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Abstract

The interaction of a relativistic electron beam (REB) with inhomogeneous, magneto-active, relativistic warm
plasma is theoretically investigated. The nonlinear formation of waves at second and triple frequency at the
inlet of the beam into the plasma is investigated. Effects of external static or oscillating magnetic field are
considered. Nonlinear effects associated with the generation of second and triple harmonics, play an impor-
tant role in the process of energy transfer from the beam to the plasma as compared with linear stage.
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1. Introduction

The recent and continuous development in the relativistic
electron beam (REB) technology has shown the capabil-
ity of generating powerful electron energy sources, mak-
ing REB very useful to controlled thermonuclear fusion
research in various ways.

Electron beams have many applications in areas like
development of new methods in amplification and gen-
eration of electromagnetic waves, acceleration of ch-
arged particles in plasma, plasma generation, design of
microwave tubes waveguides, explanation of natural
phenomena that occur in space and solar plasma, mate-
rial studies, compact torus formation, generation of x-
ray and microwave, etc., The recent development of the
relativistic electron beam (REB) technology has shown
the capability of generating powerful electron energy
sources, making the REB very useful for controlled
thermonuclear fusion research. It is not surprising to find
up till now a long list of studies and research on be-
am-plasma interaction and applications, which was also
reviewed by many authors, e.g. [1-7].

Multiple harmonics generation by laser-plasma inter-
action has been widely investigated [8-12]. The genera-
tion of harmonics through a nonlinear mechanism driven
by bunching at the fundamental has sparked interest as a
path toward enhancing and extending the usefulness of
an x-ray free-electron laser (FEL) facility [13]. Currently,
high-order harmonic generation (HHG) is considered as
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one of the more efficient technique for producing coher-
ent short-wavelength radiation in a broad spectral range
[14-18].

An interaction of an electron beam with inhomogene-
ous plasma is widely investigated in the near past by
many authors, e.g., second harmonics generation and
plasma heating by REB [19-25]. Wave excitation by
REB is also used to minimize energy losses of waves
propagating in waveguides filled with magnetized
plasma [26-28].

In our investigation, we consider one-dimensional
electrostatic oscillations when the directions of propaga-
tion, density gradient, and wave electric field coincide
with x -axis. In our model we take into consideration the
following assumptions

1) The hydrodynamic model applies to both the beam
and the plasma.

2) Transient thin plasma layer of width (a) is consid-
ered so that the plasma density "o, unperturbed by the
wave fields, is arbitrary function of x in the region
0<x<a and equal to zero in the regions x<0 and
xza.

3) The wavelength of the incident beam is large if
compared with the width of the plasma transient layer
(a << /1), ie., |ka/\/g << 1| g, 1s the dielectric con-

stant of beam.

4) Plasma electrons are relativistic, warm, collisionless
and magnetized.

5) The relativistic electron beam is homogeneous,
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magnetized and have arbitrary temperature compared to
that of plasma electrons.
6) Effects of external static or oscillating magnetic

field
_ (eH,
HEX’ = {— —iw,,t
ez Hoe 'm

2. Basic Equations and Linear Theory

According to above assumption we can use the following
equations:
Equation of motion with relativistic effect,

(ﬁmvjmﬁ:—e[mlm(mﬁm)j_lvg )

ot c n

where, s=p,b for plasma and beam, respectively,

P, = KT,n, is the pressure with gradient VP, = mV,;Vn,_,

n, is the plasma/beam density, K is Boltzmann con-
thermal velocity,

stant, = /KT, /m is the

m,
J1- 7

are the rest mass and the mass of electrons respectively,
2

:
2
P

terms have their usual meaning.
Continuity equation

is the relativistic mass while m_ and m

m

and V), the initial electron velocity. All other

on. - _
L+V(nV. )=0 2
=+ V(nT) )
Poisson’s equation
OE
—=—4re) n, 3
ox ZS: ! ®)

