% Scientific

Journal of Modern Physics, 2014, 5, 55-60 RS
Published Online January 2014 (http://www.scirp.org/journal/jmp) #s* Research

http://dx.doi.org/10.4236/jmp.2014.51009

Diamond as a Solid State Quantum Computer with a
Linear Chain of Nuclear Spins System

G. V. Lopez
Departamento de Fsica de la Universidad de Guadalajara,
Guadalajara, México
Email: gulopez@cencar.udg.mx

Received November 1, 2013; revised December 1, 2013; accepted January 2, 2014

Copyright © 2014 G. V. L6pez. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. In accordance of
the Creative Commons Attribution License all Copyrights © 2014 are reserved for SCIRP and the owner of the intellectual property
G. V. Lopez. All Copyright © 2014 are guarded by law and by SCIRP as a guardian.

ABSTRACT

By removing a **C atom from the tetrahedral configuration of the diamond, replacing it by a **C atom, and re-
peating this in a linear direction, it is possible to have a linear chain of nuclear spins one half and to build a solid
state quantum computer. One qubit rotation, controlled-not (CNOT) and controlled-controlled-not (CCNOT)
guantum gates are obtained immediately from this configuration. CNOT and CCNOT quantum gates are used

to determined the design parameters of this quantum computer.
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1. Introduction

So far, the idea of having a working quantum computer
with enough number of qubits (at least 1000) has faced
two main problems: the decoherence [1-8] due the
interaction of the environment with the quantum system,
and technological limitations (pick up signal from NMR
quantum computer [9,10], laser control capability in ion
trap quantum computer [11,12], physical build up for
more than two qubits like in photons cavities [13], atoms
traps [14,15], Josephson’s joint ions [16], Aronov-Bhom
devices [17], diamond NV device [18], or high field and
high field gradients in linear chain of paramagnetic
atoms with spin one half [19]). In particular, the linear
chain of paramagnetic atoms of spin one half became a
good mathematical model to make studies of quantum
gates [20], quantum algorithms [21], and decoherence
[22] which could be applied to other quantum computers.
In this paper, one put together the ideas of using the
diamond stable structure and the linear chain of spin one
half nucleus. To do this, on the tetrahedral **C (with
nuclear spin zero) configuration of the diamond main
structure, one removes a *’C element of this con-
figuration and replace it by a *C (with nuclear spin one
half) atom, and one repeats this replacement along a
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linear direction of the crystal. By doing this replacement,
one obtains a linear chain of atoms of nuclear spin one
half which is protected from the environment by the
crystal structure and the electrons cloud. Therefore, one
could have a quantum computer highly tolerant to en-
vironment interaction and maybe not so difficult to build
it, from the technological point of view.

2. 12C-1C Diamond and Spin-Spin
Interaction

The above idea is represented in Figure 1, where the *°C
atoms are place on the position of some *2C atoms. This
replacement could be done using the same technics used
to construct the diamond NV structure [23], or using ion
implantation technics [24] and neutralization of *C in the
diamond [25]. It is assumed in this paper that this
configuration can be built somehow.

Now, as one can see, the important interaction on this
configuration is the spin-spin interaction between the
nucleus of the *C atoms. This interaction is well known
[26] and is given by

U :&(ml~x)(m2~x)—m1-m2
4n |)(|3
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Figure 1. Diamond *2C -*C.

where the magnetic moment m,,i=12 of *C’s is
related with the nuclear spin as

m; =S, )

being y the proton gyromagnetic ratio
(7 ~2675x10° rad/T-s) . Without loosing the main
idea, it will be assumed here that *C magnetic moment is
due to proton. The variable X indicates the separation
vector between two *C nucleus, which has magnitude
=[x|~107" m. Aligning the chain of *°C nucleus
along the x-axis of the reference system and assuming
Ising interaction between **C nucleus, this energy can be
written as

J
U=-—S/S;, 3
s ®
where the coupling constant J has been defined as
2
Moy T
J="0 4
4na’ @)

