Journal of Mathematical Finance, 2014, 4, 47-54 0032‘ Scientific
Published Online January 2014 (http://www.scirp.org/journal/jmf) #3% Research
http://dx.doi.org/10.4236/jmf.2014.41005

Game Russian Options for Double Exponential
Jump Diffusion Processes

Atsuo Suzuki®”, Katsushige Sawaki?
"Meijo University, Gifu, Japan
2Aoyama Gakuin University, Sagamihara, Japan
Email: “atsuo@urban.meijo-u.ac.jp, sawaki@si.aoyama.ac.jp

Received November 8, 2013; revised December 11, 2013; accepted December 27, 2013

Copyright © 2014 Atsuo Suzuki, Katsushige Sawaki. This is an open access article distributed under the Creative Commons Attribu-
tion License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited. In accordance of the Creative Commons Attribution License all Copyrights © 2014 are reserved for SCIRP and the owner of
the intellectual property Atsuo Suzuki, Katsushige Sawaki. All Copyright © 2014 are guarded by law and by SCIRP as a guardian.

ABSTRACT

In this paper, we deal with the valuation of Game Russian option with jumps, which is a contract that the seller
and the buyer have both the rights to cancel and to exercise it at any time, respectively. This model can be for-
mulated as a coupled optimal stopping problem. First, we discuss the pricing model with jumps when the stock
pays dividends continuously. Secondly, we derive the value function of Game Russian options and investigate
properties of optimal boundaries of the buyer. Finally, some numerical results are presented to demonstrate
analytical properties of the value function.
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1. Introduction

Russian option was introduced by Shepp and Shiryaev [1,2] and it was one of perpetual American lookback op-
tions. In Russian option, the buyer has the right to exercise it at any time. On the other hand, in Game Russian
option, not only the buyer but also the seller has the right to cancel it at any time. This option is based on Game
option introduced by Kifer [3]. Game option frame work can be applied to various American-type options.
Therefore, we apply this frame work to Russian option. The valuation of Game Russian option can be formu-
lated as a coupled optimal stopping problem. See Cvitanic and Karatzas [4], Kifer [3].

Kyprianou [5] derived the closed-form solution in the case where the dividend rate is zero. Suzuki and Sawaki
[6] gave the pricing formula with positive dividend. Kou and Wang [7] presented the closed-form for the value
function of perpetual American put options without dividend and so on. Suzuki and Sawaki [8] studied the pric-
ing formula of Russian option for double exponential jump diffusion processes.

In this paper, we deal with Game Russian options. Game Russian option is a contact that the seller and the
buyer have the rights to cancel and to exercise it at any time, respectively. We present the pricing formula of
Game Russian options for double exponential jump diffusion processes. The pricing of such an option can be
formulated as a coupled optimal stopping problem which is analyzed as Dynkin game. We derive the value
function of Game Russian option and its optimal boundaries. Also some numerical results are presented to
demonstrate analytical sensitivities of the value function with respect to parameters.

This paper is organized as follows. In Section 2, we introduce a pricing model of Game Russian options by
means of a coupled optimal stopping problem given by Kifer [3]. Section 3 presents the value function of Game
Russian options for double exponential jump diffusion processes. Section 4 presents numerical examples to ver-
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ify analytical results. We end the paper with some concluding remarks and future work.

2. Pricing Model

In this section, we consider the pricing model for Game Russian option. Let B(t) be the process of the riskless
asset price at time t defined by B(t)=B(0)e", where r is the positive interest rate. Let W (t) be a stan-
dard Brownian motion and N(t) be a Poisson process with the intensity 4. Let J;, denote i.i.d. positive
random variables. Y, =logJ; has a double exponential distribution and its density function is given by

f (y) = p771eﬂhy1{yzo} + qnzerizyl{y@},

where 7, >1,7,>0 and 0<p,q<1 suchthat p+qg=1. Under a risk-neutral probability, the process of the
risky asset price S(t) attime t satisfies the stochastic differential equation