As plasma is characterized by a collective process, and
according to perturbation theory, we can express the
density and velocity of the plasma electrons and beam as:

n= " V.= 7P B=0123,...
s.p s,

The superscript 0 indicate unperturbed quantities,
while 1, 2, 3 indicate perturbation of first, second, third
order, and so on. The same could be applied to the elec-
tric field as:

E=Y E, 4)
B

J

=0 and uéo) >>0

We also assume that
)

aol” a0l onl”
ox o ot

s

‘ sy
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2.1. Cold Plasma - Cold Beam

For cold magnetized non-relativistic plasma and cold
non-magnetized relativistic beam, and on the basis of
above assumptions, the first perturbed densities and ve-
locities of beam and plasma reads:

i —iay
_ NON NOM
o) = [Be™ dr ®)
mayv,
o e e s
0)" 0) " j 0)° 0)°
n}gl):Le“” Ie”b E]+ﬁe”b J-Eleub dx' |dx
(0)2 (0)
mayv, Uy
(6)
—ie
1 _ —E, @)
ma;
m__—e 9/
n’ = —(n'E 8
ma,@, 6x( ’ 1) ®
Y
U ~ — H
where, a:1+}/2£b—j , 0 =0 -io,, (o,= - ~)
c mc

is the electron cyclotron frequency, while @, is the
fundamental frequency).

Using (6) and (8) into (3), and after lengthy but easy
calculations we obtain the following differential equation
for the fundamental electric field E, :

2
(ul(,o)a—i—ia),j &, E +opE, =0 ©)
2 a)z
where, &,,, =1—-—2-is the plasma dielectric, @, =—-,
0, ay
. . , 4rme’n,
@, is the Langmuir frequency @, =———— . Intro-
o
F(x) 0"
ducing E, (x)= () e’
e (x)
into (9), we get
62Fi leM 2 o}
+ F =0, =—1b 10
o €., 1 X Uéo)z (10)

In the empty regions x <0, x > a, (10) have solutions:

F =ce® ™ - x<0 (11)
1 1

F =ce ™) - x>q (12)

Inside the plasma layer 0<x<a, solution of (10)
reads:

F=c¢, 0<x<a (13)
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where, ¢,,c,,c; are constants. To obtain (13), we as-
sumed much small plasma layer width compared to
A

Sim

wavelengths, i.e., a|<<1.

2.2. Warm Plasma - Cold Beam

Let us now introduce warmness to plasma. Accordingly,
relations (7) and (8) read:

. 22 onl®
e v n
ol =B - (14)
) an X

I3

2 32,00
0 __=¢ E(H(O)El).__VT an,_

n’ = 15
may@, ox\ "’ o6, ox (1)
Then, (10) converts to:
O’F, 1
21 4 Zwr F =R, (16)
OX™  Eur
2 >
where, ZlZMT = 7(12M ((1);72 s g =& =l-——
U, w0
V; =,|-= (thermal velocity), and
R ( ) dre ;g%x VT2 0 U(O) 0 i : (0)
x)= e — ——i n
1 Ul(,O)Z o x\ o )7

It is clear that (16) differs from (10) because of the
existence of the source term R, due to plasma warm-
ness, which causes an inhomogeneity in the differential
equation.

Solutions of (16) in the empty regions, are still given
by (10) and (11), while in the inhomogeneous plasma

tion is given by:

iw)
—1 .
l)((J) 1o

Y x ,x' U(O)(
IdeR,Teb dx+c,|, 0<x<a (17)

Sur o 0

E =

It is clear that we can easily the case for unmagnetized
plasma by setting @, =0 into (1), i.e., & — @ .

2.3. Warm Plasma-Warm Beam

By taking into consideration the pressure gradient VP,
of the electron beam, it is easy to check that, in the linear
regime, the results obtained for cold beam (relations
(14-17)) are still valid.