3. Hamiltonian of the System
Consider a magnetic field of the form
B(x,t)=(bcos(wt+p),-bsin(at+¢),B

) (%), 6)

where b, ¢,and @ are the magnitude, the phase, and
the frequency of the transverse rf-field. The z-component
of the magnetic field has a gradient on the x-axis,
determined by the difference on Larmore’s frequencies
of the *C’s nuclear magnetic moments,

AB)) Aw
( AX j_ JAX ©)

The magnetic field at the location of the ith-*C atom
is B, (t)=B(x,t), and the interaction energy of the
magnetic moments of the **C atoms with the magnetic
field is

u :_Zmi -B; (t)' (7
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where N is the number of **C atoms aligned along the
x-axis. This energy can be written as

-1
U= Za) Z( e’s, +e’s,), (8)
k=1
where o, is the Larmore’s frequency of the ith-C,
o; =78y (), ©)
Q is the Rabi’s frequency,
= b, (10)

Sl;t and S; are the ascent and descent spin operators,
S; =S FiS},and @ has been defined as

6 =owt+p. (11)

Let us consider first and second neighbor interactions
among *C nuclear spins, and assuming equidistant
separation between any pair of spins, the Hamiltonian of
the system is

N
H= —Zwi

J N-1
F 2SS
T (12)

+—Zs SZ,— —2;( ’s; +e’s)),

where J is the coupling constant of first neighbor **C
atoms, and J' is the coupling constant of second
neighbor *C atoms which must be about one order of
magnitude lower than J. One can write this Hamil-

tonian as H=H,+W(t), where H, and W are
defined as
zlw hés, - 'szs St, (13)
and
():—%i( ’s; +e’sy). (14)
The operator H, is diagonal on the basis

{|€)=]& &) of the Hilbert space of 2"
dlmen3|onallty fts'e eigenvalues defines the spectrum of
the system,

Al & I
2o B
j=
J,N_z (15)

Since J'<J < w; for j=1---,N, this spectrum is
not degenerated with E, ., as the energy of ground
state, and E,, , as the energy of the most exited state.
To calculate the spectrum, one has used the following
action of S operator

118) =5 (1" 1£). (16)
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The Schrodinger’s equation,
_0|W)
h——L=H|¥), 17
I ot | > )

is solved by proposing a solution of the form

%)= 20 (1)[&), (18)

which brings about the following system of first order
differential equations on the interaction representation

ina, = Ya.e™ M w, (1), (19)
¢
where a; and W, are defined as
8, () =C, (t)e™"" (20)
and
W, (8) = (S|W (1)]<). (21)

This is very well known procedure to solve time
dependent Schrddinger’s equation, and the solution of
Equation (19) brings about he unitary evolution of the
system (given the initial condition |¥,)).

Defining the evolution parameter 7 through the
change of variable t=w,7 (@, =2nMHz) , the
parameters o;, Q, J and J' are real numbers
given in units of «,. This evolution parameter will be
used below in the analysis of the CNOT quantum gate.

4. Analysis of the System

In order to get an operating quantum computer, one
needs to show that, at least, one qubit rotation gate
(N =1) and two qubits CNOT gate (N =2) or three
qubits controlled-controlled-not (CCNOT) gate (N =3)
can be constructed from this quantum system. Because
this quantum system is homeomorphic [27] to the linear
chain of paramagnetic atoms with spin one half system
[28], it is clear from the point of view of mathematical
models that the above gates can be constructed with this
12¢-3C diamond system. However, one needs to assign
realistic workable parameters for the real design of a
2c-B¢ diamond quantum computer. To do this, one
studies in this section the behavior of a quantum CNOT
and CCNOT gates as a function of several parameters.
One neglect one qubit rotation (N =1,J=J'=0)
because it is obvious that one can get it through an
arbitrary pulse on the rf-field with the frequency given by
the Larmore's frequency of the qubit (w=w,), for a
single **C atom in the diamond structure. In particular,
the NOT quantum gate is obtained using a m -pulse
duration (z =r/Q) with this frequency. Therefore, the
study of the CNOT (N =2,J #0,J'=0) and CCNOT
(N=3J+#0,0'#0) quantum gates is of the most
interest. The equations for the two and three qubits
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dynamics are shown on the appendix. CNOT quantum
gate corresponds to the transition |10)«>|11), and
CCNOT quantum gate corresponds to the transition
|110) «>[111) . The first and second transitions are
obtained through the resonant frequencies

w=(E,—Ey)/h, and w=(E, -Ey)/h. (22)