:it(i)) = pudlt + xdW (t)+d[Nﬁ:(Ji _1)], )

where 2 and x>0 are constants. Define another probability measure P as

dP 1
— = —bW (t)-=b%
P eXp{ (-3 }

b_,u—r+d+/1§
Ll K L

A

where d(<r) isanonnegative continuous dividend rate of the risky asset,
F(t)=c(W(s),N(s),s<t,{J;}) isthe information available at time t and

P A9,
¢=E[J|-1=—=+—-—-1.
[ ] m-1 n,+1
By Girsanov’s theorem, W (t) =W (t) —bt is a Brownian motion with respectto P .
We can rewrite (1) as

:(r—d—1()dt+KdV\7(t)+d[’§)(Ji—1)}. @)

=1

Solving (2) gives S(t)=S(0)expX(t), where
X (t)=(r—d —%K‘Z —ﬂ{jt+x’\/\7(t)+%?ﬁ
Let V(v) bea function of class C?. Then the infinitesimal generator 7L of the process S(t) is given by
LV (v) :%KZVZV (V) (r=d = 20)W(v)+ [ (V (ve') -V (v)) T (y)ay

forall v>0.
Next we introduce the four real numbers £, f,, 5. 5,. Kou and Wang [9] showed that the equation
G(0)=a forall a>0 hasthesolutions g, f,,—f,,—p,, where

G(@) = H(F—d —11(2 —ﬂé’j+£921{2 +A ﬂ_;_qi_l ]
2 2 m-0 n,+0
And the four solutions satisfy the following inequalities
0<pB <y <pP,<o 0<fB,<n,<pf,<wx

Remark 2.1 When the dividend rate d =0, 5 =1.

Define the process

Y(t)= max(vs, supS (u)j/s (t), s(0)=s,v>1.
O<u<t

Then the value function of Russian option is given by
Vi (v) = supE | e ¥ (z)| ¥(0)=v],
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where the supremum is taken for all stopping times 7 .
Theorem 2.1 (Suzuki and Sawaki [8]) The value function V, (v) of Russian option with jump is given by
AV VA +B(v )V +C (v )V +D(v )v 7, 1<v<y,
Valv)= Vv
>V

The coefficients are determined by

V)= (m _16’1)\/1_51 (B, ~1) (B, +1)V _ (Bo+B) B = 1) v
Al%) = (Bo+Bs) (B _ﬁl){ m-1 ' M+ P o4 }
v.) = (ﬁz _’71)\/17/12 (ﬁl _1)(ﬁ3 +1)V _ (ﬂl +ﬂ4)(ﬁ4 _:83) V_'B“
B( 1) (ﬂz_ﬂl)(ﬂz"'ﬂs){ -1 ! m+p, Dy, }
V)= (7714'ﬂ)3)vlﬁ3 (ﬂ1_1)(ﬂz _1)\/ _(ﬂ1+ﬂ4)(ﬂ2 +ﬂ4) -
C( l)_(ﬂl+ﬁ3)(ﬁ2+ﬂ3){ m -1 ! nm+p, Dv }

and
A(v) | B(w)  C(w) , D)
m+B m+p, m=B m b
Moreover, the optimal boundary v, is the solution in (1,20) to the equation
A(V)ﬂl + B(V)ﬂz _C(V)ﬂs - D(V),B4 =0

and the optimal stopping time is given by

F=inf{t>0]¥(t)>v,}.

3. Game Russian Options

Let o denote a cancel time for the seller and 7 an exercise time for the buyer. If the seller cancels the con-
tract, the buyer receives ¥(o)+dJ from the seller. We can think of & >0 as the penalty cost for the cancel-
lation. On the other hand, if the buyer exercises it, (s)he receives ‘P(‘[) from the seller. Therefore, the payoff
function for the buyer is given by

(¥(o)+0)1

{g<z’}

+¥(7)1

{réa}'

Let 7,, denote the set of all stopping times with values in the interval [O,oo]. Then the value function
V" (v) of Game Russian option is defined by