Besides, if plasma is immersed in oscillating magnetic
field

7 = —iwyt _
H,, =eHqgse » Wy = 0y

The systems, in the linear theory, will behalves as in
case of un-magnetized plasma.

3. Nonlinear Theory

In this part we consider the nonlinear interaction and
wave generation at second and third harmonic generation
by REB.

3.1. Second Harmonic Wa\:e Generation in
Static Magnetic Field 7, =¢e H,

In presence of static magnetic field, and for warm beam -
warm plasma interaction, the second perturbed quantities
(with (@, = 2w, ) for the plasma and beam reads:

i oE v on)

o) = == By B (18)

layer, and under the condition ALY S| , the solu- ma, m oo,  ox on)’a, Ox

Eimr
(0) 2,(0) ~ 22 2 (0)
—en en’(o+a oE E V. on
n? =i £ E, + 2p (~21 ~2)E1 _1"( Ze ~]2 = J » (19)
Ox | ma, @, m’ o,6; 0, @, ox \mwdo 0dod,) Ox
iwy —iw,
-1 0. " ooV 2 ap
ulgz) =——e" je v | LB rqoW e T T gy (20)
(0) my * 2P 4 0, 8
U, Y X n,y X
iwy —iay iwy
NON 0 ;  o* x (0)
@ _ =L o o [T dwy 0 WY L O WD
n, Ul(,o) e Ie UL(,O) 01(70) Ie E, dx 01(70) E, + ™ (nb v, ) @2n
Using (19) and (20) into Poisson’s Equation (3), we PFE, 1
obtain the following differential equation for the second —+F, =R, (22)
harmonic electric field £, : X" &y
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where, R, is a nonlinear source term includes the
effects of warmness of both the beam and plasma elec-

—iwy

1
NOE

b

RZ,MT (x) =

R, (x) = —47[@{(1'0)2 - 01(70) G_axj ,(71)1)(1)

2 2 ~
Ry (x)= —(u}f’) g—iwzj {—ewﬂ (0+2)

W, =0, -iw, ,

o Eay =1

eUz(?O) X[RPMT +RbTJ ,

~ ~2
ma,®,m,0,

2 oY
I.)., ’ az :1+272 [b_J
c

trons, assuming that both have the same thermal velocity
V.

F, O o}
E,=—%e" |, 1= b(O)z ’
Som ye,U,

Pl (1) 2 5 (1)
ol 22
X omyy ox

OF, eE;
1 + ~2
ox |\ md o,

3 mVT2 aa);
ew,®, | Ox

w,®,

Solutions of (22) in the empty regions and in the in-

iyrx —iyyx X

€ —iyHx € iy)x
homogeneous plasma layer, are given by: £ :2.__[RbTe ” dx_._JRere Pldx , x<0 (23)
4} 1 o
izy(x-a) ) —iyy(x-a) x )
Fy=5——[Rye?dx - [R e dx ,  x2a (24)
2iy, 2Zig,

sy

X 0

j Ry (x)e” dx"+c, 0<x<a (25)
0

It is clear that source terms, i.e., Ry, R, arerep-
resented by products of fundamentals, and the electric
field E,, as per solutions (23-25), are proportional to

waves of second harmonics. This leads to a nonlinear

F, = u,ﬂo)zjdx'
0

oscillates with same frequency of fundamental wave, i.e.,
,, = o, . This oscillating field has no effect in the linear
stage. On the other hand it is strongly affect the second
order perturbations of warm plasma velocity and density