Larmore’s frequencies are denoted by @, and w,,
and @, isparametrized as

o, =01+ 1), o,=0(1+2f) (23)

where f measures the relative change of the
frequencies of qubits. The separation of the **C nucleus,
a, is parametrized as

a=£&-10""m. (24)

For the CNOT quantum gate, one has the initial
conditions Cy,(0)=C,, (0)=C;,(0)=0 and
C,(0)=1. The time is allowed to last a = -pulse
(r=m/Q), and one takes the coupling constant as a
fixed paramenter,

J=012, &=1 (25)
Figure 2 shows the fidelity parameter,
2
F= |<‘Pideal |\Preal >| ! (26)

at the end of the m-pulse, as a function of the Rabi's
frequency, where |, ) is the state obtained with the
simulation, and |¥,.,) is the expected state (|11)).
The simulation was done for two different weak
magnetic fields and for f =0.01 (1), f =0.05 (2),
f=01 (3),and f =0.2 (4). The oscillations seen on
this picture are due to the low and high contribution of
the non resonant states (|00) and |01)) to the dynamics
of the system, which depends on Rabi’s frequency and
they are explained by the 2znk -method [19]. As one can
see from this picture , the CNOT gate is very well
produced either with B, =0.1T and f =0.2 or with
B, =05T and f =0.05.

Figure 3 shows the gradient of magnetic field along
the x-axis, the coupling constant J , and the fidelity F
of the CNOT quantum gate as a function of the two
qubits separation (characterized by the parameter &,
Equation (24)), having f =0.05. As one can see, the
fidelity is not sensitive for relatively wide variation of &,
meanwhile the gradient and coupling constant have the
strong variation deduce from Equation (6) and Equation
(4). Considering the separation of the two *C atoms
about the the length of the diamond unit cell, one can
select & =3, corresponding to a coupling constant of
J =0.00445 , and a magnetic field gradient of
AB, /a ~0.83x10° T/m.

One needs to mention that in the case the alignment of
the 3C atoms be along the z-axis (the same direction of

JMP



58 G.V.LOPEZ

0.6
&5

04

02

0 L . L n . L
0 02 04 0.6 0.8 1 12 1.4 1.6 1.8 2

Figure 2. Fidelity at the end of the =-pulse for CNOT.
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Figure 3. Effect of *C-**C separation.

the longitudinal magnetic field), the coupling constant
deduced from Equation (1) would be given by -2J,
with J given by Equation (4), and basically the results
are the same as the presented here.

According to these results, one has now an idea of the
value of the parameters for the design of a quantum
computer with the *2C - 3C diamond quantum system: (a)
Separation between *3C atoms is a=3x10"" m which
can be aligned along the x-axis, (b) coupling constant is
J =0.00445(21 MHz), (c) longitudinal magnetic field
is By, =005T, (d) gradient of this longitudinal
magnetic field along the x-axis is
AB,/a=0.83x10° T/m , and (e) magnitude of the
rf-magnetic field on the plane x-y is b=0.00608 T
(Rabi's frequency Q =0.259(2n Mhz)).

For the CCNOT quantum gate, one has the initial
conditions C,;(0)=0 for k=j#1 and C,,(0)=1.
The time is allowed to last a m-pulse (7 =m/Q). The
coupling parameter J is taken as before, and second
neighbor coupling parameter J'=J/10. Figure 4 shows
the fidelity parameter as a function of Rabi’s frequency
for magnetic field intensities (1) B, =0.01T, (2)
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Figure 4. Fidelity at the end of the =-pulse for CCNOT.

B,=0.05T, (3) B,=0.1T, and (4) B,=0.2T, for
f =0.05 (a), and for f =0.1 (b). As one can see fro
these plots, a good CCNOT quantum gate can be
obtained by choosing f =0.1 (implying and encresing
of the gradient of the magnetic field by a factor of two),
and with the other parameters given as defined with the
CNOT quantum gate.

