,) ,5]+Lp0 [Rﬁ(|(wn —wm)z|+|(wn -w,)

<L +L  +-+L, < (77"’1+77"’2+~~~+77”’)L
1= L< ' L1
1-7n 1-7n

for n>m>N, where N is a positive integer. This shows that S(w, —w, )—>0 as n,m — . Thus there
exists a system of continuous functions w,(z) in D", such that

:77"1(1+77+_“+77n—m—1)l‘1 S’]N+

S(w=-w)=C, [R(wn —w*),5]+Lp0 [Rf(’(kw" —w*)?|+|(wn —w*)z|),D] —0asn—> oo

By Condition C, it follows that w, (z) is a solution of Problem B for the system (2.23), i.e. (2.19) for t€ E .
It is easy to see that the positive constant & is independent of 7, (0<¢, <1). Hence Problem B for the system
(2.19) with ¢ =¢, =0 is solvable. Correspondingly we can derive that when ¢=4, 25,-~-,[1/ 5] o,1, Problem B
for (2.19) is solvable. Especially Problem B for (2.19) with ¢=1 and A(z)=(1-¢)F(z0,0), namely
Problem B for the system (1.4) has a solution.

3. Error Estimates of Approximate Solutions of the Discontinuous Riemann
Hilbert Problem for Elliptic Systems of First Order Complex Equations

In this section, we shall introduce an error estimate of the above approximate solutions.
Theorem 3.1 Under the same conditions as in Theorem 2.3, let w= w(z) be a solution of Problem B for the

()
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complex system (1.4) satisfying Condition C in D, and who=w, (z,t) be its approximation as stated in the
proof of Theorem 2.3 with  4(z)=(1-¢)F(2,0,0). Then we have the following error estimate

$(w-t) =€, [ (- ) B 2, [R8([(w0i) [ oo 0) ) B

SW{MO N+ (rl-al) (1 )]

1-yt—1,

where y = M;(q, +nk,), k=M, (k, +ks+ky) with M,,q, asin(2.28),and k,(j=2,5,6) asin(1.6),(1.7),
(1.11) and (1.16).
Proof From (1.4) and (2.24) with 4(z)=(1- t)F(zOO) we have

(W—WZH)Z:F(Z,W,W) tF(z,w+1 ! ) F(zw w) )F(2,0,0)

n+l2 n+lz

3.1)

=(1-1)[ F(z,wow,)~ F(2,0,0)]+1, [F zww, )— F(z,wm,wnmﬂ
H(t=1)x[ F(zw,m,) = F (2w, )] (3.2)
=1, O(zwow o wly ) (w=wiy) +A(z w0 w0, ) (=) |
+(1_t)[F(z,w,wz)_F(z,o,o)]+(t_to)[F(z,w,wz)_F(z,w;,w;z)].
It is clear that w—w/ , satisfies the homogeneous boundary conditions
Re[ 2(2)(w(z)-w. (z>>J=h(z), zer,
i 2(a)(w(a,) ()] =0, 7,81
Noting that 0 =0(z,w,w,,wl.,), A= A(z,wwl,,wl.,.) satisfy |0]<q, <1 L, [A,D]sko,and
L, [ RR(F (z.w,w.)~F(z,0,0)).D

Po

(3.3)

<qyL,, [ RRw,,D|+nk,C[ Rw,D ]
< (gy +1ky)[ L,, (RRw,,D)+C(Rw,D)]
< (g, +nky)S(w),
L [Fen)Fleat ot )]
). J+nk0[ (1w=,).D]
< (g0 +k,)x| L, (RR(w=+;)_,D)+C(R(w=w;).D) |
<(qo +nky) S (w-w}),

and then w—wj, is a solution of Problem B for the complex equation

(w—wf))f :F(z,w,wz)—tOF(z,wé,wf)z)—(l—to)F(z,O,O)

<ql, [RR(

=1, [F(z,w,wz)—F(z,wf),w(’)z )]+(1—to)[F(z,w,wz)—F(z,0,0)] (3.4)
= tOQ(w—wf))Z +A(w—wf))+(1—to)[F(z,w,wz)—F(z,0,0)},

hence we have

S(w=w}) <M, (1~1,)] 4oL, (RRw..D)+nk,C(Rw.D)] (-5
v :

3(q0+nk )(1 t) (W)Sy(l—to)k,



G.C. Wen et al.

in which
S(w)£M3(k2+k5+k6):k, (3.6)

where the non-negative constants M, k,,k;,k, are as stated in (2.28), (1.5), (1.11) and (1.12). Moreover
according to the proof of Theorem 2.3, we can derive

S (w=wi) <M, [(1=0) g0+ k) S () =1, (g .1k, ) S (0=,

(3.7)
:Mz(q0+nk0)[(l—t) w)+|r— t0|Sw }
From (3.6) and (3.7), it follows that
S(w WM) 7[(1—t)S(w)+|t—t0|S(w—w;)}
<y (1=0)S(w)(1+7[e=t]+ 77 =1 ~af')
+y OMS(W—WS)
1_(}/|t_t0 )n+1 n+l n+l t
S]/(l—f)S(W)XW‘F]/ |I—IO S(W—WO),
where y =M, (g, +nk,), and wy=w(z,1,) isthe solution of Problem B for (2.24) with =17, and
A(z)=(1-1,)F(2,0,0). Finally, we obtain
1—}/|t— ! i n+l
S(W W’Z+1)S}/k Tt_h(l—t)"r]/k}/ 1(|t—t0) (l—to)
| n+l (38)
_ 1—}/t—t0 _ n+l _
=rk —1—;/|z—t0| (1=)+(rlt-1])" (1-4)],

This shows that (3.1) holds. If the positive constant & is small enough, so that when |t —1,|< &, y|t—1,| <1,
n is sufficiently large and ¢ is close to 1, then the right hand side becomes very small.

Note: The opinions expressed herein are those of the authors and do not necessarily represent those of the
Uniformed Services University of the Health Sciences and the Department of Defense.
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