2 _
amplification of waves in the inhomogeneous plasma O
layer and in turn additional plasma heating. —je £ ie’ OE, e, (t) E iV} an;‘”
2 2 2 1 “ )
3.1.1. Second Harmonic Wave Generation in an ma, mow,  Ox  moo, n, @&, Ox
Oscillating Magnetic Field 7, =& H, e " (26)
Let us consider here the effect of external magnetic field
2 0 —enfvo) ezn(po) (o, +,)  OF, o anﬁ,") ie ng,o)a)u (1)
n, =— 2 E, + 2 3 2 E—+ 2 3 2 + > E, 27
Poox| mo; m° o] @, ox \maw, @) Ox m co, @,
When we look for harmonic generation with @, =2, 1 R LU
the perturbed cold electron beam perturbations reads: o) = % v | B+ a0V | dx (28)
p p b o0 2 2V
b
iwy i iwy iwy
-1 0% 0 | =0 e, 0. O (!
nl(,z) =—5e’ J' b ng %e J' b —E, + UL(,I) b \d
o o o) ny x
(29)
(0) !
n e 0 0
- ?O) E, +a, 1(71) b +—(n[(,l)ul(,1)) dx
v, | my ox
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Accordingly, the differential equation governing the iy

) U "
electric field is given by: where, R, = %e o) [ Royor + Rb:'
v,
0°F, ;( b
e 82 £ = Ryyor (30)
2
2 2 2 2 2 . 2
ew (@ +ow OE E Vv \ow, iw o,(t
RpMOT:_(UIEO)i_inJ p( ; i Z)E— 331 _mvy » 2()E12
Ox mao; , ox \moo, eww,) Ox 0,0,
with solutions: el e :
F, = [Rye ™ dx— [ R ore™ dx, x<0 (31)
2iy, 2y,
iz (x—a) ) —ixa(x-a) x .
F=° [Re™ iy - [R, oy €2 dx, x>a (32)
2y, 2ig, %
—iwy In absence of magnetic field, and for cold beam - cold

F, = j’ dx')j( R, + R0 ) e o) dx"+c,0<x<a (33) plasma interaction, the third perturbed quantities with
0 0 (@, =3, ) for the plasma and beam reads:

iwy 1103
RON (1) (2)
— (0) )
3.1.2. Third Harmonic Wave Generation in Static o) = Tl)e”bo J e l: € E +al?) aiﬂ)f) 8&} dx
Magnetic Field H,, =2.H, v my ox X
(34)
iy 03 13
N0 (0) x (1) (2)
M ——C ] e A P ] P ) D) 2 g
o ol m Ox
(35)
(0) 0] (2)
m_ | e @9 0% | 0w @), e)0
E, +a,0 +—\n,’v," +n"'y, dx
UI()O) |:m 3 b b ax ax( b ~b b b )
—ie ek, 0| —ie ie’ OF e —ie ie’ OF, |OE,
o) = e g b 6_{ E+ % Ela—l}— { B+ — B, 2 }a (36)
ma, mo,o, Ox| ma, m’w; , x | moo,| mo, m o w, X | Ox
o —en'”) zen E 8 ien(o)(a) + . ) OE. ieE on'®
PRI Ny L+—2 1 2y
" ox | mey} ma)1a)32 o mey @; ox molw, Ox
(37)
e 8 —enE}O)E e’n 2 (a),+a)2)E OE, ¢'E? anﬁf)
- mo o a ot ok la_+ 2 3 a
YoX ma, m*@; @, x  m‘w o, Ox
. .2
—ie ie 6E 2
where, L= E, + 0°F, ;(
mo, mza)lza)2 o 8x2 83 Fy =R, (x) (38)
3
Using (35) and (39) into Poisson’s Equation (3), the where
differential equation governing the third harmonic elec- ’
tric field £
w’ F, NOu 1 NN
@
g=1-—L  yi=—"_  E =23¢% | R(x)= e” |R, +R
3 3 3 70]()0)2 3 ‘93 3( ) 01(70)2 |: 3p 3b:|
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o . YI||iokE o io(o+w)oE iE Ow, _ie
R3p(x)=—(u,(,°)a—zw3] {{ L R s S E,

2
o, o; Ox ;] o, ox @ @, Ox meo,
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with solutions
ei;(3x ) 1;(3,\ X )
F=—o° f R3,,e*'l3xclx— jR e dx ,x<0 (39)
iy,
i73(x-a) _ -ix3(x-a) x _
F, = € jR3be_’l3(x_“)dx—e+IR3p gy | x>a (40)
iy, 3igs %
Cioy In a static magnetic field, and warm plasma, beam per-