Although the gradient of the magnetic field might be a
concern, the magnitude of the longitudinal magnetic field
is low enough to think that this gradient can be achieved.
The scalability of the system is clear, the read out system
could be based on single spin measurement technics [29],
and studies on decoherence remains to be done on this
system. This quantum computer resembles a solid state
NMR system [30].

5. Conclusion and Discussion

It was shown that by removing a **C atom, replacing it
by a **C atom in the tetrahedral configuration of the
diamond, and doing this process periodically in a linear
direction, one could get a linear chain of nuclear spins
one half which can work as a quantum computer. The
interaction between *C atoms is governed by the
magnetic dipole-dipole interaction, and the parameters of
a possible quantum computer design were determined by
studying the quantum CNOT and CCNOT gates with two
and three qubits respectively. Although there might be a
concern about the gradient of the magnetic field along
the lines of **C atoms, it must not be so difficult to get
this gradient since the magnitude of this magnetic field is
relatively low (0.5 T). In principle, it is possible to
replace a C atom by any other spin one half atom.
However, an unclose configuration of electrons in the
lattice makes necessarily to take into account the
interaction of electrons with this atom (as it is the case of
diamond NV configuration) which makes the analysis
and the quantum computer much more complicated and
sensitive to environment interaction. The misplacement
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of the *C atom along the x-axis produces different
coupling constant in the interaction, but according to
Figure 4, the fidelity of the CNOT quantum gate does
not change, and one would expect the same result for
quantum algorithms. The displacement of **C atoms off
x-axis changes the coupling constant and the interaction
itself, which has to be studied. In addition, it still remains
to study the decoherence on this system. Finally, one
recalls that the carbon isotopesatoms **C, **C and ‘C
occur naturally on Earth with a percent of about 99%, 1%
and 10 %, 'C being a radioactive isotope with a half
life of about 5730 years and having spin zero. Therefore,
¢ is not an important composition at all in the diamond
structure.
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Appendix

Two qubits dynamics is obtained from Equations (13),
(14), and (19), resulting the equations

iy, = —9(8 i(t+p+(E~Eg t/h)ao e i(@t+p+(Ey~Eg)t/n) a, 27)

I o)

)
(e ot+p+(Er—Eo) /n)aOO 4o i(etroH(Es-EL/n) aﬂ) (28)
)

(e wt+o+(E;—Eg t/h)aoo te ~i(wt+p+(Eg-Ep )t/h) a, (29)

NHO N

(e ot+p+(Ej—Eg)t/h) a, +e+i(wt+(p+(E3—E2)t/h)a10) (30)

where the complex variables a. for i,j=0,1 co-
rrespond to the amplitude of probability to find the
system on the states |00),|01),[10) and |11), and one

2
has a;(0)=C;(0) and |aij (t)| :|Cij (t
notation on the energies i corresponds to its binary
elements B, for i=012,3.

As before, three qubits dynamics is described by the
equations

)|2. Decimal

- . Q i i i
1800 :_E(e %13'001"'9%23010 +e¢°“a100) (31)
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iy, = —%(e“”lo B0 +€ 408y, +€% Ay ) (32)
idgy = —%(e""23 B+ ay, +e%a, ) (33)
iy, = —%(e%2 8o + €% 8y +€ WAy, ) (34)
8,00 = —%(e”’45 B +e%0 8, -6y, ) (35)
id,, = —%(e%“ B +€%7ay, +e™ay, ) (36)
id,,, = —%(e”’67 Ay +e % a, +e™ay, )  (37)

. Q/; i i
18y, = _E(el% 891 + e’ B + e aOll) (38)

=[cy (1),

with ay, (0)=C,, (0) and [, (t)l2
ined as

i,j,k=0,1.The phases ¢, arede
#; =*ot+p+(E —E;)t/h, where decimal i corres-
ponds to its binary elements y, S, for i=0,---,7.

For both cases, the energies E, are deduced from
Equation (15).
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