V*(v)= inf supJ(o,7,V), 3

7€Tp0 7€T00

where

I(o,z,v)= E[e'“("”) ((0)+8)L,y + ¥ ()L || W(0)= v], >0,

And the function V" (v) satisfies the inequalities
V<V (V) <Sv+6,

which provides the lower and the upper bounds for the value function of Game Russian option.
We definetwosets A and B as

A:{VeR+

V*(v):v+5}

Vi (v)= v}.
A and B are called the seller’s cancellation region and the buyer’s exercise region, respectively. Then the
two optimal stopping times are given by

B:{VGR+

o, =inf{t>0]¥(t)e A},
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7y =inf {t>0|W(t) e B}.
Thenforany v, 6=0, and 7=r, attain the infimum and supremum in (3), i.e., we have
vV (v)=3(6,7,v).
The pair (&,7) is the saddle point of J(o,7,v).
Remark 3.1 The seller minimizes the payoff function and ¥ (t)>¥(0)=v>1. From this, it follows that the
seller’s optimal cancellation region is {1}.

Lemma 3.1 Suppose that r—d —%KZ —A¢ >0. Then the function V*(v) is Lipschitz continuous and its

Radon-Nikodym derivative satisfies

dv©(v)
dv

Proof. Since &,7 and W(t) depend on the initial value v, we write them as 6",7' and W(t,v). Re-

placing the optimal stopping times 7' by another stopping time 7", we get the inequalities
Vi(v)<J (&“,f”,v), V©(u)=J (&“,fv,u :
Note that z —z; <(z,-z,)" forany z,z, eR.Forany v>u,we have
0<V*(v)-V*(u)

=3(8".7.v)-3(8", 7" u)
{ea(&”ﬁ”)(w(&u AT V)= (6" A%V,u))}
_ E{ea(&UAfv)Hl(5” /\fv){(v—Sup Hu)+ _(u —sup Hu)+}j|

<(v-u) E[e'“’(&w)H-l(&“ Afv)}

<1, aev. (@)

Il
M

<v-u,

where H (t)=exp X (t). Therefore, we obtain

v-u

This means that V" (v) is Lipschitz continuous and satisfies (4).

If the penalty & is large enough, the seller never cancels. It is of interest to show how much delta should
be large for the seller never to cancel.

Lemma 3.2 Set 6" =V, (1)-1. If the penalty & > ", the seller never cancels. In other words, Game Rus-
sian option is reduced to Russian option.

Proof. Consider the function U (v) =V, (v)—v—¢. Sinceitholds U’'(v)<0 by Lemma 3.1 and
U(1)=6"-6<0, we have V;(v)<v+5 . Hence, it follows that V' (v)<v+5 because the inequality
V" (v) <V (v) holds.

We assume that p=1 and q=0. It means that the jump occurs only upward. This is very useful to analyse
stochastic cash management problem for jump diffusion processes (See Sato and Suzuki [10]). Then we can ex-
press G(6) as

G(6)= 9(r—d . —l§]+162/c2 Y|
2 2 n—0
and the equation G(&)=a has three solutions £, f3,,—/3, , which satisfy
1<B <mp<pfB, <o, 0<f, <.
We introduce the function for v, =e™ >1
i P2 ~Pa <y <
V(v)={AV +Bv? +Cv™*, 1<v<y, (5)
v, V>,
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Weset v=e* and V(v)=V (ex) =V (x). In what follows, we determine the coefficients A,B,C and e* .
In order to determine the coefficients, we prepare the conditions. By value matching condition, we have

Aeo + B + Ce 0 =%
and by smooth pasting condition, we have
Ape™0 + Bp,e0 —Cpe 0 =e,
We can get the last condition by using the infinitesimal generator L of the process X (t) given by
£ (x) =%K2\7”(x)+(r—d 2w —ﬂ;)\?'(x)+lji(\7(x+ V)=V (x)) £ (y)dy
forall x>0.For x<Xx,,we obtain
["V (x+y) f(y)dy

— J'OXO_X(Aeﬂl(XW) + Beﬂz(x’f)’) _i_Ce—/ﬁl(x*'Y))7718—771Ydy+jOO eX+ynle-H1Ydy
Xg—X