F Ej dx']( R, +R, )el»£°"dxrf te0<x<a (41) turbations (34) and (35) are still the same, while for
o 0 ! plasma, (36) and (37) reads:

. 2 onl E i o2 8E —i e’ OE, |OFE,
Sy ’(O){ p __¢E 0| e E,+ zlf _ ¢ | g T (4
ma, n) o, Ox  mdd; ox| mo, @, Vox mcola)3 mao, m-é e,  Ox | ox
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n, = P = 37T + L, + = 2 = M
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43)
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where, L, = E, + E — Ap =R 44
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In this case the differential equation governing the with source terms given by
third harmonic electric field E; reads
1 0
Ryyr (x) = FUE e’ [R3pMT +R3bj| ’
b
2 ~ 00 . 2 ia)f,El P ia)f] (a)1+a~)3)aE1 iE, 60)[27 _ie e
3pMT(x)—— U, a——la)3 — =2 + — a—+ — 2 — 2
. X @, ;@ Ox o, O,0, X o &0, Ox ma,
an
i’E, OE, | E 0 E ewf,(wlﬂbz)E OF, B dw, | my} Ow,
m e, ox | dw, ox| 0,d, mo@to,d, | 0x  modlo, x| ew,d, Ox
Solutions of (45) are:
’lsx e —iy3x X )
F, = JR%e*”“de— _[R erdx, x<0 (45)
3z
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—iay

X

f 'X’ U(O) "
F;E'([dx-(').(RSb+R3pMT)eb dx"+c,0<x<a (47)

4. Conclusions

The nonlinear interaction of a relativistic electron beam
(REB) with an inhomogeneous, magneto-active, rela-
tivistic warm plasma layer is investigated. The nonlinear
effects associated with the generation of second and third
harmonics, plays an important role in the process of
energy transfer from the beam to the plasma as compared
with linear stage. This is due to the fact that the electric
field intensity at double and third harmonics is stronger

than that of the basic frequency.
Fields are found to be inversely proportional to & as:

1

E, ool — |
Eim
®, -
— ,i=1,2,3. 1, 2 and 3 indicates
0,0,

where ¢,, =1-

fundamental, second and third harmonics respectively
and @, =w, —iw, .

In static strong magnetic field, at resonance|a~)l.| -0,
the wave’s amplitudes and the electric fields for funda-
mentals and higher harmonics are sharply increases.

As seen, the amplitudes of the exponentially growing
oscillations at frequencies 2@ and 3w are expressed
through the amplitudes of the beam Langmuir oscilla-
tions in the region where is no plasma present. Thus,
once there are Langmuir oscillations in the beam, even in
the presence of external magnetic field, their frequency
being equal to @ in the laboratory frame, and the os-
cillations with frequencies 2@ and 3w are always
generated at the inlet of the beam into the plasma when
the beam in the plasma is unstable in relation to the ex-
citation of oscillations with frequencies 2w and3w .
This lead to the conclusion that far enough from the
plasma boundary inwards, the external magnetic field
may increase the amplitude of grounded waves, but still
the electric field of waves with double frequency would
be stronger than that of basic frequency.

Also we can say that, the nonlinear source terms
(Ryyr Royor» Ry 5 Ry ) which is due to nonlinearity,
static or oscillating magnetic field effects, and warmness
of plasma and beam electrons, are in our case play a cru-
cial role via wave amplification at second and third har-
monic.

It is also shown that the nonlinear effects associated
with the generation of second and third harmonics, play
an important role in the process of energy transfer from
the beam to the plasma as compared with linear stage.b
This due to the fact that the electric field intensity at

Copyright © 2011 SciRes.

higher harmonics is stronger than that of basic frequency.
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