=771( A omn, B om, C eﬁ“J
m=5 m—="Ps m+ b

—pye o) [—A o B oo, C o —ij.
m-5 m=p m+bB m-1

From this, we obtain
(I:—r)\7(x)
_/lelz __32_ [;’zxiz __EZ_
= Ae (2ﬂ1+ﬁ1(r d 2/( /L/;D+Be (2ﬂ2+ﬂ2(r d ch /MD
+Ce-ﬂ4xg(—ﬂ4)2—ﬂ4(r—d—%K2—1§D+/1j:\7(x+y)f(y)dy—(;t+r)\7(x)
= Aeﬂlxg (ﬂl)"" Beﬂzxg (ﬂz)"'ceiﬁ“g (_ﬂA)

) pnle*m(xo*x) [ A eﬂlxo + B eﬂzxo + C e*ﬂ4>‘0 _ ev ],
m=5 m="P m+b, m-1

where g(x)=G(-x)-r.By Lemma 2.1 in Kou and Wang [9], we have g(5,)=9(8,)=9(-B,)=0. Since
(L- r)\7 (x)=0 holds, we get the condition
Xo
A oy B emo C omn & g (6)
m—pB =5 m+ by m-1
Lemma 3.3 Solving the following equations
Aeo + Bef% 1 Ce /W0 = g%
Aﬂleﬂlxo + Bﬁzeﬂzxo —CﬂAE_ﬂ“XO =%
A e 4 B ehxo 4 C e fo — e’
m=p =5 m+ B, m-1
gives the solutions
_ (771 _ﬂl)(ﬂz _1)(134 +1) e(l—ﬁl)xo
(771 _1)(:31 +ﬁ4)(ﬂ2 _ﬁl)
_ (ﬁz _771)(:31 _1)(ﬁ4 +1) all=F2)%
(771 _1)(:32 +ﬂ4)(ﬂ2 _ﬂl)
_ (771 +ﬂ4)(ﬂz _1)(ﬁ1 _1) NEVACE
(771 _1)(ﬂ1 +:B4)(132 +,B4)
JMF
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Since the coefficients A,B,C depend on x,, we denote them as A(x,),B(%,) and C(x,). The number
v, =€ given by (5) satisfies the equation

A(x,)er +B(x,)e”° +C(x,)e " =5 +1.

4. Main Theorem

Theorem 4.1 Let V* (v) denote the value function of Game Russian option. If &> 6", the value function is
equal to the one of Russian option, i.e. V*(v)=V,(v).If §<45°,then V" (v) isgiven by

V' (V)= A(Vo )VA +B(Vg V2 +C(vy )V 7, 1<V <y, @
v, V>V,
and the optimal stopping times are given by
& =inf{t>0[¥(t)=1},
7z =inf {t> 0¥ (t)=v,}.
The optimal boundary v, for the buyer is the unique solution to the equation
A(v)+B(v)+C(v)=5+1.
In order to prove the above theorem, we need the following lemmas.
Lemma 4.1 Assume that a function V (v) has the following properties;
1) V(v)=v and (L-r)V(v)<0,for v>v,.
2) Itholds (£-r)V(v)=0 and V(v) satisfies v<V(v)<v+s for 1<v<y,.
3) At v=v, wehave V'(v,—)=V'(v,+).
Then, V s the value function of Game Russian options with dividend, i.e., V* =V holds. The optimal ex-

ercise region is the interval [vo,oo) and the optimal cancellation region is {1} .
Proof. By Ito’s formula, we have

e ™V (¥(t))-V (¥(t)) = martingale with O+.[;e’““(£—r)v(‘11(u))du. (8)
Set
G=inf{t>0;W(t)=1}, 7=inf{t>0;¥(t)e|vy, 0]}

and t=GA7.Since (L-r)V(¥(u))=0 as.for u<t,we have j;e’““ (L-r)V(¥(u))du=0 as. There-
fore, taking expectation of (8), we have

V(v)=E[e N (P (6 22)) ¥(0)=v]
It holds
V(¥ (GAT)) =Y (7)) +(F(6) 4615

Therefore we get V (v)=J(&,7,v).
Forany r,set t=c Az . The term of du is nonpositive a.s. because (L£—r)V (v)<0. Taking expecta-
tion of (8), we get

E[e N (¥(6a7))] <V (v).
The above left hand side dominates J(&,7,v). Therefore
infsupd (o,7,v) <supd (&,7,V) <V (V). 9)
Next forany o ,set t=o A7 . Similarly it holds
E[e N (¥(oaf)) ]2V (v).

Since the left hand side is dominated by J(o,7,v), we get
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infsupd (o,7,v) 2 infd (o,7,v) 2V (v). (10)
From (9) and (10), we have inf ,sup J(o,7,v)=V (V)
Lemma 4.2 The function V (v) satisfies (£-r)V(v)<0
Proof. Since V (x)=e* for x> x,,we have

R7 © - x+(1- e”
[V (x+y) £ (y)dy = [ ne" ’“ydy=—;71_1-
1

Hence, we obtain

(/3— r)\?(x) _ Lo +[r —d-te —/Igjex +ﬂeX —(A+r)e* =—de* <0.
2 2 m—1

That is, we obtain (L£—r)V (v)<0.

Lemma4.3 For 1<v<y, thefunction V(v) satisfies (£-r)V(v)=0 and
V<V (V)<V+4.

Proof. The former assertion is known. We shall show the latter one. The second derivative of V (v) is non-
negative because 4,4, >1 and A,B,C>0. It follows that V is a convex function. Since V (v) is a con-
vex function, V'(v) is increasing. From this, we can see that V'(v) <1 for 1<v<v,. By the boundary con-
ditions V(1)=6+1 and V(v,)=V,,wehave v<V(v)<V+5.

Lemma 4.4 Set

h(v)=6+1-A(v)-B(v)-C(v). (11)

Then the equation h(v) =0 has the unique solution in the interval (1,oo) :

Proof. By (11), a direct computation yields
h(l) S+l (771 _ﬂl)(ﬁz _1)(ﬂ4 ""1) _ (ﬁz _Ul)(ﬁl _1)(ﬂ4 ""1) _ (771 +:B4)(ﬂz _1)(ﬂ1 _1)
(’71 _1)(ﬁ1 +ﬂ4)(ﬁ2 _ﬂ1) (771 _1)(162 +ﬁ4)(ﬂ2 _ﬁl) (771 _1)(ﬂ1 +ﬂ4)(ﬁ2 +ﬁ4)

=0>0.

Since h"(v)<0 and h'(1)=0, we have h'(v)<0. Furthermore, it holds lim,_,.h(v)=—o . Therefore,
the equation h(v)=0 has the unique solutionin (1,).

In the rest of this section, we present some numerical examples to demonstrate theoretical results and some
effects of parameters on the price of Game Russian option. We set r=0.1,d =0.09,x=0.3, p=1,q=0,
n, =50, 4 =3. Using these parameters, &" is 0.248.

Figure 1 shows how the optimal exercise boundary increase as the penalty & increases from0.1upto &*.
From the figure, we can see that the optimal boundary v, is increasing in the penalty & . Figure 2 demonstra-

v0
1.60 -

L Il L Il L 6
0.12 0.14 0.16 0.18 0.20 0.22 0.24

Figure 1. Optimal boundary for the buyer.
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1.1 1.2 1.3 1.4 1.5
Figure 2. The value function.

tes the value function of Game Russian option with jumps. Dashed lines represent the graph of the value V in
6 =0.1,0.15 from the bottom, respectively. Real line represents the value in 5 =0.2. From Figure 2, we can
visually recognize that V*(v) is convex and increasing in v.

5. Conclusion
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[5]
(6]
[7]
(8]
[9]

[10]

In this paper, we discussed the valuation of Game Russian option written on dividend paying asset, obtained the
value function of it for double exponential jump diffusion processes and also explored some analytical proper-
ties of the value function and the optimal boundaries for the seller and buyer, which were useful to provide an
approximation of the finite lived Game Russian option. Moreover, we plan to examine convertible bonds with
jumps by using Game option frame work. We shall leave it as future work.
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